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11. Tém tat cac két qua mdi cua ludn an:

Muc dich va doi twgng nghién ciru cia luin an

- Muyc dich nghién ctru: Ludn 4n nghién ctru sy hoi tu dﬁy du cua téng trong ) (bao
gdm ca trong s tat dinh va trong s6 ngau nhién) cho diy bién ngau nhién phy thudc
va ap dung céac két qua tim duoc vao mot sb mé hinh théng ké.

- Péi tuong nghién ctru: Day bién ngau nhién phu thudc nhan gia tri thuc va nhan gia

tr1 trén khong gian Hilbert.



Cac phwong phap nghién ciru da si dung

Lu4n an sir dung cac k¥ thuét cua giai tich va xac suit dé chimg minh cac dinh 1y hoi
tu. Ngoai ra, chiing toi ciing str dung cac két qua va bat dang thirc quan trong khac nhu bd
dé Borel-Catelli, bat déng thirc cuc dai Kolmogorov, bét déng thire cuc dai Rosenthal, bat
dang thirc C,, bat dang thirc mémen, v.v.
Cic két qua ciia luin 4n

Luan 4n nghién ctru sir hoi tu day du cta tong co trong sé (gdm trong sb tit dinh va trong

s6 ngéu nhién) cua ddy bién ngiu nhién phu thudc va Luat sb 16n cho day bién ngiu nhién phu
thudc. Nhitng két qua nay khong chi tong quat cac két qua da cong bd ma con 6 thé tmg dung
vao viéc nghién ciru mot s6 mo hinh théng ké quan trong. Cac déng gop chinh cia luan an
duoc tom tit dudi day:

- Thiét 1ap cac diéu kién cho su hoi tu ddy du cua tong trong sé ngiu nhién cua diy
bién ngiu nhién lién két 4m va Pinh Iy Baum-Katz cho tong trong sd ngiu nhién cia
day bién ngiu nhién lién két 4m véi ddy chuan hoa tong quat. Két qua nay khong chi
téng quat mot s6 két qua dd biét ma con c6 thé ap dung cho mot vai ciu tric phu
thudc khac (hiéu martingale, bién ngau nhién phu thudc cong tinh am (NSD), ...).
Ngoai ra, dua trén cac két qua vua thiét 1ap, luan &n dua ra tdc dd hoi tu cua cac ude
luong ving diy dii trong moé hinh hdi quy tuyén tinh don va trong mé hinh héi quy
phi tham s6 v6i thiét ké ngau nhién.

- Thiét 1ap Luat sb 16n Marcinkiewicz (ca Luat yéu s6 16n va Luat manh s 16n) cho
téng trong sb tat dinh cta day bién ngiu nhién lién két 4m va phan phdi dudi ning
v6i ddy chudn hoa tong quat. Di v6i diy bién ngiu nhién doc 1ap cung phan phdi
hoic diy bién ngiu nhién lién két 4m cung phan phdi, chung t6i dua ra duoc diéu
kién can va du cia diy chuan hoa dé thiét lap Luat s6 1on dang Marcinkiewiczc-
Zygmund. Ngoai ra, chung t0i st dung nhing két qua nay dé dua ra uéc luong viing
cho gia tri rii ro c6 diéu kién (cVaR) va nghién ciru tinh viing cia cac ude luong
trong mo hinh hdi quy ban tham s véi cac sai s6 dudi ning.

- Thiét 1ap Luat manh s6 16n cho day vécto ngiu nhién nhan gia tri trong khong gian

Hilbert, phy thudc goc phan tu am ting cip theo toa d6 thong qua su hoi tu ddy du va



ap dung cac két qua nay dé dua ra cac diéu kién cho su hoi tu ddy du cta thong ké

von Mises suy bién véi dit lidu thue doc 1ap tung cap.
12. Cac hudng nghién ctru tiép theo:

Trong qua trinh nghién ctru cac van dé cua ludn an, ching t6i da nghi dén mot sd
huéng nghién ctru tiép theo nhu sau:

- Nghién ciru céc diéu kién cho su hoi tu ddy di cta diy bién ngau nhién c6 cau
truc phu thuoc khac (END, WOD, . . .).

- Nghién ctru cdc mo hinh thdng ké vai dit lidu c6 ciu tric phu thudc.
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11. Summary of the new findings of the thesis
Thesis purpose and objectives
Research purpose: The thesis investigates the complete convergence of weighted
sums (including both deterministic and random weights) for sequences of dependent
random variables and applies the obtained results to several statistical models.
Research objective: Dependent sequences of real-valued random variables and
Hilbert-space-valued random variables.
Research methods
We use techniques from analysis and probability to prove the limit theorems.

Additionally, we use important lemmas and inequalities such as the Borel-Cantelli lemma,



Kolmogorov's maximal inequality, Rosenthal's maximal inequality, and moment
inequalities, etc.
Major results and conclusions

The thesis investigates the complete convergence of weighted sums (including both
deterministic and random weights) for sequences of dependent random variables and the
law of large numbers for these sequences. These results not only generalize existing
published findings but also find applications in the study of several important statistical
models. The main contributions of the thesis are summarized as follows:

- Establishing conditions for the complete convergence of randomly weighted sums of
negatively associated random variables and the Baum-Katz theorem for these sums
with general normalizing sequences. These results generalize several known findings
and are applicable to other dependence structures (such as martingale differences,
negatively superadditive dependent (NSD) random variables, etc.). Furthermore,
based on these established results, the thesis provides the rate of convergence for
completely consistent estimates in simple linear regression models and non-
parametric regression models with random designs.

- Establishing the Marcinkiewicz-type law of large numbers (including both the weak
law of large numbers and the strong law of large numbers) for deterministically
weighted sums of negatively associated random variables and heavy-tailed
distributions with general normalizing sequences. For sequences of independent
identically distributed or negatively associated identically distributed random
variables, we provide necessary and sufficient conditions on the normalizing
sequences to establish the Marcinkiewicz-Zygmund type law of large numbers.
Additionally, we utilize these results to provide consistent estimates for conditional
Value-at-Risk (cVaR) and study the consistency of estimates in semiparametric
regression models with heavy-tailed errors.

- Establishing the strong law of large numbers for sequences of random vectors in
Hilbert spaces that are coordinatewise pairwise negatively quadrant dependent, via

complete convergence. These results are then applied to derive conditions for the



complete convergence of degenerate von Mises statistics with pairwise independent
real data.
12. Futher research directions

Throughout the course of this research, we have identified several directions for future
study as follows:

- Investigating conditions for the complete convergence of sequences of random

variables with other dependence structures (END, WOD, ...).

- Investigating statistical models with dependent structured data.
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