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11. Tom tat cac két qua maéi cua ludn an:

11.1. Muc dich va déi twong nghién cuu cua lugn an

Luan an nay nghién ctiru mot vai khia canh cua cac dong hinh hoc, tap trung cu thé
vao hai huéng nghién ctru chinh sau:

e Muc tiéu dau tién cta luan an la nghién clru mdt s6 tinh chat hinh hoc va to po
ctia song gradient Ricci va song tinh tién.

e Muc tiéu tht hai cua ludn an la nghién ctru nhiing khia canh giai tich cua mot
s6 phuong trinh dao ham riéng c6 ngudn gde tir hinh hoc trong bdi canh cua mot
vai trén dong hinh hoc.

Cu thé, luan an tap trung nghién clru vao cac van dé sau:

e Xaéc dinh mot chin trén cho s6 chiéu cua dai sd Lie cua cac truong véc to Killing
trén mot song gradient Ricci khong tAm thudng bat kha quy va nghién ctru cau

tric hinh hoc cua 16p khong gian nay khi so chiéu néi trén dat cuc dai;



Thiét 1ap wéc luong gradient va mot vai két qua kiéu Liouville cho nghiém
duong bj chin ciia mot phuong trinh parabolic phi tuyén lién quan t6i khoang
cach quy chuan cua Perelman:

gu(x,t) =Au(x,t)+au(x,t)Inu(x,t)

theo & -trén dong Ricci qua khu, trong d6 a e R;
Nghién ctru mot s6 khia canh giai tich ciia mot phuong trinh parabolic dang tong

quat lién quan t6i toan tir Laplace c6 trong
0
(5 —a(x,0)=A, ju(x, t)=F(u(x,t))
trén mot khong gian d6 do metric tron v6i metric bién d6i dudi (k,)-trén dong
Perelman-Ricci va dong Yamabe, trong d6 a(x,¢) 1a mot ham thudc 16p C* theo
bién x, thudc 16p C' theo bién ¢, F(u) 1a mot ham thudc 16p C* theo bién u;

Nghién ctru vé tinh “rigidity” va tinh lién thong tai v6 han cta cac song tinh tién

day trong khong gian Euclid thong qua dang co ban thir hai.

11.2. Cdc phwong phap nghién cuu da swr dung

Luén an str dung mot s phuong phap khac nhau tir giai tich hinh hoc, phuong trinh

dao ham riéng va giai tich ham. Cu thé, ludn an str dung cac phuong phép va cong cu sau:

Chung t6i stir dung phuong phéap tap mirc dé uée luong sé chidu cua dai sb Lie
clia cac truong vée to Killing trén mot song gradient Ricci khong tim thudng,
bat kha quy trong Chuong 2;

Chung t6i sir dung phuong phap nguyén 1y cuc dai dé udc luong gradient cho
nghiém duong bi chin cua cac phuong trinh parabolic phi tuyén trong Chuong
3 va Chuong 4;

Chung t6i sir dung bat dang thirc Sobolev va bat dang thirc Poincaré dé nghién

ctru mot s tinh chat cia song tinh tién day trong Chuong 5.

11.3. Cdc két qud chinh va két lun

a) Nhitng két qua chinh ctia luan 4n bao gom:

Mot chan trén cho so chiéu cua dai so Lie cua cac truong véc to Killing trén mot
song gradient Ricci khong tam thuong, bat kha quy va mdt so két qua veé cau
tric hinh hoc cua 16p khong gian nay khi so chiéu néi trén dat cuc dai;

Céc dinh Iy kiéu Liouville va udc lugng gradient cho nghiém duong bi chin cia
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cac phuong trinh parabolic phi tuyén lién quan t6i song gradient Ricci thong
qua khoang cach quy chuén ciia Perelman doc theo  -trén dong Ricci qua khi;
Mot s khia canh giai tich cia mot phuong trinh parabolic phi tuyén tong quat
lién quan tdi toan tir Laplace c6 trong trén mot khong gian d§ do metric tron véi
metric bién d6i dudi (k,)-trén dong Perelman-Ricci va dong Yamabe nhu cac
udc lugng gradient, bat dang thirc Harnack va dinh 1y kiéu Liouville;

Céc két qua vé tinh “rigidity” va tinh lién thong tai vo han cta cac song tinh tién

day trong khong gian Euclid.

b) Két luan

Luan an tap trung vao hai huéng nghién ctru chinh trong linh vuc dong hinh hoc
va dugc chia thanh nam chuong. Ludn 4n di trinh bay cac két qua vé ciu tric hinh
hoc cta cac song gradient Ricci khong tAm thuong, bat kha quy thong qua nhém
dang cu trong chuong thtr hai. Sau d6, luan 4n da thiét 1ap cac két qua uée luong
gradient cho cdc nghiém dwong bi chin cia cac phuong trinh parabol phi tuyén
tinh khi cic metric ciia da tap Riemann phuy thudc vao thoi gian va bién doi theo
cac trén dong hinh hoc, dé)ng thoi kham phd mot sb ung dung cua chung, dac biét
1a cac dinh 1y kiéu Liouville va bat dang thirc Harnack. Cac két qua lién quan dén
tinh “rigidity” va tinh lién thong tai vo han cta cac song tinh tién diy trong khong

gian Euclid dugc trinh bay & chuong cudi cia luan an.

12. Cac huéng nghién ctru tiép theo:

e Nghién ctru nhom dang cu cia da tap Einstein.

Nghién ctru uwdc luong gradient va udc lugng Hessian cho nghiém duong, tron

ctia 16p phuong trinh parabolic phi tuyén sau c6 chira toan tir V-Laplace:

0
(5 - AV]F(u(x,t)) = G(u(x,1)),

trén cac da tap Riemann day khong compact.

13. Cac cong trinh cong bo li€n quan dén luan an:

.
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11. Summary of the new findings of the thesis:
11.1. Thesis purpose and objectives

This dissertation investigates some aspects of geometric flows, with a

particular focus on two main research directions as follows.

e The first aim is to study some geometric and topological properties of
gradient Ricci solitons and translating solitons.

e The second aim is to explore the analytical aspects of some partial
differential equations that originate from geometry within the context of
some super geometric flows.

Specifically, we study the following issues in this dissertation:

¢ Find an upper bound on the dimension of the Lie algebra of Killing vector
fields on an irreducible non-trivial gradient Ricci soliton, and classify the
spaces where this maximal dimension is attained;

e [Establish gradient estimates and Liouville type results for positive
bounded solutions of the nonlinear parabolic equation related to

Perelman's reduced distance

%u(x,t) =Au(x,t)+au(x,t)Inu(x,t)
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along ancient & -super Ricci flow, where a e R;

Study some analytical aspects of a general type of nonlinear parabolic

equation concerning the weighted Laplacian

[%— a(x,t)— Af)u(x, t)=F(u(x,t))
on a smooth metric measure space with the metric evolving under the
(k,)-super Perelman-Ricci flow and the Yamabe flow, where a(x,?) is
a function which is C* in the x-variable and C' in the ¢-variable, and
F(u) isa C* function of u;
Study of the rigidity properties and connectedness at infinity of complete

translating solitons in the Euclidean space via the second fundamental

form.

11.2. Research methods

In the dissertation, we employ some various methods from geometric

analysis, partial differential equations, and functional analysis. Specifically, we

use the following methods and tools:

We use the level-set method to estimate the dimension of the Lie algebra
of Killing vector fields on an irreducible non-trivial gradient Ricci soliton
in Chapter 2;

We use the maximum principle method to gradient estimate for positive
bounded solutions of nonlinear parabolic equations in Chapter 3 and
Chapter 4;

We use the Sobolev inequality and the Poincare inequality to study some

properties of translating solitons in Chapter 5.

11.3.  Major results and conclusions

a) The major results

The main results of the dissertation include:

An upper bound on the dimension of the Lie algebra of Killing vector
fields on an irreducible, non-trivial gradient Ricci soliton, as well as some
results on the geometric structure of this class of gradient Ricci solitons
when this maximal dimension is attained;

Liouville-type theorems and gradient estimates for the positive bounded
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solutions to the nonlinear parabolic equation related to gradient Ricci
solitons concerning Perelman's reduced distance along ancient k -super
Ricci flow;

e Some analytical aspects of a general type of nonlinear parabolic equation
concerning the weighted Laplacian on a smooth metric measure space,
with the metric evolving under the (k,)-super Perelman-Ricci flow and
the Yamabe flow, such as gradient estimates, Harnack inequalities, and
Liouville type theorems;

e Rigidity and vanishing results for complete translating solitons in
Euclidean spaces.

b) Conclusions
The dissertation focuses on two main research directions in geometric flows and
is divided into five chapters. It presents results on the geometric structure of
irreducible, non-trivial gradient Ricci solitons through the isometry group in the
second chapter. Later, the dissertation establishes gradient estimate results for
positive bounded solutions to the nonlinear parabolic equation when the metrics of
Riemannian manifolds are time-dependent and evolve under a super geometric flow,
and explores some of their implications, notably for Liouville-type theorems and
Harnack inequalities. The final chapter provides results regarding the rigidity and
connectedness at infinity of complete translators in Euclidean spaces.
12. Futher research directions:
e Study of isometric groups of Einstein manifolds.
e Study of gradient estimates and Hessian estimates for positive, smooth
solutions of the following class of nonlinear parabolic equations involving
the V" -Laplace operator:

(% ~A, jF(u(x,t)) =G(u(x,1)),

on complete noncompact Riemannian manifolds.
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