PAI HOC QUOC GIA HA NOI

TRUONG PAI HOC KHOA HOC TU NHIEN

NGUYEN HAI HA

MOT SO PHUONG PHAP HIEU CHINH
GIAI BAO HAM THUC PON PIEU

VA BAI TOAN CAN BANG

LUAN AN TIEN SI TOAN HOC

Ha Nai - 2025



PAI HOC QUOC GIA HA NOI

TRUONG PAI HOC KHOA HOC TU NHIEN

NGUYEN HAI HA

MOT SO PHUONG PHAP HIEU CHINH
GIAI BAO HAM THUC PON DPIEU

VA BAI TOAN CAN BANG

Chuyén nganh: Toan ung dung
Ma s6: 9460112.01
LUAN AN TIEN SI TOAN HOC

NGUOI HUONG DAN KHOA HOC:

TS. Dang Van Hiéu
GS. TSKH. Pham Ky Anh

Ha Nbi - 2025



LOI CAM DOAN

Toi xin cam doan nhirng két qua trinh bay trong luan an nay, duéi su huéng
dan ctia TS. Dang Van Hiéu va GS. TSKH. Pham Ky Anh, 1a trung thuc va chua
tirng dugc cong bd trong bat ky cong trinh ctia ai khac. Nhitng két qua viét chung
v0i cac théy hudng dan va céc cong su da duoc déng y khi dua vao luan an. Cac

dit liéu tham khao dugc trich dan day da.

Ha Noi, thang 07 nim 2025

Nghién ctru sinh

Nguyén Hai Ha



LOI CAM ON

Trudc hét, t6i xin bay té long biét on chan thanh va sau sac t6i hai Thay
hudng dan, TS. Pang Van Hiéu va GS. TSKH. Pham Ky Anh. Toi v6 cting biét
on sy chi bao, gitip d& tan tinh ma cac Thay da danh cho téi trong sudt khoa hoc
nghién ctru sinh cting nhu trong qua trinh thuc hién luan dn. Nho nhiing y tudng
ma cac Théy da goi mo, nhirng gop y, huéng dan ctia cac Théy, nhiing tai liéu b6
ich ma cac Thay da cung cap cing nhu nhitng kinh nghiém ma cac Thay truyeén
dat vé cong viéc nghién ctru, t6i da hoan thanh dé tai cia minh. Bat chap khoang
cach dia li xa x6i, TS. Dang Van Hiéu ludn theo sat tinh hinh cong viéc, hoc tap
clia toi va c6 nhitng sy chi bdo, hudng dan kip thoi, cing nhu cho t6i thdy dugc
su nhiét tinh, dam mé trén con duong hoat dong khoa hoc cua Théy. GS. TSKH.
Pham Ky Anh da danh cho t6i rat nhiéu sy quan tdm, chi dan va gitup dd quy bau
khong chi trong nghién ctru khoa hoc ma ca trong cudc séng. Nhirng khi gap kho
khan, vap vap hay tham chi that bai, s quan tdm, hudng dan va sy tin tudng cta
cac thay gitip tdi c6 thém dong luc, niém tin dé tiép tuc cong viéc, 1a kim chi nam
giup toi thuc hién qua trinh nghién curu.

Toi xin bay to long biét on tdi Truong DPHKHTN, DHOQG Ha Noi. Cong tac
quan ly dao tao va moéi truong nghién cttu ctia Nha truong da gop phan khong
nho dé cho ludn an nay duge hoan thanh dung du dinh. Dac biét, t6i xin chan
thanh cdm on GS. TSKH. Vi Hoang Linh, Cha tich Hoi dong Truong, Nguyén
Hiéu trudng Nha truong va GS. TS. Lé Thanh Son, Hiéu truong Nha truong. Cac
Thay luon theo sat va kip thoi dua ra nhitng gidi phap, xt li nhitng khé khan
ma céac nghién cttu sinh gdp phai. Trong céc budi xémina chuyén nganh, GS. Vi
Hoang Linh ludn cho ching t6i nhitng cau héi, nhitng gép ¥ sau sac vé chuyén
mon. Khong nhitng 1a nhiing nha quan ly tim huyét, cac Thay con la tim guong
vé nha khoa hoc mau murc cho chung t6i noi theo.

Toi xin chan thanh cdm on Ban Chu nhiém Khoa, cac thay/co va anh chi em
trong Khoa Toan-Co-Tin hoc, DPHKHTN noi chung va B6 moén Toan hoc tinh toan
va Toan ung dung néi riéng. Su dong vién va gitp do cta Khoa, cia B mén
cing nhu nhiing y kién quy bau ctia cac thay/cd va cac ban & cac ky Xémina bo

mon da gitp to6i rat nhiéu trong viéc hoan thanh luan an nay. Dac biét, toi xin gui
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16i cdm on chan thanh dén TS. Nguyén Trung Hiéu va TS. Hoang Nam Diing ctia
Bo mon Toan hoc tinh toan va Toan ing dung, la nhiing ngudi thay da cung véi
GS. Pham Ky Anh truc tiép giang day t6i cac mon chuyén dé nghién ctru sinh. O
cac Thay, t6i da hoc tap va tiép thu dugc nhirng kién thitc vo ciing quy gia va bé
ich.

Toi xin glri 10i cdm on sau séc tdi cac thay/cd, cac anh chi va cac ban trong
nhém Xémina t6 chic tai Khoa Toan-Tin, PHBK Ha Noi. Nhém da tao cho toi
nhiéu cdm hiing trong nghién ctru khoa hoc va sy gan b6 voi moi trudng nghién ciru.
Dic biét, toi xin gtti 10i cdm on chan thanh tdi cac Thay/Cé: GS. TSKH. Lé Diing
Muu, PGS. TS. Nguyén Thi Thu Thiy, PGS. TS. Bui Van Dinh, PGS. TS. Trinh
Ngoc Hai, TS. Duong Viét Thong va TS. Vi Tién Diing. Cac Thay/C6 da gitp do
toi rat nhiéu vé chuyén mon, dua ra nhiéu gép y, nhan xét quy bau ve luan an va
gdi y cho toéi nhiing y tudng méi trong nghién ciru.

T6i xin cdm on cac anh Quan Thai Ha va TS. Ho Phi T, cic em Phan Quang
Tuyén, Ng6 Thi Thuong va TS. Ninh Thi Thu. Ching t6i la nhimg ngudi ban
dong hanh trén con duong nghién ciru sinh, cting nhau hoc tap cdc mén chuyén
dé, cuing trao d6i, thao luan nhitng y tudng nghién ciu, gitp dd nhau san sé

nhtrng kho khan trong cong viéc va cudc song.

T6i xin chan thanh cam on cac théy /co6 va cac anh chi em trong B6 Mén Toan
Gidi tich néi riéng va Khoa Khoa hoc Co ban, Truong Dai hoc Giao thong van tai
noi chung. Don vi da tao moi diéu kién thuan 1gi cho t6i yén tam hoc tap, nghién
cltu va cong tac. Sy quan tdm va nhirng 16i dong vién, khich 1é ctia cac thay/co,
cac anh chi em va cac ban da gitip t6i rat nhiéu trong viéc hoan thanh luan an
cia minh. D&c biét, toi xin gtti 16i cdm on sau sac t6i TS. Nguyén Thé Vinh, Cha
nhiém Bd mén Toan giai tich. Thay da chi bao tan tinh cho t6i vé cach hoc tap
va nghién citu cac chuyén deé nghién cttu sinh, cting nhu chia sé cho ti nhiéu tai
liéu quy bau. Thay c6 nhiéu gép y rat quan trong trong cac ky Xémina, gitp toi
c6 nhiéu y tudng va dong luc dé phat trién va hoan thanh luan an ctia minh.

Toi xin guri 16i cdm on chan thanh va sau sac toi théy hudng dan khoa luan tot
nghiép bac dai hoc: GS. TSKH. Nguyén Déng Yén va thay hudng dan Cao hoc:
Assoc. Prof. Chua Chek Beng. Cac Thay la nhitng ngudi dau tién diu dat toi trén

con dudng nghién ctru khoa hoc va truyén dat cho t6i nhitng kién thirc nén tang
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ve toi uu toan hoc. Toi cling xin chan thanh cdm on GS. TS. Cung Thé Anh da tao
diéu kién cho tdi tham gia thao ludn va hoc tap trong nhom nghién ctru cta théy,

cting nhu chi day cho t6i nhiéu kién thitc hién dai va sau sac.

Toi xin gt 16i cdm on t6i Quy d6i mdi sang tao Vingroup (VINIF) thudc Vién
Nghién cttu D liéu 16n (VNCDLL). Luan an nay dugc hd trg tai chinh mot phan
bdi Quy, thong qua chuong trinh Hoc béng Thac si, Tién si trong nudc ma sé
VINIF.2021.TS013 va VINIF.2022.TS032. Day la su tai trg rat quy bau, dong thoi
cling la sy dong vién tinh than 16n lao, gitip t6i thém yén tam va virng budc trén
con duong nghién ctru.

Cudi cting, luan an nay sé khong thé hoan thanh néu khong c6 su thong cam,
chia sé va gitup dd ctia nhitng ngudi than trong gia dinh. Toi xin bay to long biét
on sau sac tdi bd me, cac anh chi em hai bén gia dinh noi ngoai. Dac biét xin cAm
on vg va con gai yéu quy, nhitng ngudi da vi téi ma phai chiu nhiéu thiét thoi vat
vé; da luén cam thong va sé chia ganh nang ctng t6i sudt nhitng ndm thang qua
dé toi c6 thé hoan thanh khoa hoc nghién ciru sinh. Luan an nay, va nhing gi toi
dang co géng thuc hién, 1a d€ gri tGi cha me, vg con, anh chi em va nhiing ngudi

than trong gia dinh, v&i tat cd 1ong biét on sau sac nhat.
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»

MO PAU

1. Lich sir van dé va ly do chon de tai

Luén &n nay nghién ctru mot s6 phuong phép hiéu chinh giai bai toan bao

ham thitc bién phan c6 cau tric tong sau day.

Bai toan 0.1 (VI - Variational Inclusion). Cho ‘H la m¢t khéng gian Hilbert thuc.
A:H — 2" va B H — H lan luot 1a cic todn tir da tri va don tri trén H. Bai todn

VI dugc phit biéu nhu sau:
Tim diém x* € H sao cho 0 € A(x*) + B(x*). (V1)

Bai todn bao ham thirc bién phan (VI) bat ngudn tir bai toan tim khong diém
ctia anh xa don diéu cuc dai dugc R.T. Rockafellar [93] dé cap vao nam 1976, sau
d6 dugce G.B. Passty [89] md rong thanh bai toan tim khong diém cta tong hai
toan tir don diéu cuc dai. Nhiéu bai toan trong khoa hoc va ki thuat nhu bai toan
LASSO (con dugc biét dén la bai toan khoi phuc tin hiéu thua), bai toan toi uu,
bat dang thitc bién phan. .. [18,45,112] 1a cdc trudng hop riéng ctia bai todn VI.
Bai toan VI, trong trudong hop toan ti tong A + B khong c6 tinh chat don
diéu manh, néi chung 1a bai toan dat khong chinh, tirc 1a bai toan khong 6n dinh
theo nghia nghiém ctia n6 khong phu thudc lién tuc vao dir kién ban dau. Tinh
dit khong chinh 1am cho viéc giai s6 ctia bai toan trd nén kho khan, vi chi mot
thay d6i nho trong di liéu dau vao ciing c6 thé dan dén mot sai sb rat lon cia
nghiém. Dé giai cac 16p bai toan dat khong chinh néi chung, ngudi ta phai st
dung cac phuong phéap 6n dinh hoa, sao cho khi sai s6 ctia di liéu dau vao cang
nho thi nghiém x4p xi tim dugc cang gan v6i nghiém diing ctia bai toan ban dau.
Mot s6 nha toan hoc di tién phong va dat nén méng cho ly thuyét bai toan dat
khong chinh c6 thé ké dén nhu A.N. Tikhonov [114], F.E. Browder [27], M.M.
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Lavrentiev [74],... Bén canh d0, ta ciing c6 thé ké dén dong gop cuia cac nha toan
hoc Viét Nam nhu Dang Dinh Ang, Dinh Nho Hao, Dang Dtc Trong. ..cho ly
thuyét bai toan ngugc va bai toan dat khong chinh dbi vdi phuong trinh dao ham
riéng. Phuong phép hiéu chinh do Tikhonov [114] dé xuat da gép phan thtic day
manh mé cho sy phat trién ctia cdc phuong phap giai bai toan dit khong chinh
cting nhu tng dung ctia thuat giai vao cac bai toan thuc té.

Chting ta c6 thé tam phan chia cdc nghién citu vé bai toan VI thanh hai loai:
nghién ctru dinh tinh va nghién ctru dinh lugng. Cac nghién cttu dinh tinh bao
g6m nghién cuu su ton tai nghiém, cau truc tap nghiém, su 6n dinh nghiém
[73,80]. Cac nha khoa hoc Viét Nam nhu Lam Qudc Anh, Nguyén Dinh, Phan
Qudbc Khanh, Binh Thé Luc, Hoang Xuan Phu, Pham Htru Sach, Nguyén Xuan
Tan, Nguyén Déong Yén, ... ciing c6 nhiéu dong gép cho cac nghién citu dinh
tinh cta bai toan VI va cac truong hop riéng cta bai toan nay. Cac nghién cttu
dinh lugng bao gom dé xuat cac thuat toan giai, nghién ctru toc do hdi tu cta
thudt toan, ap dung cac thuat giai vao cdc bai toan thuc té [38,57,77,93,113].
Phuong phdp ¢ dién va don gian nhat giai bai toan nay trong trudng hgp B =0
la phuong phéap diém gan ke, dugc dé xuat bsi B. Martinet [128] cho bai toan bat
dang thirc bién phan va dugc nghién citu md rong bsi Rockafellar [93] cho bai
toan tim khong diém cua toan tir A don diéu cuc dai. Thuat toan ctia Rockafellar
c6 dang:

Xkl = ]jf}{(xk) k=0,1,...,

trong do6 Ay > 0 dugc goi la co budc va | j\‘}( la gidi thitc cta toan tr A ting voi tham
s6 Ay, cho béi ];\‘}{ = (I + ApA)~ ! trong d6 I 1a toan t&r ddng nhat trén H. Budce
chinh ctia phuong phap diém gan ké la tinh giai thitc ctia toan tr gia. Trong thuc
té thi viéc tinh toan giai thirc nay thuong khé thuc hién nén phuong phap diém
gan ké duong nhu van mang nang tinh ly thuyét. Tuy nhién, do vé dep toan hoc
ctia phuong phap ma né da dugc nghién ctru rong rai bdi nhiéu tac gia trong cac
thap nién da qua (xem [75,121] va cdc tai liéu tham chiéu tuong tng trong do).
D4c biét, gan day do xuat hién mot vai y tudng mdi vé tinh toan giai thirc, ciing
vGi su phét trién manh mé ctia cong nghé va khoa hoc mdy tinh nén phuong phép
nay trd nén hap dan va phé bién hon.

Phuong phap diém gan ké da md ra mot hudng tiép can hiéu qua cho viéc
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nghién ctru thuat giai cho bai toan VI, d6 1a sit dung nguyén ly diém bat dong
dua trén todn tr giai thitc. Y tudng nay bat nguodn tir nhan xét rang x* 1a nghiém
clia bai toan VI khi va chi khi x* 1a nghiém ctia phuong trinh diém bat dong
x = J{{(x — AB(x)). Theo huéng nay, cdc phuong phdp phan ra da dugc dé
xuét, nghién ctru va phat trién, chang han nhu phuong phap nghich dao ting
phan [99], phuong phap phan ra Douglas-Rachford [51]. Trong trudng hgp bai
todn bao ham thitc bién phan c6 dang 0 € (A + B)(x) vdi A va B la cac toan
tir don diéu cuc dai trén H, B don tri va dom(A) C dom(B), P.L. Lions va B.
Mercier [77] da dé xuat phuong phap phén ra tién-lui

=T (I - 4B) () k=0,1,...,

trong do Ay > 0. Phuong phap nay sau d6 da dugc phan tich sau hon baoi D.
Gabay [125] va Mercier [129]. Cu thé, cac tac gia nay da chi ra rfing néu B 1a -
don diéu manh nguge va day {A;} 1a hang s6 nhé hon 21 thi day lap {x*} hoi tu
yéu dén nghiém ctia bai toan ban dau. Hon nita, néu B don diéu manh, thi su hoi
tu la manh va nghiém cta bai toan la duy nhat. H.-G. Chen va Rockafellar [38]
chitng minh dugc rang néu B lién tuc Lipschitz, dom(B) = H va A + B la don
diéu manh, thi phuong phéap phan ra tién-lui sé hoi tu manh dén nghiém duy
nhat cta bai todn ban dau, véi diéu kién cd budc A, nhé hon mot ngudng nao doé
tiy thudc vao hé sb Lipschitz va hé sé don diéu manh.

Nhin chung, nhiing phuong phap phan ra ké trén dugc dp dung cho nhiéu
16p bai toan. Tuy nhién su hdi tu ctia cdc phuong phap yéu cau mot s6 gia thiét
chit dat 1én toan tr gid. Chang han, phuong phap phan ra tién-lti cda Lions va
Mercier [77] doi hdi B 1a don diéu manh ngugc, 1a diéu kién rat chat. Cac gia
thiét nay nham dadm béo tinh chét co hodc mét kiéu khong gian téng quat nao d6
clia mot toan tir lién két twong tng. Diéu nay thu hep kha nang ing dung cda
phuong phap. Hon nita, nhu dugc dé cap & trén, viéc tinh gid tri ctia toan tir giai
thire la khong dé va thuong phu thudc chat vao cau truc ctia bai toan da cho. Bé
gidm nhe cac diéu kién dat 1én toan tir gia, mot phuong an c6 thé sir dung la két
hop cac phuong phap nay véi mot s6 ki thuat khac. P. Tseng [113] da dya trén
phuong phap phan ra tién-lui va y tudng vé phuong phap dao ham tang cuong
cia G.M. Korpelevich [72] trong gidi bat dang thic bién phan don diéu dé dé
xuat phuong phap phan ra lui-tién cai bién cho bai toan VI, dugc phat biéu nhu
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sau:
Phuong phap phan ra tién-lui cai bién. Gia st X C dom(B) la tap 16i, déng sao
cho XN (A + B)~1(0) # @ va B théa man moét trong hai diéu kién: (i) B lién tuc
Lipschitz trén X U dom(.A) hoac (ii) B lién tuc (tir t6p6 manh vao to6pd manh)
tréen dom(A) va X C dom(.A). Chon x° € X batki. Vi k = 0,1, ..., ta xdy dung

phan tit 1ap x*+1 tir xF theo cong thic

v =T8I = AB) (+5),
X = Py (y* — M(B(yF) — B(x))).

Trong d6 Py 1a phép chiéu metric Ién tap X va Ay dugc chon mot cach phu hop.
Tac gia cing dua ra mot s cach chon tip X trong nhimng truong hop cu thé.
Trong truong hop ddc biét khi X = H, thuat toan cua Tseng sé trg thanh thuat

todn phan ra tién-lti-tién nhu sau:

v = J(1 = AB) (),
K = g A (B) - B(x)).

Trong vai ndm trd lai day, nguoi ta hay nhac dén cong trinh rat dang chi y cda Y.
Malitsky va M.K. Tam [83]. J d6, cac tac gia trén da dé xuat thuat toan phéan ra

tién-phan xa-lti c¢6 dang
= JA (xR — 22 (2B(xF) — B(xF1))).

Khéc véi thuat toan phan ra tién-lui ctia Lions va Mercier [77] doi héi toan tir don
tri B la don diéu manh ngugc, hai thuat toan ctia Tseng [113] va Malitsky [83]
chi can gia thiét B 1a don diéu va lién tuc Lipschitz. Déi lai, thuat toan cta Tseng
phai hai 1an tinh gia tri ctia B. Thuat toan ctia Malisky chi can mét 1an tinh gia tri
clia B. Tat ca cac thuat toan ctia Lions va Mercier, cia Tseng va ctia Malitsky va
Tam ké trén déu sinh ra day hoi tu yéu dén nghiém ctia bai toan VL.

Mot hudng tiép can khac dé xay dung thuat giai cho bai toan VI 1a stt dung ky
thuat hiéu chinh. Thay vi gidi bai toan ban dau, phuong phéap nay da thém mot
s6 hang hiéu chinh phu thuéc mot tham sd. Do vay phuong phap nay can giai
mot ho cac bai toan hiéu chinh phu thudc tham sé dé tim mot day cac nghiém

hiéu chinh. Day nay hdi tu t6i mot nghiém nao d6 cta bai toan ban dau khi tham
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s6 hiéu chinh tién t¢i khong. Mac du bai toan hiéu chinh c6 cac tinh chat dep hon
bai toan gbc, nhung viéc tim nghiém hiéu chinh van rat ton kém. Do vay, phuong
phép nay van mang tinh ly thuyét va kho thuc hién trong thuc hanh. Hon nta,
tinh hiéu qua ctia phuong phap c6 thé thap vi né yéu cau giai vo sb cac bai toan
hiéu chinh. M6t y tudng dang dugc cdc nha todn hoc quan tdm nghién ctru gan
day la két hgp gitta phuong phap phan ra va ki thuat hiéu chinh dé dugce cac
thuat toan hoi tu manh. Nhom tac gia Pang Van Hiéu, Pham Ky Anh, Lé Ding
Muu va ].J. Strodiot [58] da dé xuat hai thuat toan chinh lap hoi tu manh sau day
dé giai bai toan VI véi gia thiét toan tir da tri A don diéu cuc dai va toan tir don

tri BB lién tuc Lipschitz:
e Phuong phap phan ra tién-lui hiéu chinh

WA = T (o = M(B() + i F (x9)),
e Phuong phap phan ra tién-lui-tién hiéu chinh

¥ = I = A(BOE) + i F (),
L = yk 4 A (B(xF) — B(yY)),

trong do F : H — H la mot toan tir don diéu manh va Lipschitz tuy y. Néu viéc
tinh gia tri cta toan tir F 1a don gidn, chang han F = I thi chi phi tinh toan cho
cac thuat todn phan ra tién-lui hiéu chinh (tuong ung, thuat toan phan ra tién-lui
hiéu chinh) khong dat hon so véi chi phi tinh toan cta thuat toan phan ra tién lui
ctia Lions va Mercier (tuong ting, thuat todn phan ra tién-lui-tién) nhung lai cho
cac thuat toan hoi tu manh.

Cho C 1a mot tap 16i dong khéc rong trong H. Néu A = N¢, 1a nén phéap tuyén
ctia C, bai toan VI sé trd thanh bai todn bat dang thitc bién phan (VIP- variational

inequality problem) sau day:
Tim x* € C saocho (B(x*),x —x*) >0, Vx € C. (VIP(B, C))

Tap nghiém cua bai toan dugc ki hiéu la Q..
Korpelevich [72] da dé xuat phuong phap chiéu dao ham ting cuong (EGM
- Extragradient Method) khi nghién ctru bai toan di€ém yén ngua. Phuong phép
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EGM giai bai toan VIP(B, C) dugc thiét ké nhu sau:

k _ k__ k
{ vk = Pe(xk — AB(xH)), o1

¥+ = Pe (2 — AB(y")),
trong d6 Pc 1a phép chiéu metric 1én C va A > 0 la tham s6. Su hdi tu cia phuong
phap EGM chi doi hoi tinh lién tuc Lipschitz va tinh don diéu (hodc gia don diéu)
ctia toan tit B. Néu tap nghiém Q,;, ctia VIP(B, C) khéc réng, day {x*} sinh bdi
phép lap (0.1) héi tu yéu dén mot nghiém cua bai toan VIP(B, C). Theo phuong
phép nay, can phai tinh todn hai phép chiéu 1én C trong méi budc lap. Hién nhién,
diéu nay c6 thé anh hudng dén hiéu qua tinh toan ciia phuong phap néu tap chap
nhén duoc C ¢é cau tric phtc tap.
Mot 16p dang chu y khac ctia cac phuong phép giai bai toan VIP 1a cac phuong
phép chiéu co. Nhitng phuong phéap nay da s6m duge dé xuat boi B. He [56] va
D. Sun [102] cho cac bai toan VIP trong khong gian Euclid. Nam 2014, X. Cai, G.
Gu va B. He [31] da phan tich va thiét 1ap toc d6 hdi tu ciia phuong phap chiéu co
theo nghia ergodic, dua trén diéu kién cd budc du doan. Gan day, phuong phéap
nay da dugc mé rong cho truong hop khong gian Hilbert vo han chiéu [47,49].
Phuong phéap chiéu co duge trinh bay bdi Q.L. Dong, J. Yang va H.B Yuan [49]
giai bai toan VIP ¢6 dang sau:
¥ = Pe(xt ~ AB(x),
A, ) = 2~y = A(B(H) — B(), 02)
X = ok B (2, ),

trong d6 v € (0,1), A € (0, %), va

<xk _yk,d(xk’yk)>
Pr = k k)12
[d(x, y )|

Néu B : H — H la don diéu va lién tuc Lipschitz, tap nghiém 0y khac rong
thi day {x*} sinh bai phép lap (0.2) héi tu yéu dén nghiém x* € Oyip, trong do
x* = kllg;} Po,,, (x¥) (tham khao [49]). Phuong phap nay da nhan dugc rat nhiéu
st chi y ctia mot s6 tac gia trong nhitng ndm gan day va dugc cai tién, chinh stra
theo nhiéu cach khac nhau [47,48].

Cac két qua sb trong [31] da thé hién hiéu nang tinh toan wu viét hon cta

phuong phép chiéu co dbi véi cac phuong phap dao ham ting cuong c6 dién,
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chang han nhu phuong phap ctia Korpelevich [72]. Cac phuong phép chiéu co
néu trén hau hét déu duoc ching minh la hoi tu yéu dén nghiém dung cua bai
toan ban dau. Nham dat duoc sy hoi tu manh ctia phuong phép chiéu co, mot s6
tac gid da két hgp phuong phap nay véi mot sb ki thuat nhu phép 1ap Halpern
[97], phép 1ap kiéu Mann [40], phuong phap gan két (viscosity) [110].

Quay trd lai v6i bai toan bao ham thirc bién phan, nam 2018, lay y tudng tu
cac phuong phap chiéu co, C. Zhang va Y. Wang [123] da dé xuat phuong phap

co gan ké sau day cho bai toan VI:
(
yE =T (8 = B (),

d (x5, yF) = 2k —y* — A (B(xF) = B(yY)),

T = ok (),

\

z . k, k ~ ~ , ~
voiy € (0,2), B = hEEs, (k) = (F — %, (K ¥), (A} Ta day cde o

budc théa man mot s diéu kién cho trudc va lil?r_l> g}f Ak > A > 0. Voi mot so diéu
kién nhat dinh, céc tac gia da chiing minh rang day {x*} sinh b&i phuong phép
dé xuat hoi tu yéu dén mot nghiém ctia bai toan VI

Nhin chung, cdc phuong phéap giai bai toan VI ké trén déu chi sinh ra day
13p hoi tu yéu trong khong gian vo han chiéu. D€ dat dugc phuong phap hdi tu
manh, ngudi ta két hgp cac phuong phép hoi tu yéu vdi cac ki thuat nhu phép
13p Halpern [39,79,96], phuong phap gan két [107]. Tuy nhién, cac ki thuat nay
cing l1am thay déi ddng ké cdu truc cua thuat toan. Trong luan &n nay, ching toi
mong mudn xay dung dugc mot phuong phap hoi tu manh 1a sy két hgp gitra ki
thuat hiéu chinh véi thuat toan co gan ké giai bai toan VI ma khong lam thay déi
nhiéu cau tric cta thuat toan goc.

Gan day, dé tang toc do hoi tu cia phuong phép 1ap, nguoi ta thuong stt dung
ky thuat quan tinh. F. Alvarez va H. Attouch [4] da dé xuat ki thuat nay, xuat phat
tir hé dong luc bac hai c6 tén la "qua cau nang c6 ma sat". Phuong phap nay sau
do6 dugc st dung rong rai nham muc dich tang toc d6 hoi tu cua cac thuat toan
lap [4, 78]. Mot trong sO cac két qua quan trong nhat 1a thuat toan kiéu Mann

quan tinh dé xuat bgi P.E. Maingé [81] cho bai toan tim diém bat dong ctia 4nh xa
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tua khong gian:

wk — xk i txk(xk . xk—l),

A = (1= B + By Tk

vai B € (0,1) va T : H — H 1a anh xa tua khong gian (xem [81, Section 2]), thoa
man Fix(T) # @ va (x — Tx,x —q) > 5 |lx — Tx[|>V (x,q) € H x Fix(T). O day,
a € (0,1] va Fix(T) 1a tap diém bat dong cua T.
Nam 2021, B. Jiang, Y. Wang va J. Yao [67] da dua trén cac phuong phédp chinh
lap dudi dao ham tang cuong (RSEGM - regularized subgradient extragradient
method) va chinh 1dp dao ham tang cudng ki€u Tseng (RTEGM - regularized
Tseng’s extragradient method) cua Bang Van Hiéu va cac cong su [59] dé dé xuét
cac thuat toan RSEGM quan tinh da budc va RTEGM quén tinh da budc giai bai
toan bat dang thitc bién phan.

Trong ludn an nay, ching ta cing quan tdm nghién ctru phuong phéap giai
bai toan bao ham thitc bién phan tach (SVI - split variational inclusion) trong hai

khong gian Hilbert thuc Hq va Hs:
Tim x* € Hq saocho 0 € By(x*) va 0 € B,T (x¥), (SVI)

trong d6 By : H1 — 2M1 va By : Hy — 2™2 13 hai toan tir don diéu cuc dai va
T : H1 — Hp 1a mot toan ti tuyén tinh bi chin. Tap nghiém cta bai todn SVI
duogc ki hiéu la Qgyy va ludn duge gia thiét khac rong. Bai toan VI ¢6 thé dua
duoc vé bai toan SVI bang cach dat By = A + B va B, 1a toan tir dong nhat bang
0. Bai toan SVI dugc dé xuat bdi A. Moudafi [85] va sau d6 Y. Censor va cac cong
su [34] da dé xuat va nghién ctru bai toan bat déng thic bién phén tach va bai
todn khong diém tach (SZP - split zero problem).

Céc bai toan nhu bat déng thitc bién phan tach, bai todn can bé“mg tach, bai toan
diém bat dong tach, bai todn khong diém tach, déu duge co thé xem la truong
hop riéng ctia bai toan SVI (tham khdo [32,35] va cac tai liéu tham chiéu trong
do). Nhitng bai todn nay da va dang duoc nghién ctru sau sac va rong rai trong
nhiing nam gan day, va ching c6 thé duge st dung dé mo hinh hoa cac bai toan
trong thurc té chéng han nhu 1ap ké hoach trong y hoc birc xa - tri liéu [32], hé cdm
bién trong chup cat 16p vi tinh va nén dit liéu [28,29,32,36,42]. Mot s6 nha toan
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hoc Viét Nam, tiéu biéu nhu Duong Viét Thong cing c6 nhiéu cong trinh nghién
cttu vé bai todn bao ham thitc bién phan tach cting cac cong su [106,108,109].

C. Byrne, Y. Censor va A. Gibali [30] da dé xuit thuat toan sau day dé giai bai
toan (SVI) trong khong gian Hilbert:

= (xk T (1 - ]/‘;’2) T(xk)) 20 ey, (0.3)

veiB > 0vay € (O, ﬁ) Cac tac gia da ching minh rang day {x*} sinh béi
(0.3) hoi tu yéu dén mot nghiém cuia bai toan (SVI). Dé dat duge sy hoi tu manh,
cac tac gia da két hop thuat toan (0.3) vdi phép 1ap Halpern va dua ra Thuat
toan Halpern gan ké (HPA- Halpern proximal algorithm) sau day dé giai bai toan
(SVI):

K = a4 (1 — zxk)]gl (xk —T* (I — ]gz) T(xk)) , V€ Hy, (0.4)

trong do f > 0,7 € (O,%), {ax} € (0,1), lim a = 0va Y ay = +o0. Day
{x*} sinh béi (0.4) hoi tu manh dén x* = Pn(xY), v6i Pq 1a phép chiéu metric
tir H1 1én tap nghiém Q cta bai toan (SVI). Thuat toan gan ké gan két (VPA -

viscosity proximal algorithm) [98] la m&t phuong phap md rong cta (0.4):

{ v =I5 (AT (- 1) T(),

0.5
= e f(oF) + (1 — )y, o

trong d6 x° € Hq, f : H1 — Hq 1a mot dnh xa co v6i hé s6 6 € (0,1), B > 0,
A€ (O,W), {ax} C (0,1), kh—>n;10“k =0, ké A = +oo,va ké |l — ag_q1| < +oo.
Day {x*} sinh b&i qua trinh (0.5) hoi tu manh dén nghiém x* € Q ctia bai toan
(SVI) théa man phuong trinh diém bat dong x* = Pof(x"). Trong truong hop
f(x) = 2% v6i moi x € H;q, thuat toan (0.5) trd thanh thuat toan (0.4). Thuat
toan quan tinh- gan két- gan ké (IVPA - inertial viscosity proximal algorithm) sau
day [78] la mot md rong khac caa (0.4):

(

XV, xl e Hy,

wk — xk + Gk(xk o xk—l)’

yE =I5 (wk AT (1 — ]/?2) T(wk)) ,
= f(oF) + (1 — )y,

(0.6)
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trong d6 B > 0, A € (o,ﬁ), {ag} C (0,1), lim & = 0, él ap = +oo, va day
{0,} C [0,0) v6i sd 6 > 0 nao do6 thda man diéu kién k11_>rro10 2—’;\ |xk — xk=1| = 0.
Néu ta lay 6; = 0 v6i moi k > 0, thi thuat toan (0.6) trd thanh thuat toan (0.5), va
néu mat khac, f(x) = x° véi moi x € H;, thi thuat toan (0.6) trd thanh thuat toan
(0.4). Day {x*} sinh béi thuat toan (0.6) hoi tu manh dén nghiém x' ctia bai toan
(SVI), théa man phuong trinh diém bat dong xt = Pn f(x").

Gan day, C-S. Chuang [41] da dé xuat thuat toan gan ké sau dé giai bai toan
(SVI) trong khong gian Hilbert:

Thuat toan 0.1.
Khdi tao: Ly x° € Hy va {B} C [B, +o0) C (0, +0).

Cdc buoc lap:

Budc 1. Tinh y* = I (xk — 1T (I — ]Bz) T(xk)) v0i 7y > 0 théa man diéu

Bk k B ’ k
kién
* B * B

o | T (1= 1) TR = T (1= 152) T6H)| < sl =¥, 0< s < 1.

Budc 2. Néu x* = v*, ditng thudt todn. Néu khong, téi Budc 3.

Budc 3. Tinh x*+1 = ]E; [xk — A D (%%, 7k)] , trong do

D, 1) = & =y = [T (1= J2) TN =T (1= 132) TN,

<xk o yk/ D(xk/ /)/k)>

1D (%, i) |2

Buoc 4. Cdp nhdt k := k + 1 va quay trd lai Budc 1.

A =

Day {x*} sinh b&i Thuat todn 0.1 hoi tu yéu dén nghiém ctia bai toan (SVI) dudi
mot vai diéu kién phtt hgp dat 1én toan tir gid va cac tham sb diéu khién. Nhugc
diém cta thuét toan trén la phai tinh giai thuc ]El hai lan trong méi budc 1ap,
diéu nay lam tang chi phi tinh toan. Trong ludn 4n nay, chting t6i mong mubn cai
bién thuat toan trén dé dugc toan hoi tu manh va chi can tinh giai thuc ]gl mot
lan tai moi budc 1ap.

Trong luan 4n nay, ta cling nghién ctru thuat gidi cho bai toan can bang (EP-

equilibrium problem). Cho #H 1a mo6t khong gian Hilbert va C 1a mot tap con 16i
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déng khac rong ctia H. Cho f : H x H — R la mot song ham can bang trén C,

tirc 1a f(x, x) = 0 v6i moi x € C. Xét bai toan can bang sau day:
Tim x* € C sao cho f(x*,y) >0 véimoiy € C. (EP(f, C))

Ta ki hiéu Sol(f,C) 1a tap nghiém ctia bai toan EP(f, C) va ludn gia s rang tap
nay la khac rong.

Bai toan EP dugc dé xuéat bsi H. Nikaido va K. Isoda [88] nham téng quat hoa
bai toan can bang Nash trong Iy thuyét tro choi khong hop tac. Téi ndm 1972, nd
tiép tuc dugc nghién ciru boi K. Fan [53] dudi dang bat d:img thirc minimax. Nam
1992, tén goi Bai todn can bang chinh thirc xuét hién trong cong trinh [86] ctia Lé
Diing Muu va W. Oettli. Mot s6 bai todn quan trong trong toan hoc tng dung
nhu bai todn téi wru, bai todn diém bat dong, bai todn can bang Nash, bat dang
thitc bién phan déu la truong hop riéng ctia bai toan EP (xem [68, Section 2.2]).

Do tam quan trong va tinh phé bién trong ing dung ctia bai toan EP, nhiéu
khia canh khac nhau ctia bai todn nay da dugc quan tdm nghién cttu mét cach
sau rong bédi cac nha toan hoc trong nhitng nam gan day. O Viét Nam, bai toan
EP la chu dé thoi sy, nhan duge sy quan tdm nghién citu ctia nhiéu nha toan
hoc, ¢6 thé ké dén nhu Pham Ky Anh [5,6,8], Pham Ngoc Anh [9,10], Trinh Ngoc
Hai [5, 6,8, 55], Dang Van Hiéu [60-62], Lé Ding Muu [60, 86, 87,90], Nguyén
Van Quy [87], Lé Xuan Thanh [50], Nguyén Thi Thu Thuy [111], Nguyén Thé
Vinh [64,116], Lé Hai Yén [119]...Bén canh viéc nghién cttu sy ton tai ctia cac
nghiém va tinh 6n dinh cta bai toan EP, cac tac gia con xdy dung cac phuong
phép lap dé giai s6 bai toan va nghién ciru hiéu qua ctia chung. Pau tién, c6 thé ké
dén phuong phap diém gan ké. Ly y tudng tir cac cong trinh ciia Martinet [128]
va Rockafellar [93], cac tac gia A. Moudafi [82] va I.V. Konnov [70] da xdy dung
phuong phap diém gan ké giai bai toan can bang. Mot hudng tiép can khac giai
bai todn can bang 1a stt dung phuong phap dao ham ting cuong. Xuat phat tir
thuat toan ctia Korperlevich dé xuat dé giai bai todn diém yén ngua [72], n6 da

dugc nhiéu tac gia nghién ctru va téng quat héa cho bai toan can bang. Phuong
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phéap dao ham téng cudng 4p dung cho bai todn can bang [54,90] c6 dang
XecC
. 1
{ = argin,cc {areh ) + 3y - P

. 1
1 = argmin,cc {Ar(0 ) + 51y - 2412

\
Véi gia thiét song ham f gia don diéu va théa man diéu kién kiéu Lipschitz theo
Mastroeni vdi cac hé sb ¢1,¢c7, 0 < A < min {Cl, Cl}, day {xk} sinh bdi thuat
toan trén hoi tu yéu t6i mot nghiém ctia bai todn 1EP.ZNgoéli ra, cO thé ké dén mot
vai phuong phap khac va cac phién ban cai bién ctia chiing la phuong phép kiéu
dao ham ting cuong phan ra, phuong phap duong doc, phuong phap dudi dao
ham [5,71,94]. Tuy nhién, nhin chung cdc phuong phép ké trén déu chi cho ta
thuat toan sinh ra day lap hoi tu yéu, trong khi su héi tu manh httu ich hon trong
cac khong gian Hilbert vo han chiéu. Dé dat duoc su hoi tu manh, nguoi ta can
stt dung mot s6 ky thuat bd sung, chéng han nhu ky thuat hiéu chinh, ky thuat
gan két (viscosity), ky thuat gan két-lai ghép, ky thuat thu hep (xem [60,101,117]
va céc tai liéu tham chiéu tuong tng).

Trong nhirng nam trd lai day, phuong phap hé dong luc da dugc nghién cau
va ung dung rong rai trong nhiéu linh vuc nhu t6i uu 16i, ly thuyét tro choi, ly
thuyét diém bat dong, phuong trinh dao ham riéng (xem [3,16,24] va céc tai liéu
tham chiéu tuong ung)... Viéc nghién ctru mdi lién quan gitta cac hé dong luc
lién tuc va roi rac dang la chu dé toan hoc rat soi dong, dugc nhiéu nha khoa hoc
quan tam nghién ctru [3, 11, 14, 24, 25, 44]. Coéng trinh tién phong [44] cua M.G.
Crandall va A. Pazy da tao dung mét nén tang cho nghién ctru vé cac hé dong
luc dugce diéu khién béi toan tir don diéu cuc dai trong khong gian Hilbert, vi bai
bao tap trung vao gidi quyét cac cau hoi vé su ton tai va duy nhat cia quy dao
nghiém va lién hé vdi ly thuyét nita nhém co phi tuyén.

Cac hé dong luc duge diéu khién béi cac toan tir don diéu cuc dai duge xem
nhu cong cu hitu ich dé nghién ctru cac thuat toan s6 cho bai toan bao ham thic
don diéu va cac bai toan t6i wu bang cach roi rac hoa theo thdi gian cac hé dong
luc lién tuc. Céch tiép can cia phuong phap nay la xay dung mot bai toan Cauchy
triru tugng c6 duy nhat nghiém manh toan cyc. Lay gidi han ctia nghiém nay khi

bién thoi gian dén v6 cling, ta duge nghiém cuia bai toan goc. Phuong phap hé
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dong luc khong chi gitup ching ta c6 sy hiéu biét tot hon vé tinh chat tiém can
ctia cic phuong phép giai s6 ma con gitp xay dung cac phuong phap mdi bang
ki thuat rdi rac hoa. S. Banert va R. Bot [16] da dé xuat hé phuong trinh vi phan
tién-lti-tién sau day dé giai bai toan bao ham thitc don diéu VI:

(

2(t) = 4y (x(t) — 1(DB(x(1))),
0 = (1) + x(t) — 2(t) — Y(OB(D) + 1(DBE(),

Z\

trong d6 7(t) : [0, 4+00) — (0, ) 1a ham do dugc Lebesgue va x° € H. Phuong
phép nay dugc chitng minh 1a hdi tu yéu voéi gia thiét toan tir da tri A don diéu
cyc dai va toan tir don tri f don diéu va lién tuc Lipschitz. Véi cling gia thiét nhu
vay, cac tac gid Pham Ky Anh va Trinh Ngoc Hai [7] da két hgp phuong phéap hé
dong lyc va ki thuat hiéu chinh dé xay dung mot thuat toan hdi tu manh giai bai

toan VI, c6 cong thuc nhu sau:

Nhom cac tac gia Z.-Z. Tan, R. Hu, M. Zhu, Y.-P. Fang [105] cting c6 mot cong
trinh rat dang chu y vé st dung phuong phap hé dong luc gidi bai toan chap
nhan tach. Tuy nhién, theo nhitng gi chung t6i tim hiéu dugc, s6 lugng cong
trinh nghién citu vé ting dung ctia phuong phap hé dong luc dé giai bai toan can
bang con kha han ché [8,115,118]. Dudng nhu 16p cac bai todn can bang c6 thé
ap dung phuong phap nay la tuong ddi it. Diéu nay c6 thé do cac diéu kién du
cho sy ton tai nghiém manh toan cuc cho hé dong luc lién két véi cac bai toan
can bang 1a khéa chat. Mot y tudng gitip ta vugt qua dugc khé khan ké trén 1a
st dung ki thuat hiéu chinh. Ki thuat nay da duoc ap dung d€ giai cac bai toan
can bang [60,65,71]. Mot diéu dang luu y 1a dbi véi phuong phéap hiéu chinh,
cach chon cd budc dong vai tro quan trong trong viéc tang hiéu qua tinh toan va
cai thién toc do hoi tu. Nam 2022, nhém tac gia Bang Van Hiéu, Lé Ding Muu
va Pham Kim Quy [60] da dé xuat mot phuong phép chinh 1§p (IRM- iterative

regularization method) gidi bai toan EP don diéu c6 dang: 14y x°,° € C, v6i mbi
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k > 0, tinh x*1 va "1 béi

xk+1 — prOX)\k(f(yk,'>WL“kg(xk"))(xk)’ (07)

Y = proxy (k) agga 1, (XF),

vdi g : C x C — R 1a song ham don diéu manh va Ay € [A,X} C (0,400), ax >0

1a cac tham s6 phut hgp, con prox;, dugc cho bsi

prox;x = argmin {h(y) + % ly —x|*:y € C} .

Tiép tuc vdi ki thuat chinh lap, Bang Van Hiéu va Pham Kim Quy [62] da trinh
bay cac phuong phap t6i ru mot budc dé giai bai toan EP. Thay vi phai xtt Iy hai
bai toan con 16i manh trong méi budc 1ap, cac phuong phap trong [62] chi doi hoi

gidi mot bai toan con. Cu thé, thuat toan trong [62] c6 dang:

k+1

B = Proxy, (r(at, () (¥ 08)

trong d6 {Ax}, {ax} thoa man mot s6 diéu kién rang budc phu hgp. Véi 16p bai
toan can béng don diéu, cac phuong phap (0.7) va (0.8) hoi tu manh dén nghiém

t clia bai toan can bang ban dau, théa man u’ € Sol(g, Sol(f,C)). Phién ban

u
lién tyc cta (0.8) dugc phat trién bsi Pham Ky Anh, Trinh Ngoc Hai va Vi Tién
Diing [8] trong d6 céc tac gid da trinh bay mot hé dong luc hiéu chinh lién két voi

bai toan EP, c6 dang

qx(t) +x(t) = y(t), (0.9)

trong d6 A : [0, +00) — (0, +00) la mot ham lién tuc, « : [0, +00) — (0, +00) la

ham kha vi lién tuc, théoa man

, 4 [T e A a(t)
Jim a(t) = 0; [ A(Wa() = too; lim an =¥ I Smem

Nghiém manh toan cuc cta hé (néu ton tai) cing dugc ching minh la hoi tu
manh dén nghiém ctia bai toan EP(f, C). Viéc A(t) la vo cting bé bac cao hon a(t)

c6 thé 1a mot han ché ctia phuong phép, 1am gidm toc do hoi tu. Hé (0.9) c6 thé
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duoc roi rac hoa dudi dang

Y5 = PTOX, (7(at, ) agg ) (7,
xk“ = (1 — hk)xk + hkyk,

(0.10)

v6i {ag} va {A;} 1a cac day s thuc duong dan vé 0. Céc tac gia da chi ra rang
thuat toan (0.10) la hoi tu manh.

Tir nhitng yéu t6 lich stt va cac cong trinh nghién ctitu da dé cap va phan tich &
trén, mot cach tu nhién, ta c6 thé dit ra nhirng van dé sau can nghién ciru trong
ludn an:

- Vin dé thir nhat 1a xay dung cac phuong phap 1ap hoi tu manh giai bai toan
bao ham thitc bién phan don diéu c6 cau tric tong va bai toan bao ham thic bién
phan don diéu tach dua trén ki thuat hiéu chinh, véi nhitng diéu kién dat lén
toan tr gia la tuong ddi nhe, khong doi hoi tinh don diéu manh nguge hay don
diéu manh.

- Vén dé thit hai 1a lya chon dugc cac tham s pht hgp, dac biét 1a day ¢ budce
cho cac phuong phap duge dé xuat, trong ca hai truong hop biét va khong biét
hé s0 Lipschitz ctia toan tir B trong bai todn VI (d6i voi bai toan SVI 1a chudn cta
todn tir tuyén tinh A).

- Vian dé thit ba 1a két hgp dugc phuong phap giai bai toan VI véi ki thuat quan
tinh nham lam tang toc do hoi tu cta thuat toan.

- Van dé thir tu 1a xay dung mot phuong phap hé dong luc giai bai toan can
bang EP va chi ra sy ton tai duy nhat nghiém manh toan cuc cta hé nay dudi
nhiing diéu kién rang budc pht hgp. Ngoai ra, vdi gia thiét nghiém manh toan
cuc da ton tai duy nhat va cac diéu kién nhe dit lén song ham f, quy dao cua
hé dong luc hoi tu manh ve nghiém cua bai toan EP khi bién thoi gian tién ra vo
cung. Hon nira, ham ¢& budc A(t) cua phuong phap nhan dugc khong qua nho,
theo nghia bi chan bdi mét sé6 duong hodc dan vé 0 khong qua nhanh. Diéu nay
khac phuc dugc han ché trong phuong phéap hé dong luc trong [8] 1a A(t) dan veé
0 nhanh.

- Van dé thir ndm 1a roi rac hda hé dong luc da trinh bay nham thu duge mot

phuong phdp lap sinh ra day hoi tu manh vé nghiém ctia bai todn can bang.
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2. Muc tiéu nghién cuu

Muc tiéu cta ludn an 1a nghién cttu va dé xuat mot s6 phuong phéap hiéu
chinh giai cdc bai toan dang bao ham thitc don diéu, bai toan can bang trong

khong gian Hilbert thuc va mot s6 bai toan lién quan. Cu thé nhu sau:

* Xay dung phuong phap co gan ké hiéu chinh giai bai toan VI.

* Két hgp phuong phéap co gan ké hiéu chinh néi trén véi ki thuat quan tinh
da budc dé thu duoc thuat toan mai cé tde dd hoi tu duoc cai thién.

* Xay dung phuong phap kiéu gan ké hiéu chinh giai bai toan SVI.

* Xay dung phuong phap hé dong luc kiéu dao ham tang cuong hiéu chinh
giai bai toan EP, dong thoi, xay dung phuong phép 13p giai bai toan EP bang

cach roi rac hoa hé dong luc trén.

Tat ca cac thuat toan duogc dé xudt trong luan an déu duoc chitng minh 1a hoi
tu manh. Chung t6i cling thuc hién thit nghiém s6 dé danh gia hiéu qua cta cac
thuat todn mdi, so sanh chung vdi nhitng thuat toan da c6 dong thoi 4p dung

ching vao mot s6 mo hinh rit ra tir cac bai toan thuc té.

3. P6i tugng va pham vi nghién ciru

Doi tugng nghién ciru: 1a bai todn bao ham thitc bién phan don diéu c6 ciu tric
tong (VI), bai toan bao ham thirc bién phan tach (SVI) cling nhu bai todn can bang
(EP).

Pham vi nghién citu: nghién ctru ly thuyét, két hgp cac phuong phap da biét dong
thoi dé xuat thuat toan maéi dé giai bai toan VI, bai toan SVI, bai toan EP va tién

tdi dp dung vao cac bai toan cu thé.

4. Phuong phap nghién curu

Tir cac thuat toan hoi tu yéu da biét, ta cai tién va tich hop nham phat trién
cac thuat toan hdi tu manh méi, khong qua phuc tap nhung hiéu qua. Y tudng
vé gidi cac bai toan dit khong chinh trong luan an la chon mot nghiém cua bai
toan ban dau thong qua viéc tim nghiém ctia mot bai toan hai cip dat chinh, y

tudng nay bat nguodn tir viéc tham khao cong trinh [46] ctia cac tac gia Bui Van
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Dinh, Pham Gia Hung, Lé Dung Muu. Nhirng cong cu ma ching ta quan tam la
phuong phap co gan ke, ki thuat hiéu chinh, ki thuat quan tinh, phuong phap
dao ham tang cuong, phuong phap hé dong luc. Bén canh do, ching ta cliing
quan tdm dén phuong phap chon cd budc phtt hgp cho thuat toan dua trén diéu
kién cd budc du dodn (PSC). Cac thuat toan dé xuat duge ap dung vao mot so bai
toan cu thé. Cudi cung, ta thuc hién cac tha nghiém s6 d€ minh hoa tinh hiéu qua

clia cac phuong phap thu duge va so sanh vdi cac thuat toan da biét.

5. Cau truc va ket qua cua ludn an

Ngoai phan md dau, két luan, danh muc cac cong trinh da cong bo ctia tac gia
c6 lién quan dén luan an va danh muc tai liéu tham khao, luan an gém 3 chuong.
Céc két qua chinh dugc trinh bay trong Chuong 2 va Chuong 3.

Trong Chuong 1, ta trinh bay mot s6 kién thitc chudn bi va két qua bd trg duoc
st dung trong luan an. Cu thé, chuong nay nhac lai cac tinh chat hinh hoc cta
khong gian Hilbert, cdc khai niém lién quan dén toan tir va gii thirc ctia toan
tr, mot s6 khai niém va tinh chat cda song ham, bai toan dit khong chinh va ki
thuat hiéu chinh. Sau d6, ta nhac lai mot sb tinh chat ctia bai toan bao ham thic
bién phan c6 cau triic tong, bai toan bao ham thitc bién phan tach va bai toan can
bang. Cubi chuong, chiing ta dé cap dén mot sb két qua bé trg vé day s6 sé dugc
st dung trong cac phan sau ctia lun an.

O phan ddu Chuong 2, phuong phép co gan ké hiéu chinh giai bai todn bao
ham thic bién phan (VI) duge dé xuat. Trong phuong phéap nay, ta két hgp y
tudng vé phuong phap co gan ké trong [123] vdi ki thuat hiéu chinh. Trén co s&
nay, ta tiép tuc két hop phuong phap nhan duoc va ki thuat quan tinh da budc
dé thu dugc phuong phap da budc hiéu chinh gii bai toan VI. Ki thuat quan
tinh da budc nay duoc ldy cdm hirng tir phuong phap dao ham tang cuong kiéu
Tseng hiéu chinh quan tinh da budc (MIRTEGM - multi-step regularized Tseng’s
extragradient method) ctia Jiang va cac cong su [67]. O phan tiép theo, 14y y tudng
ta phuong phap gén ké trong [41] két hop v6i ki thuat hiéu chinh, chdng ta de
xuat mot phuong phéap 1ap kiéu gan ké hiéu chinh giai bai toan bao ham thtc
bién phén tach. Cac phuong phap chon ¢d budc phit hgp ciing dugc ta trinh bay

cho tirng thuéat toan.
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Chuong 3 dé cap toi bai toan can bang. Chuing ta két hgp gitra y tudng vé cach
xay dung hé dong luc trong [8] va phuong phap kiéu dao ham tang cuong cta
nhom tac gia Tran Dinh Quéc, Lé Diing Muu va Nguyén Van Hién [90] dé thu
dugc hé dong luc c6 quy dao hoi tu manh dudi cac diéu kién nhe dat 1én song
ham f va cd budc A(t). Sau do, ta roi rac héa hé dong luc trén dé thu duge mot
phuong phap lap hoi tu manh dén nghiém ctia bai toan can bang.

Cudi mbi chuong, ching t6i thuc hién mot s6 két qua thir nghiém s6 cho
cac phuong phap dé xuat va so sanh véi cadc phuong phap da biét khac. Tat ca
cac chuong trinh dugc viét bang phan mém MATLAB2021a va chay trén laptop
Intel(R) Core(TM) i3-7100U CPU @ 2.40GHz, RAM 4.00 GB. Chu y rang, viéc
nghién ctru danh gia tdc d6 hoi tu cho cac phuong phéap hiéu chinh néi chung la
khong thuc hién dugc, trir truong hop c6 thém cac gia thiét vé nghiém, nhu kiéu
"diéu kién nguon" (source conditions) trong li thuyét phuong trinh toan tir. Dé
minh hoa uu diém ctia cac thuét toan cho cac bai toan chua biét trudc nghiém, ta
thuong diing mot ham do sai s6 cia mot bai toan diém bat dong tuong tng.

Céc két qua ctia lugn an nay da dugc cong b trong 5 bai bao trong danh muc
cong trinh khoa hoc, trong do c6 3 bai da duoc dang trong cac tap chi thudéc danh
muc SCIE va 2 bai da dugc dang trong cdc tap chi thudéc danh muc SCOPUS, va

cung dugc bao cdo tai:
1. Xémina ctia b mon Toan hoc tinh toan va Toan ing dung, Khoa Toan-Co-
Tin hoc, Truong Dai hoc Khoa hoc Tu Nhién, Dai hoc Qubc gia Ha Noi.
2. Hobi thao Tbi vu va Tinh toan khoa hoc 1an thu 21, Ba Vi, 20-22/4/2023.

3. International Conference on Optimization and Variational Analysis with
Applications (ICOVAA), VIASM, Hanoi, July 12-15, 2023.

4. Hoi nghi Toan hoc toan quéc lan thit 10, Da Nang, 8-12/8/2023.

5. Gap go Toan hoc 2024 - Hoi thao Khoa hoc cac nha nghién ctu tré, Truong
Dai hoc Su pham Ha Néi 2, Vinh Phuc, 28-29/9/2024.

6. Hoi nghi Khoa hoc Khoa Toan-Co-Tin hoc, Truong Dai hoc Khoa hoc Tu
Nhién, Dai hoc Qubc Gia Ha Noi, 09,/10/2024.
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Chuong 1

KIEN THUC CHUAN BI

Trong chuong nay, ta nhac lai mot s6 khai niém co ban va két qua b trg dugce st
dung trong hai chuong tiép theo. Phan dau chuong trinh bay mot sb kién thic
trong khong gian Hilbert bao gdbm dinh nghia va cac tinh chat ctia phép chiéu,
toan tt, song ham, cting nhu gidi thiéu vé bai toan dat khong chinh va ki thuat
hiéu chinh. Phan tiép theo ctia chuong gidi thiéu vé bai toan bao ham thirc bién
phan c6 ciu tric téng, bai todn bao ham thitc bién phan tach va bai toan can bang.
Phan cubi clia chuong nhéc lai két qua so cap vé day sb dugc ting dung xuyén
subt trong cd Chuong 2 va Chuong 3. Cac khéi niém va két qua dugc trinh bay

trong chuong nay chu yéu dugc tham khao trong cac tai liéu [13,19,23,45,92].

1.1 Mot s6 kién thitc co ban

1.1.1 Mot s6 khai niém co ban trong khéng gian Hilbert

Trong luan 4n nay, khong gian Hilbert ludn luén dugc hiéu 1a khong gian Hilbert
thuc. Cho H 1a mét khong gian Hilbert. Ta ki hiéu (-, -) 1a tich vo hudng cua #,
tich nay cdm sinh chuén tuong tng || - ||. Khi ta xét hai khong gian Hilbert #1, H,
va mudn tranh nham 1an thi ta sé ki hiéu tich vd hudng va chudn ctia ching lan
lugt1a (-, Vg |- 113 va (- )2y, || - ||, Trong truong hop nguoc lai, néu khong
can nhian manh dén sy khac nhau gitta hai khong gian, ta sé dung (-,) va | - ||
chung cho ca H1 va H,. Day {xk} C H duogc goi la héi tu (hoi tu manh hoac hoéi
tu theo chuan) dén x € H néu ||x* — x|| — 0 khi k — oo va dugc viét 1a x* — x.
Day {x*} dugc goi 1a héi tu yéu t6i x, ki hiéu x¥ — x néu (y,x* — x) — 0 khi
k — oo v&i moi y € H. Moi day hdi tu manh thi hdi tu yéu, diéu nguge lai néi

chung khong dung. Tuy nhién, khong gian Hilbert H c6 tinh chat Kadec-Klee,
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F—~x e Hva|xK|| — ||x| thi x* — x. Trong

tic 1a véi méi day {x¥} C H, néu x
khong gian Hilbert hiru han chiéu, su hoi tu yéu va héi tu manh la tuong duong.
Trong khong gian Hilbert bat ki, moi day hoi tu yéu déu bi chan. Ngoai ra, moi
day bi chdn déu chira day con hdi tu yéu.

Céc tinh chat vé chuan sau day 1a hién nhién
el = P+ 1P £2 (3, y), ¥,y € 1)
1 1
(9 < Il Iyl < 5 (vl + SR ), ¥ >0, vy € 12)

lex+ (1= 1)yl? < Tlx[*+ (1= )yl? VT e (0,1), Vx,y e H.  (1.3)

Cho 7 1a sb thuc duong, x° € H. Ki hiéu, B[x", 7] = {xeH:||x— X <r},
B(x%r) = {xeH:|lx—20 <r} vaS(x0r) = {xeH:||x—2%|=r} lan
luot 1a hinh cau dong, hinh cau mé va mat cau tam x¥, ban kinh r.

Dinh nghia 1.1. [19] Tap C trong khong gian Hilbert € H duoc goi la:

(i) bi chin (gidi ngi) néu ton tai hinh cau B[x?,r] chita C;
(ii) dong (twong tng, dong yéu) néu moi day {x*} C C hoi tu (hoi tu yéu) téi x
thi x € C. Tap déng bé nhat chira C dugc goi la bao dong cia C, ki hiéu 1a C;
(iii) compact twong déi (twong ting, tuong dbi yéu) néu moi day vo han {x*} C C
déu chita mot day con hdi tu (tuong tng, hoi tu yéu). Trong khong gian
Hilbert, moi tap bi chan 1a compact tuong ddi yéu;
(iv) I6i néu v6i moi x,y € C thitx + (1 —t)y € C véimoi t € [0,1]. N6i riéng, H
la tap 16i va @ cting la tap 10i theo quy udc.
No6n phép tuyén 1a mot khai niém quan trong trong ca ly thuyét va ting dung
ctia toi wru 16i.
Pinh nghia 1.2. [19, Definition 6.37] Cho C C H la mét tap con 16i khac réng va
x* € H.Khi d6, non phdp tuyén cta C tai x* 1a tap cho béi

. {xeH:(x,y—x*)<0VyeC} néux*eC,
Ne(x) = )
%) neu nguoc lai.
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Cho C C HvaC # @. Xéthamsb ¢ : C — R U {+oo}. Ta goi cac tap

dom(¢) = {x € C: p(x) < 400},
epi(g) = {(x,m) € C x R: g(x) < m}

lan lugt 1a mién hitu hiéu va trén do thi cia ham ¢. Ham ¢ thdéa man dom(¢) # @
va @(x) > —oo voi moi x € C dugc goi la ham chinh thuong trén C.
Sau day ta nhéc lai khai niém ham 18i, 1a khai niém quan trong va dugc su

dung xuyén sudt trong cac chuong sau ctia luan an.

Pinh nghia 1.3. [23] Cho C C # la tap 16i déng khac rédng. Ham chinh thuong
@ : C — RU {400} duoc goi 1a [6i néu vdi moi ¢ € [0,1] vamoi x,y € C,

¢ (tx+ (1 —t)y) <te(x)+ (1 —t)e(y),

ngoai ra @ dugc goi 1a 16i chit néu dau bang & bat dang thuc trén xay ra néu va
chinéux =y.
Dé thay, ham ¢ 15i khi va chi khi epi(¢) 1a tdp con 16i ctia C x R. Ngoai ra, néu ¢
1a ham 16i thi dom(¢) la tap 10i.
Vi du 1.1. (i) Cho C C H la mot tap 16i, voi 0 € C va C\{0} # @. Khi d6 ham
¢ :C — R, x — ||x|| [a ham 16i.
(i1) Cho C la mot tap con cta H. Ham ¢ : H — (—o0, +00| cho boi

0 néuu € C,

ic(u) = )
+o00 neungugc lai

duoc goi la ham chi cta C. ic 1a ham 13i khi va chi khi C 1a tap 16i.
Pinh nghia1.4. [19]Cho @ # C € H.Ham s6 ¢ : C — R U {+0c0} duoc goi la
(i) nita lién tuc dudi (twong tng: nika lién tuc trén) tai x* € C néu vdi moi day
{x*} C C sao cho x¥ — x* thi liminf,_,, @(xX) > @(x*) (tuong tng:
limsupy_,,, p(x) < 9(x%));
(ii) nia lién tuc dudi yéu (tuong ung: nita lién tuc trén yéu) tai x* € C néu véi
moi day {x*} C C, x¥ — x* thi liminfi_,, @(xF) > @(x*) (tuong ung:
limsupy_, ., ¢(x*) < ¢(x*));
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(iii) lién tuc yéu theo day trén C néu v6i moi day {x*} C C théa man x¥ — x* € C

thi () — ¢(x*) khi k — co.

Ham ¢ 1a ntra lién tuc duéi (ntra lién tuc trén, nira lién tuc dudi yéu, nira lién tuc
trén yéu) trén C néu né nira lién tuc dudi (ntra lién tuc trén, nira lién tuc dudi

yéu, ntra lién tyc trén yéu) tai moi diém x € C.
Tiép theo, ta nhac lai khai niém duéi vi phéan dugc st dung nhiéu trong luan an.

Pinh nghia 1.5. [19, Definition 16.1] Cho ham chinh thuong ¢ : H — (—o0, +00]
va x* € dom(¢). Khi d6, vecto y € H dugc goi la dudi dao ham ctia ham ¢ tai x*
néu véi moi x € H, tacod (y,x — x*) < ¢(x) — @(x*).

Tap hgp tat ca dudi dao ham ctia ham ¢ tai x*, ki hiéu 1a d¢(x*), dugc goi la dudi

vi phdn cta ¢ tai x*. Ham ¢ dugc goi la khd dudi vi phin tai x*, néu dg(x*) # @.
Ta c6 két qua sau

B6 dé 1.1. [19, Proposition 16.21] Gid stz ham @ : H — R U {400} 16i, chinh thuong,
nita lién tuc duoi. Khi do, ¢ kha dudi vi phin trén int(dom(¢)).

B6 dé 1.2 (Quy tac Fermat). [19, Theorem 16.2] Cho ¢ : H — (—o0,+400] la ham
161, chinh thuong. Khi dé x* € argmin ¢ khi va chi khi 0 € d¢(x*). Ni cdch khdc, ta cd
argmin ¢ = zer (d¢) := {x* € H :0 € dp(x*)}.

Ta 6 hé qua sau day ctia Bo dé 1.2, ap dung cho ¢ := h + ic.

Hé qua 1.1. [45] Cho C la tdp 10i, dong va khdc réng trong khong gian Hilbert H va
h:H — RU{+oco} la ham 16i, nika lién tuc dudi, chinh thuong. Gid sit h lién tuc tai
mot diém nao dé ciia C hodc ton tai mot diém trong ciia C ma h la hitu han. Khi dé, x* I

nghiém ciia bai todn toi wu 16i min {h(x) : x € C} khi va chi khi 0 € 9h(x*) + Nc(x*).

1.1.2 Phép chiéu metric, toan tir va giai thitc ctia toan ti

Cho C 1a tap 16i, dong, khac rdng trong H. Khi d6, vdi méi x € H, ton tai duy
nhaty € Csao cho ||y — x|| = d(x, C). Tir d6, ta c6 dinh nghia vé phép chiéu nhu

Ssau.
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DPinh nghia 1.6. [19, Definition 3.7] Cho C C H la 16i, déng, khac rong. Khi do,
anh xa Pc : H — C cho bdi Po(x) = argmin{ ||y — x|| : y € C} duoc goi la phép
chiéu metric (hay don gian 1a phép chiéu) tir H lén C.

Vidu 1.2. (i) LAy C = B(0,1) thi v&i moi x € H, ta c6 Pc(x) = mx.
(ii) Gia st u 1a mot vector khac 0 trong H, valdy C = {x € H : (x,u) = n}. Khi
do, Pe(x) = x + %u véimoix € H,vavivayd(x,C) = W

Sau day la mot s6 tinh chat hinh hoc ctia phép chiéu Pc.

Bo dé 1.3. [19, Proposition 4.8] Gid sir Pc la phép chiéu metric tir H 1én tdp con 10i,
déng, khdc rong C. Khi do

(i) Vdimoix,y € M, tacd (Pc(x) — Pe(y),x — y) = [|Pe(x) — Pe()|*.
(i) Viimoiy € H,x € C, tacd ||x — Pe(y)|* + | Pc(y) — ylI* < [|lx —y]*.
(iii) z = Pc(x) khiva chi khi (x —z,z—y) >0, Vy € C.

Tiép theo, ta trinh bay mot s6 khai niém veé toan tir da tri trong khong gian
Hilbert. Cac khai niém tuong tng cho toan ti don tri duoc suy ra truc tiép tir
cac khdi niém nay vi todn tir don tri la truong hgp riéng cua toan tu da tri. Trong
khong gian Hilbert H, xét toan tir da tri A : H — 27, Ta goi mién xdc dinh ctia A
la tap dom(A) := {x € H : A(x) # @}. Bén canh do, ta cling c¢6 anh xa ngugc
ctia Alatoan tod A~ : H — 2%, chobsi A1 (y) = {x € H :y € A(x)}. Dong
thoi, ta goi tap graph(A) := {(x,y) € H x H :y € A(x)} 1a do thi ciia todn tir A.
Chd y rang trong cac phan sau, ta sé ki hiéu I 1a toan t&r dong nhét trén H; voi
ham f kha duéi vi phan thi ta goi df 1a toan tit H — 2% cho bdi x + 9f(x); C la
tap con 16i, déng, khéc réng ctia H thi N¢ 1a todn t& H — 2% cho bdi x — Nc(x).

Dinh nghia 1.7. [92, Definition 12.1, Definition 12.5] Cho toan ta A : H — oM,
A dugce goi la

(i) don diéu néu (x —y,u —v) > 0 vdi moi x, y € dom(.A) va moi u € A(x),
v e Ay);
(ii) y-don diéu manhnéu ton tai hang s6y > 0saocho (x —y,u —v) > v||x —y||?

voimoi x, y € dom(A) vamoiu € A(x), v € A(y);
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(iii) c-don diéu manh nguoc (hay c-dong birc) néu ton tai hang s6 ¢ > 0 sao cho
(x —yu—0) >cllu—o||>?Vx,yecdom(A)vavVue Ax),v € Aly). Dac
biét, néu ¢ = 1, thi ta néi rang toan t& A 1a khong gian viing.

(iv) don diéu cuc dai néu né don diéu va graph(.A) khong la tap con thuc sy ctia
do thi ctia bat ki mot toan tir don diéu nao khac. Diéu nay tuong duong véi
A don diéu vanéu ton tai (x,u) € H x H sao cho {x —y,u — v) > 0 vdi moi

(y,v) € graph(.A) thisuyra (x,u) € graph(.A).

Dé thdy, toan tr A 1a don diéu (tuong tng, don diéu cuc dai) thi A1 ciing 1a
toan tir don diéu (tuong ing, don diéu cyc dai). Ngoai ra, ta c6 mot s6 khai niém

cho toan tir don tri nhu sau.
Pinh nghia 1.8. [19] Toan tu don tri B : H — H dugc goi la
(i) lién tuc yéu theo tia hay hemi-lién tuc tai x° € dom(B) néu B(x? +th) — B(x)
khit — 0" v6i moi h € H va x + th € dom(B);
(i) lién tuc tai x° € dom(B) néu véi moi day {x*} € dom(B) sao cho x¥ — x0
thi B(x*) — B(x0);

(iii) L-lién tuc Lipschitz néu ton tai L > 0sao cho ||B(x) — B(y)|| < L||x — y|| v6i
moi x,y € dom(B). Dac biét, néu L = 1 thi ta néi toan tir B la khong gian,
connéu L € [0, 1] thi ta n6i réng B la toan tu (anh xa) co;

(iv) khong gian viing néu (x —y, B(x) — B(y)) > || B(x) — B(y)||*> Vx,y € H;

(v) lién tuc yéu theo diy tai x° € dom(B) néu véi moi day {x*} € dom(B) sao
cho x* — x0 thi B(x*) — B(x0) khi k — co.

Ta co lién tuc Lipschitz = lién tuc = hemi-lién tuc. T cac Dinh nghia 1.7
va 1.8, dé thay toan tir don tri c-don diéu manh nguoc hién nhién la 1-lién tuc
Lipschitz. Bén canh d6, khong gian viing = khong gian. Mat khac, tir BS dé
1.3(i), ta c6 toan tir chiéu Pc 1a khong gian virng.

Pinh nghia 1.9. [19, Definition 23.1] Cho toan tit da tri A : H — 2*. Gidi thiic
cia A ing vdis6 A > 0 ki hiéula | ;fl (JA trong truong hop A = 1), 1a toan tir cho
bsi J{(x) = (I+ AA)"1(x).

Ta c6 cac két qua

33



B6 dé 1.4. [19, Lemma 23.10] Cho A : H — 2™ 1a todn tir don diéu cuc dai, khi dé
vdi moi A > 0, gidi thiic J{* 1a don tri, dom(J5') = H va khong gidn viing (nén hién
nhién la khéng gian).

Bo dé 1.5. [124, Lemma 2.4] Cho A : H — 2™ 14 todn tir don diéu cuc dai va
B :H — H la todan tir don dié¢u va lién tuc Lipschitz. Khi do toin tir S := A+ B la

don diéu cuc dai.

Bé deé 1.6. [19, Proposition 20.24] Cho todn tir don tri B : H — H la don diéu va
hemi-lién tuc. Khi do B la don diéu cuc dai. Noi riéng, todn tir don tri don diéu va lién

tuc la todn tir don diéu cuc dai.

Bo dé 1.7. [19, Theorem 20.40] Cho ¢ : H — R U {+oo} la ham 16i, chinh thuong,

nuta lién tuc duoi. Khi do, todn tir da tri d¢ la don diéu cuc dai.

B6 dé 1.8. [103, Section 4] Cho A : H — 2 1o mot todn tir da tri don diéu cuc
dai va B : H — H la todn tir don tri. Vi mdi s6 thuc A > 0, ta xdc dinh todn tir
J (x) := J{{(x — AB(x)) v6i moi x € H. Khi dé

x* € (A+B)10) & x* € Fix(J).
Trong do Fix (7 ) la tdp diém bat dong ciia J.

B6 dé 1.9. [19, Proposition 20.31] Cho A : H — 2" 14 todn tir don diéu cuec dai va
diém x € H. Khi do A(x) la tdp 16i va dong.

Bay gid, ta nhac lai khai niém toan tr gan ké ctia ham 16i, chinh thuong, nita
lién tuc dudi.
DPinh nghia 1.10. [19, Definition 12.23] Cho ¢ : H — RU {+o0} la ham 16i, chinh

thuong, nia lién tuc dudi trén H. todn tir gan ké (hodc dnh xa gan ké) ctia @ 1a toan

ta prox,: H —H cho baéi prox(P(x) = argmin{(p(y) + %Hx —yl|?:y € 7—[}

Nhan xét 1.1. Vdi cdic diéu kién ciia ¢ da cho & Dinh nghia 1.10, theo [19, Proposition
12.15], bai todn argmin {go(y) +allx—yl?:y € ’H} c6 duy nhat nghiém vdi moi x.
Vi vdy, todn tir gan ké la hoan toan xdc dinh.

Ta chti y dén két qua sau day ve toan tir gan ké.
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Bo deé 1.10. [19, Proposition 16.34] Cho ¢ la ham 16i, chinh thuong, nita lién tuc dudi
trén H va cho x, p € H. Khi do, p = prox,,(x) khi va chi khi x — p € 9¢(p). Noi cich
khic, ta cd prox,, = (I +9¢) ' = Jo?.

Vi du 1.3. Cho C la tap 16i, dong, khac réng trong H. Theo B6 dé 1.10, ta ¢

NC . . = .
Jy - = prox,,. = Pcvéimoi A > 0.

Cho C 1a mot tap con 16i, dong, khac rong ctia H va ¢ la ham 16i, chinh thuong,

nita lién tuc dudi trén H sao cho dom(¢) N C # @. Dé thay ¢ + ic ciing 1a ham

C
p+ic (o

Sau day, ta nhac lai mot tinh chat vé toan tir prox(q';, dugce stt dung nhiéu trong céac

16i, chinh thuong, nira lién tuc dudi trén H. Khi d6 ta ki hiéu prox la prox

chung minh & Chuong 3.

Bo dé 1.11. [62, Lemma 1] Cho C C H la tdp con 16i, dong, khdc rdng va mot ham
@ : C — RU {+oo} 16i, chinh thuong va nira lién tuc dudi. Khi d6, bit ding thiic

o(y) — 9(proxS(x)) > (x — proxS(x),y — proxS(x))

dugc thoa man vdi moi x € H vamoiy € C.

1.1.3 MOt s6 kién thitc co ban vé song ham

Cho C C H la tap 10i, dong, khac réng. Xét mot song ham, tic 1la mot anh xa
f:HxH = RU{+oo}. Néu f(x,x) = 0 vdi moi x € C thi f duogc goi la song

ham cdn bing trén C (néu C da xéac dinh, ta chi cAn néi f 1a song ham cin bing).

Pinh nghia 1.11. [90] Cho C C H la tap con 16i, dong, khac rong. Song ham
f:HXxH—RU{+o00} dugc goi la

(i) don diéu trén C x Cnéuvéimoix, y € C, f(x,y) + f(y,x) <0;
(ii) y-don diéu manh trén C x C néu ton tai v > 0 sao cho véi moi x,y € C,

foy)+ fly,x) < —ylx—y|%

(iii) gid don diéu trén C x Cnéuvdimoix, y € C, f(x,y) > 0= f(y,x) <0;
(iv) ~y-gid don diéu manh trén C x C néu ton tai y > 0 sao cho vdi moi x, y € C,

flx,y) =0= f(y,x) < —yllx —y|*
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Nhan xét 1.2. Cdc khdi niém vé don diéu trong Dinh nghia 1.11 lién hé vdi nhau theo

so do (it) = (i) = (iii) va (ii) = (iv) = (iii) nhung ndi chung khong cé chiéu ngugc lai.

Pinh nghia 1.12. [60] Cho C C # la tap con 16i, dong, khac réng. Song ham
fi:HxH—RU{+oo} dugcgoila

(i) théa man diéu kién Lipschitz theo Antipin (xem [12]) hay théa man diéu kién
Lipschitz manh (SLC-strong Lipschitz-type condition) trén C néu ton tai hang

s6 L > 0 sao cho véi moi x,y,z,t € C,taco
f(x,y) — f(zy) — f(x,t) + f(z,t)| < Ll|x —zl|ly — ¢]; (1.4)

(ii) théa man diéu kién Lipschitz (LC-Lipschitz-type condition)trén C néu ton tai

hang s6 L > 0 sao cho véi moi x,y,z € C, ta c6
floy)+f(y,z) = f(x,z) = Lllx = ylllly — z|i; (1.5)

(iii) théa man diéu kién Lipschitz theo Mastroeni (MLC-Mastroeni’s Lipschitz-type

condition) trén C (xem [84]) néu ton tai hai hang s6 ¢1, c; > 0 sao cho
fy) + f(y,2) > f(x,2) —allx =yl = eally — 2]

K& tir gid, dé cho ngan gon, ta sé goi viéc mot song ham thoa man diéu kién
Lipschitz theo Antipin vdi hé s6 L 1a L-(SLC) (hay (SLC) trong truong hop khong
can dé cap dén heé sd Lipschitz), thoa man dieu kién Lipschitz vdi hé s6 L 1a L-
(LC) (hay (LC) trong trudng hop khong can dé cap dén hé s6 Lipschitz) va thoa
man diéu kién Lipschitz theo Mastroeni la (MLC).

Nhan xét 1.3. Tir Dinh nghia 1.12, ta dé thiy ring:

(i) Song ham f : H x H — R U {+oco} la L-(LC) trén C thi ciing la (MLC) trén C vdi
cichésécy = cy = 5.

(i) Song ham cdn bang f : H x H — R U {+oo} la L-(SLC) trén C thi ciing dong thoi

la L-(LC) trén C. That vdy, trong (1.4) cho t = z, ta duoc (1.5).

Sau day, ta nhac lai mot sé tinh chat lién quan dén song ham va toan t gan

ké sé dugc stt dung trong cac chitng minh & Chuong 3.
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B dé 1.12. [8, Lemma 2.2] Cho C la tdp con 16i, dong, khdc réng ciia H. Ngodi ra, cho
f,g:H xH — RU{+oo} la cdc song ham cdn bing théa man: vdi moi x € H, cdc
ham f(x,-), g(x,-) la 10i, chinh thuong, nita lién tuc dudi va khi dudi vi phin trén C.
Hon nita, gid thiét thém r[ing cdc ham nay bi chan trén cdc tdp bi chin cia H. Voi moi

x € H,moi A, >0,ddt T(A, &, x) := PIOX) £(x,)+ Aag(x,) X" Khi do, ta co

(i) vdimoix € H, moi A, o, 3 > 0,

IT(A, &, ) = T(A, B, 0)|I* < (a« = B)[g(x, T(A, B,x)) — g(x, T(A, &, %))];

(ii) vdimoi x € H, moi A, u, & > 0,
IT(A, &, 2) = T(p, , %) ||
<A =mw(f +ag)(x, T(pa,x)) = (f +ag)(x, T(A, &, x))];
(iii) dnh xa T (A, «, x) lién tuc theo A va «.

Bo dé 1.13. [8, Lemma 2.3] Cho C C H la tdp 16i, dong, khdc réng. Song ham cin
bang f : H x H — R U {+oo} la L-(SLC). Gid sir vdi moi x € H, ham f(x,-) 1di,
chinh thuong va nira lién tuc dudi trén C. Xét todn tir U : H — H cho bdi

U(x) = argmin {f(x,y) + %Hy—tz (Y € C} Vx € H.

Khi do, U la todn tir (L + 1)-lién tuc Lipschitz trén H.

1.2 Bai toan dat khong chinh va phueng phap hiéu chinh

Khai niém bai toan dat chinh va dit khong chinh lan dau tién duogc dua ra vao

dau thé ki 20 béi J. Hadamard [126] nhu sau:

Dinh nghia 1.13. Cho F la mét 4anh xa tur khong gian topd X vao khong gian topd
Y. Xét phuong trinh:

F(x) =y. (1.6)
Ta néi rang phuong trinh trén 1a dit chinh néu
(i) v6imoiy € )V, nghiém x € X cta phuong trinh F(x) = y ton tai;
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(ii) tng véi mdiy € ), nghiém x € X 1a duy nhat;
(iii) x phu thudc lién tuc vao y.

Bai toan 1.6 duoc goi 1a dit khong chinh néu it nhat mot trong ba diéu kién (i), (ii)

hodc (iii) bi vi pham.

Mot bai toan dat khong chinh néi chung khong 6n dinh theo nghia véi thay
déi nho cta dit liéu dau vao (F,y) dan t6i sy thay ddi 1on cta nghiém x € X.
Trong cac bai toan thyc té, dit liéu (F,y) khong biét. Tinh khong 6n dinh cta 16p
bai toan nay doi hoi sy can thiét phai nghién ctru cac phuong phap 6n dinh héa,
tirc 1a tim nghiém xap xi va thiét 1ap su phu thudc lién tuc ctia nghiém xap xi
véi dir liéu dau vao (F,y). Tuy nhién, nhiém vu nay la khong don gian. Trong
sb cac phuong phap 6n dinh héa da dugc nghién ciru va ing dung, ta c6 thé ké
dén cac phuong phap hiéu chinh. Y tuéng chinh ctia phuong phap hiéu chinh 1a
thay bai toan dat khong chinh ban dau bang mot ho cac bai toan dit chinh ma
nghiém cta bai toan dat chinh d6 hdi tu vé nghiém cta bai toan ban dau, khi
tham s6 hiéu chinh dan td¢i khong. Tiéu biéu trong s6 d6, c6 thé ké dén phuong
phap hiéu chinh Tikhonov (dugc trinh bay boi A.N. Tikhonov [114] va mang tén
ong). Dya trén phuong phéap hiéu chinh nay, nhiéu phuong phap khac giai bai
toan dat khong chinh da dugc xay dung [1,2,15,17,26,37,52].

1.3 Mot s tinh chit cta cac bai toan duge nghién citu trong
luan an
1.3.1 Bai toan bao ham thitc bién phan
Cho khong gian Hilbert #, A va B 1an lugt 1a cac toan tir da tri va don tri trén H.
Xét bai toan bao ham thtc bién phan
Tim x* € H saocho 0 € A(x*) + B(x™). (VI)

Goi () 1a tdp nghiém ctia bai toan VI. Xét truong hgp Q # @ va toan ta A + B la
don diéu cuc dai. Khi d6, toan tir (A + B)~! cling don diéu cuc dai nén theo BS
dé1.9,tac6 Q = (A+ B)~1(0) 1a tap 16i va dong. N6i riéng, néu A don diéu cuc
dai va B don diéu va lién tuc Lipschitz thi theo B6 dé 1.5, A + B 1a don diéu cuc
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dai nén () 1a tap 16i va dong.
Bai toan VI néi chung la dat khong chinh nén c6 thé vo nghiém hodc khong ¢6
duy nhat nghiém. Tuy nhién, két qua sau day cho chiing ta diéu kién du dé bai

toan VI ton tai duy nhat nghiém.

B6 dé 1.14. Néu A la don diéu cuec dai va B la y-don diéu manh va L-lién tuc Lipschitz
thi bai todn (V1) c6 duy nhit nghiém.

Chirng minh. Do A don diéu cuc dai nén toan ta | ;f‘ don tri va khong gian. Bai
toan (VI) tuong duong voi

x = J{{(1 = AB)(x) (1.7)

vdi A > 0 tuy y. Do d6, bai toan (1.7) c6 duy nhat nghiém néu ton tai A > 0
sao cho todn tir 7 := J{(I — AB) 1a co. Tir nhan xét nay, ta thay rang, v6i moi
x,y €H,

TR = Af)(x) =I5 (1= AB) () |17
<[I(x) = AB(x) = (y — AB(y)) >
=[x = ylI* + A2B(x) = By)||* = 2A{x —y, B(x) — B(y))-

Trong d6 bat dang thirc dau tién thu duoc tir tinh khong gian cta | ;\4 Danh gia

trén cung vdi tinh L-lién tuc Lipschitz va y-don diéu manh cda toan t f suy ra

17 Ce) = TWI? <llx = ylI> + A2L2||x — yI|* = 2Ay(lx — y]>
=(1+AL? = 2A7)|lx — yI*.

Vi vay, chi can chon 0 < A < min{%,z%} thi | T (x) — T (v)|| < mlx —yl véi
m = \/1+ A2L2 — 2\ < 1. Nhu vdy ta da chi ra dugc A dé toan tir J 1a co nén

bai toan (1.7) c6 duy nhat nghiém, tir d6 kéo theo bai toan (VI) ciing c6 duy nhéat
nghiém. D6 1a diéu phai ching minh. O

1.3.2 Bai toan bao ham thirc bién phan tach
Xét bai toan bao ham thitc bién phan tach sau day:
Tim x* € Hq saocho 0 € By(x*) va 0 € BT (x¥), (SVI)
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trong d6 By : H1 — 2M1 va By : Hy — 2M2 13 hai anh xa da tri don diéu cuc
dai va T : H1 — Hp 1a moét toan tir tuyén tinh bi chan. Cho B > 0, ta xét anh xa
S : Hq — Hq cho bdi
* B
S() =T (1-J§*) T(x)

vdi moi x € Hy. Ta c6 két qua sau day.

Bo dé 1.15. [39, Lemma 2.2]
. B B> 2
i) (S(x) =S x—y) = | (1= 1) T = (1-152) Tw)| ¥ x, v € Ha.
(i) S(x) = SW)I2 < ITIP(S(x) = S, x —y) ¥ 2,y € Ha.

Tir BS dé 1.15 ta théy ring S = T* (1 - ]52) T 1a don diéu va || 7]2-lién tuc
Lipschitz.

1.3.3 Bai toan can bang

Cho f : H x H — R U {+0co} 1a mdt song ham can bang trén C. Ta xét bai toan
can bang EP(f, C) sau day:

Tim x* € C sao cho f(x*,y) > 0 véimoiy € C.

Ta ki hiéu tdp nghiém ctia bai toan EP(f, C) la Sol(f,C). Trong truong hop C la
tap 10i compact, f nita lién tuc trén theo bién thir nhat va tua 16i theo bién thit hai
thi theo bat dang thitc Ky Fan [53], bai toan EP(f, C) c¢6 nghiém (khai niém ham
tua 16i ¢6 thé dugc tham khao trong [23]).
Xét bai toan EP trong truong hop song ham f thda man cac diéu kién sau day:
(A1). fla song ham can bang va gia don diéu;
(A2). fla (MLC);

(A3). f(-,y) ntra lién tuc trén yéu theo day trén C véi mdi y € C, tuc 13,

lim sup f(xX,y) < f(x,v)

n—00
v6i méi day {x*} € Cvaxk — x;

(A4). f(x,-)1di va kha dudi vi phan trén C véi méi x € C cd dinh.
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Ta c6 két qua sau day ve tinh 10i déng cta tap nghiém Sol(f, C) cho bai toan EP

gia don diéu.

Bo dé 1.16. [22] Néu song ham f théa man cdc diéu kién (A1) — (A4), thi tap nghiém
Sol(f,C) 16i va dong.

G Chuong 3, cc diéu kién rang budc ching ta dit 1én song ham f ¢6 bao gdm
cac diéu kién (A2) — (A4), va (A1) dugc thay bang diéu kién manh hon, d6 la
song ham f can bang va don diéu, vi vay ta ludn c6 Sol(f,C) 1a tap 16i va dong.
Bén canh d6, ta c6 két qua sau day ve su ton tai duy nhat nghiém cta bai toan
EP(f,C).

Bo dé 1.17. [87] Cho C C H la tdp 16i, déng, khdc réng, f : C x C — R U {400} I
song ham cin bang, gid don diéu manh va théa man diéu kién: v6i moi x € C, ham sé
f (-, x) hemi-lién tuc va ham so f(x,-) 10i, nika lién tuc dudi trén C va khd dudi vi phin

tai mot diém nao dé thugc H. Khi do, bai todn EP(f, C) cd diing mot nghiém.

Vé méi lién hé gitra bai toan can bang va bai toan bao ham thitc bién phan,
S. Takahashi va cac cong su [104, Theorem 4.2] da ching minh dugc ré“mg néu
f : CxC — R la song ham can bang, don diéu va thda man cac diéu kién
(A1) — (A4) thi bai toan can bang EP(f, C) sé twong duong véi bai toan bao ham

thic bién phéan c6 dang;

Tim x* € H saocho 0 € Ag(x™)
trong d6 Af : H — 27 1a toan tir da tri don diéu cuc dai, c6 dom(A f) C C,cho
boi cong thuc

{zeH: f(x,y) > (y—x,2) VyeC} néuxeC,

f= .
%) neu x ¢ C.

1.4 Mot s6 két qua bé tro khac

Trong muc nay, ta trinh bay mot két qua da biét vé day sb va day trong khong
gian Hilbert dugc st dung dé ching minh su hoi tu ctia cac phuong phap dé

xuat trong cac Chuong 2 va 3.
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Bo dé 1.18. [120] Gid sir {¢y} la ddy s6 khong dm théa man bét diang thitc

Prr1 < (1 —pe) P+, Yk >0,

vdi {py} la day sé duong va {qy} la day s6 thoa man py € (0,1), limsup;_, % <0
va Y% 1 pi = +o0. Khi d6 Ay — 0 khi k — +oo.

Trong cac két qua tiép theo, H 1a mot khong gian Hilbert.

B6 dé 1.19. [19, Lemma 2.37] Cho {x*} C H la mot ddy bi chin. Khi do {x*} chita

diy con hoi tu yéu.

B6 deé 1.20. Cho {x*} C H. Néu moi day con ciia {x*} hoi tu manh (tuong iing, hoi tu

yéu) dén x € H thi x* — x (tuwong 1ng, x* — x) khi k — co.

Tiép theo, ta nhac lai B§ dé Mazur va mét hé qua ctia bd dé nay ma chiing ta

c6 stt dung trong phan sau ctia luan an.

Bo dé 1.21 (B6 dé Mazur). [13, Theorem 3.3.11] Cho {x*} la day hoi tu véu trong
khong gian tuyén tinh dinh chudn X, thod man x* — x khi k — oco. Khi do ton tai
cic diy {N(k)} € N, N(k) > koa {A"} c [0,1] vsi TP AN = 1 sa0 cho

1
yk = Zfi(]f) )Ll(k)xi — x khi k — oo.

Hé qua 1.2. [19, Theorem 3.32] Moi tdp 16i, dong, khdc rong trong khong gian tuyén
tinh dinh chudn la dong yéu. Noi riéng, moi tdp 10i, déng, khdc réng trong khong gian
Hilbert la dong yéu.

Ta nhéc lai B6 dé Minty, 1a mot két qua quan trong trong ly thuyét bat dang
thitc bién phan.

Bo dé 1.22 (B6 dé Minty). [43, Lemma 2.1] Cho C C H 16i dong khdc réng va

F : C — H la anh xa hemi-lién tuc va don diéu. Khi do
{x*eC:{(x—x"F(x"))>0 VxeC}={x"e€C:(x—x"F(x)) >0 VxeC}.

Cudi cting, dé don gian cho viéc mo ta cac phuong phap lap & cac chuong sau

cta luan an, ta luén luén ap dung céc quy udc:



Chuong 2

PHUONG PHAP HIEU CHINH GIAI BAI TOAN BAO HAM
THUC BIEN PHAN VA BAO HAM THUC BIEN PHAN TACH

Noi dung ctia chuong nay dugc viét dya trén cac bai bao s6 1-4 trong Danh muc

cong trinh khoa hoc cta tac gia c6 lién quan den luan an.

2.1 Phuong phap co gan ké hiéu chinh giai bai toan bao ham
thitc bién phan

Cho H 1a mot khong gian Hilbert thuc véi tich vo hudng (-, -) va chuén cdm sinh
|- ]|.Cho A : H — 2" 1a toan tit da tri va B : H — H la toan t don tri. Xét bai

toan bao ham thitc bién phan sau day:
Tim x* € H sao cho 0 € A(x*) + B(x*). (VI)

Sau day, ta luon gia thiét rang tap nghiém Q) ctia bai toan VI 1a khac réng.

Tir BS dé 1.8, ta da biét rang x* 1a nghiém ctia bai todn VI néu va chi néu x*
1a nghiém ctia phuong trinh diém bat dong x = J{'(x — AB(x)), trong do6 J;' 1a
gidi thirc cia A lién két véi A > 0. Diéu nay cho ta y tudng dua ra mot phuong
phép lap giai bai toan VI c6 st dung giai thitc, va hoi tu manh. Trong phan sau
day, ta trinh bay mdt phuong phap nhu vay. Dau tién, ta dé xuat ki thuat hiéu
chinh cho bai toan VI, va thiét lap mot s6 tinh chat ctia day nghiém hiéu chinh.
Sau d6 ta xay dung thuat toan 13p hiéu chinh kiéu co gan ké dé€ giai bai toan VI
trong khong gian Hilbert. Cach chon ¢d budc va tham s hiéu chinh & day dugc
cai bién tir ki thuat chon cac tham s6 trong [123]. Sy hdi tu manh ctia phuong
phap méi nay dugce xdy dung theo cac diéu kién rang budc nhu dugce trinh bay

trong [31,123]. Day nghiém xap xi dugc sinh bdi thuat toan 1a nghiém cta bai
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toan bat dang thitc bién phan véi tap rang budc chinh la tip nghiém ctia bai todn
VI. Bén canh d¢, ta cing trinh bay mot sO trudng hop cu thé & d6 cac diéu kién co
budc duge thda man. Vé mat 1i thuyét, mién gid tri ctia day c& budc 1a tuong ddi
rong, vi theo cac diéu kién rang budc vé cd budc, day nay chi can bi chan. Pong
thoi, trong Muc 2.4, ta ciing trinh bay mot vai thit nghiém s6 dé bd trg va minh
hoa cho cac két qua dat dugc. Ta nghién ctru bai toan VI véi toan tar A : H — 2H
va toan tir B : H — H thoa man cac gia thiét sau:

(A1) Toan tir A don diéu cuc dai;

(A2) Toan ta B don diéu va lién tuc Lipschitz;

(A3) Tap nghiém Q) ctia bai toan VI khéc rong.

2.1.1 Baitoan bao ham thitc hiéu chinh va tinh chat caa day nghiém
hiéu chinh

Dé giai bai toan VI va chon mot nghiém cu thé trong Q, ching ta quan tam dén
viéc gidi bai toan bat dang thic bién phan hai cap (BVIP-bilevel variational in-

equality problem) sau day:
Tim x™ € Q sao cho <]—"(x+),x* — x+> >0, Vx* € Q, (BVIP)

trong d6 F : H — H la mot toan tr y-don diéu manh va L-lién tuc Lipschitz.
Do () 1a tap 10i, déng va khac rdng (da gia thiét & trén) nén bai toan BVIP ¢6 duy
nhat nghiém x'. Trong truong hop dic biét, khi F(x) = x — x&, véi x8 1a mot
diém cho trudc trong H, nghiém duy nhét cta bai toan BVIP 1a xT = P(x8). Néu
F(x) = x, thi x" 1a nghiém c6 chuan nhé nhat cta bai toan VI. Viéc xét toan tr
F ¢6 céc tinh chat dugc néu ra trong bai toan BVIP giup ta tim dugc mot nghiém
ctia bai toan VI thda man tinh chat ta mong muén. Bai toan BVIP ¢6 thé dugc
xem nhu mot bai toan hai cap trong do tap rang budc cta bai toan chinh la tap
nghiém cta bai toan VI.

Dé thiét 1ap su hdi tu ctia phuong phap, ta sit dung ki thuét hiéu chinh. Cu
thé 13, vdi mbi a > 0, ta lién két bai toan VI vdi bai toan bao ham thic bién phan

hiéu chinh (RVI-regularized variational inclusion) sau day:

Tim x € ‘H sao cho 0 € A(x) + B(x) + aF (x). (RVI)
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Dudi cac gia thiét da xét, véi mdi a > 0, bai todn RVI ¢6 nghiém duy nhat phu
thudc vao tham sb hiéu chinh «, ki hiéu bdi x,. Ludi nghiém {x,} (sau day, dé
cho don gian, ta sé goi la day {x,}) c6 cac tinh chat sau day.

Bo dé 2.1. (i) Day {x,} bi chiin.

(ii) Ton tai mot s6 thue M > 0 sao cho, v6i moi aq > 0, ay > 0, ta co

\062 —061\
X1

10y = %o || < M.

(iii) w(xy) C Q, trong do w(x,) la tap cdc diém tu yéu ciia day {x,}.

(iv) lim x, = x¥.

a—0t

Chitng minh. (i) Véimdia > 0vax* € O, taco 0 € (A+ B)(x*) va —aF(x,) €
(A+ B)(xy). Vivay, do A + B 1a don diéu, ta suy ra (aF (x,),x* — x,) > 0 hay
(F(xq),x* — xq) > 0. Do tinh y-don diéu manh ctua F, ta ¢6

(F(x"), 0" = xa) > ylla” — x| (2.1)

Tir danh gia (2.1) va bat dang thirc Cauchy-Schwarz, ta thu dugc ||x* — x,]|? <
[F )2 = xall, vavivay [lx = xal < |7 ()77 Do [laal] = [la*[] < flx* =
Yoll, t2.¢6 x| < [1%°1| + 17 (x*) | /7. Vi vay, day {x.} bi chan.

(ii) V&i moi a1 > 0, ap > 0, ta ¢ —a1.F (xoy) € (A+ B)(x4,) va —a2F (Xa,) €
(A + B)(xa,). Vivay, do tinh don diéu cta toan tt A + B, ta c6

<_“1‘F(x061) + D‘ZF(xﬂéz)/xal - xlxz) >0,
hay la
(“2 - “1) <‘F(x0¢2)rx061 - xﬂé2> > <-7:(x061) - -F(xlxz)/xlxl - x0¢2> .

Vi vay, ap dung bat dang thitc Cauchy-Schwarz va tinh -don diéu manh cta F,

ta co
a2 — | [ F ey 10y — gl = (2 — 1) (F (¥ag), Xy — )
> o <"r(xl¥1) _]:(xvéz)/xm _xﬂé2>
> 0‘1’)’“3‘:061 _xﬂészl

B
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tir do suy ra
|2 — | || (xay) |

[0y — Xay || < i v . (2.2)
Theo BS dé 2.1(i), day {x.,} bi chan. Hon nita, do F 1a lién tuc Lipschitz, day
{||F(xa,)|| } bi chan. Bat M = sup {M toap > O}, tur danh gia (2.2), ta c6

diéu phai chitng minh.

(iii) Cho * € w(x,). Khi d6, ton tai mot day con {x,} ctia {x,} hoi tu yéu dén x
khia’ — 0. Lay tuy y mot phan ti (x,y) € graph(A+ B), hay y — B(x) € A(x).
Do x, la nghiém ctia RVI, ta ciing c6 —a’ F (x,) — B(xy) € A(x,). Vivay, do tinh
don diéu cua toan tir A, ta suy ra (y — B(x) + o’ F(xy) + B(xy), x — xy) > 0,

diéu nay tuong duong véi
(1,5 — %) + 0 (F(x0), % — %) > (B(x) — B(xyr), % — %)
Tir do, do tinh don diéu cta B, ta suy ra
(Y, x = xgr) + 0" (F(xy), x = x) > 0. (2.3)

Tir tinh lién tuc Lipschitz ctia F va tinh bi chan cta day {x,}, ta suy ra day
{{F(xy),x — xyu)} cing bi chan. Qua gidi han trong (2.3) khi «’ — 0" va chu y
rang x, — X, ta duge (y,x — %) > 0 v6i moi (x,y) € graph(A + B). Mat khac,
theo B6 dé 1.5 thi A + B1a don diéu cuc dai nén tasuy ra x € (A + B)~1(0) = Q.
Vi vay, w(xy) C Q.

(iv) Chon mot diém bat ki ¥ € w(x,) va mot day x,» — & khi a’ — 07. Theo B6
dé 2.1(iii), * € Q. Tir danh gia (2.1), ta c6 (F(x*), x* — x,) > 0 véi moi a« > 0 va
x* € Q. Qua gi6i han trong bat dang thitc nay khi « = &/ — 07, ta nhan dugc
(F(x*),x* —x) >0, Vx* € Q. Vi vay, theo B dé 1.22 (B6 dé Minty), ta c6

(F(%),x*—x) >0, Vx" € Q,

hay % 1a nghiém ctia bai todn BVIP. Do nghiém x' ctia bai todn BVIP la duy nhat,
x = x'. Vi ¥ la mot diém bat ki trong w(x,), ta c6 w(xy) = {x1}, tic 14, toan bo

day {x,} hoi tu dén x'. Cudi ciing, stt dung danh gia (2.1) véi x* = x*, ta dugce

<]-"(x+),x+—x,x> > fnyJr—xaHz. (2.4)
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Qua gidi han trong (2.4) khi« — 07, ta c6

0= lim <]-"(er),xJr - xa> > lim y|lxt — x,%
a—0+ a—0F

Vi vay, lxlirg+ |xt — x4 ||> = 0. D6 1a diéu phai chiing minh. O

2.1.2 Thuat toan va su hoi tu
Cho F : H — H la toan ti y-don diéu manh va L-lién tuc Lipschitz. Ngoai ra, ta
lay mot day {ax} C (0, +00) sao cho

(C1):limap=0;  (C2):Y ap=+o00;  (C3): lim (ap —a_q1)a; 2 = 0.
=1

k—o0 k—o0

Day ay = klp v6i 0 < p < 1 thda man cac diéu kién (C1)-(C3). Véi mdi k € IN, dat
B£ = B+ aF. Dé giai bai toan VI, ta dé xuat phuong phép sau day.

Thuit toan 2.1. (Phuong phéap co gan ké hiéu chinh (RPCM-regularization prox-
imal contraction method))
Khdi tao: Cho x° € H,r € (0,2), B > 0.
Cdc buoc lap:
Budc 1. Tinh y* = J{ (xF — A BE (%)), vdi Ay > 0.
Budc 2. Tinh x**1 = xk — ¢Bid (2%, y¥), trong d6
(x5, y¥) = & —y* = M(B(F) = B(y")),
ol ) = (¢~ e ). o5
i (1)
r = min {p, {5 |-
Budc 3. Ting k lén 1 don vi va quay trd lai Budc 1.
Nhan xét 2.1. Chii y ring tir x* = y* khong suy ra x* 1a nghiém ciia bai todn VI, ma
chi suy ra x* 1a nghiém ctia bai todn RVI v6i & = wy. Diéu nay sé duoc lam 16 & chitng
minh ctia B6 dé 2.5 dudi day. Vi vdy, ta ding mot so B > 0 trong Thudt todn 2.1 nham

muc dich cho By dugc hoan toan xdic dinh va khong qud lon vdi moi k.

Ta néi rang {Ay} trong Thuat toan 2.1 thda man diéu kién cd budc dy dodn (PSC
- predicted stepsize condition), néu ton tai hai s6 thuc ¢; > 0, c; > 0, va mot sd

nguyén kg sao cho
4>(xk,yk) > c1||xk — ka2 va B > c2, Vk > ko; (2.6)
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va day c6 bude {A;} thda man diéu kién sau:

0<A< A <A< oo, Vk> ko (2.7)

Bay gids ta sé trinh bay ba phuong an lya chon Ay thod man cac diéu kién (2.6) va
(2.7).

Bo dé 2.2. Cho L la hé s6 Lipschitz ciia B. Néu {Ay} C [a,b] C (0, %), thi cic diéu
kién (2.6) va (2.7) duoc thoa man.

Chitng minh. Ta co

AT =<%—fﬂumm>

= (F—yha _/\k( B(y"))

= [lxF =2 = A (- B - B@h>
zuﬂ—¢W—kayuww> By

> [k = I AL - P

> (1= bL)[x* —y*|% (2.8)

Vi vay, diéu kién (2.6) dugc théa man véic; = 1 —bL > 0va kg = 1. Hon nita, ta

cing co
ld(x",y) | = 2" —y* = A(B(x*) — B(y")) ||
< o =y + Al B() = By |
< o = g+ AL —
< (14 bL)||xF = . (2.9)

Néu y* = x* thi B = B. Nguoc lai, néu y* # x*, thi tir cic danh gia (2.8) va (2.9),

. (2", ") . 1—bL
5"‘“““{ W}>““{ﬁ'm}-

Vi vay, véi moi k > kg = 1, ta c6 B > min { ﬁ%} , tirc 1a diéu kién (2.6)

duoc théa man véi kg = 1 va s6 duong c; = min { B, %} X

Véi gia thiét cia b6 dé nay, diéu kién (2.7) hién nhién ding voiA = avad =b. [

ta thu duoc

48



Bo dé2.3. Choo > 0,1 € (0,1), u € (0,1). Vi mbi k € IN, cho Ay la gid tri A lon

nhat trong tip {o, ol, 01?, ...} sao cho

AIB(S) = By < pllx* =yl (2.10)
Khi dé, cdc diéu kién (2.6) va (2.7) duwoc théa man.
Chitng minh. Dau tién, ta thay day {A;} la hoan toan xac dinh. That vay, v6i mdi

k € N, ta dat
vk —]Ak(x —almB]:( )), m e N.

Do B lién tuc Lipschitz, goi L > 0 la hé sd Lipschitz ctia B, ta ¢6 danh gia
1B(ym) — B[ < L||x* — 3 [, hay
1Bk = B < plld = v
Vi vay, néu ta lay m € IN nho6 nhat sao cho o™ < %, thi diéu kién (2.10) duoc théa
man. Vi vdy, diéu kién nay ding véi méi k € N. Tuong tu nhu cac danh gia (2.8)
va (2.9), ta co
P, 1) = (1= )| = yHI1%, va a5, )| < (1 )l = o).

Do d6, v6i moéi k € N, ta duge B > min { B, (11 a7 } > 0. Vi vay, diéu kién PSC
(2.6)dung voiciy =1 —u > 0,cp = min{ﬁ (11+y) } > 0, va kg = 1. Tir cach xac

dinh, ta théy ré“mg Ay < o véimoi k € IN. Néu Ay = o, thi Ay > min {(T, ’%l}
Nguoc lai, néu Ay < o, thi % vi pham quy tic (2.10). Cho nén, ta c6

A
FNBEE) = Byh Il >l =y, 4l

AkL

két hop diéu nay véi tinh L-lién tuc Lipschitz cta B, ta thu dugce > u hay

Ay > Vf > min {0’, T}' Vi vay, diéu kién (2.7) dugc thdéa man véi A = o va
A = min {a, %l} ]
Trong bé dé tiép theo, ta stt dung quy udc da dé cap & Chuong 1,1a § = +oo

va § = +o0. Khi d6, b6 dé duge phat biéu nhu sau.

Bo dé 2.4. Chou € (0,1), Ag > 0. Vgi mdi k € N, ta cdp nhit

: AEA
)\k = min )Lk, .
. { 1B — B
Khi d6 cdc diéu kién (2.6) va (2.7) duoc théa man.
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Chitng minh. T cach xac dinh, {A} la day khong tang. Noi riéng, Ay < Ag véi
moi k € IN. Tir tinh lién tuc Lipschitz ctia B, ta 6 | B(x*) — B(y*)|| < L||x* — v*||

v6i moi k € IN. Vi vay, néu B(x¥) # B(y¥), thi

pll =yl =yt e

IB(xF) = ByS)Il ~ Lk —y*| L

Vi vay, tir cach xac dinh cta Ay 1, ta suy ra

k__ ,k
Mt :min{/\ i Rl )} zmin{Ak,ﬁ}, Vk € N.

“B(F) = By L

Tir d6, theo nguyén 1i quy nap ta thu duoc
- K
> = .
Aky1 > min {/\0, L}' Vk € N
Do vay, bang cach ddt A = min {Ag, [ } va A = A, ta dugc

tire 1a diéu kién (2.7) dugc théa man. Hon ntta, do day {A;} khong tang va bi

chan dudi bdi A, ton tai A > 0 sao cho klim A= A.Ta théy réng
—00

o) = (F -k aehyh)
= (o —yh =y = A(B(H) - Br) )
= [lx* = yF 2 = a (5F = o, B - B
> = g2 = Al = LB = BOY)I

T cach xac dinh, ta co

pl|xk —y||
)\k S V4
= B(xF) = Byh)|]
hay
kK .k
1B(x+) — Bk < Hl =¥l
A1

Ta suy ra tir cac danh gia (2.11) va (2.12) rang
k k
x J—
e B L R ey R A
k+1
Ak
= (1 ) 1R
k+1
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Do day {A;} hoitudén A > 0, ta cd
lim(l——k)zl—y>0. (2.14)
Bay gio, chon mot s6 thuc ey € (0,1 — i), khi do6 tu (2.14), ton tai kg € IN sao cho

1— Aiy > ¢1 v0i moi k > ky. Vivay, do danh gia (2.13), ta duoc
k+1

(])(xk,yk) > clek — yk||2, Vk > ko. (2.15)
Mat khac, do tinh don diéu va lién tuc Lipschitz ctaa B, ta c6

d(xb, ) = [l =y = A(B(F) = By
o — 12 = 20k (& — o, B = BOA) ) + AZIB(E) - BO/Y)I?

< [l2F = M+ ARIB () = By |17
< =y P+ 2B - By I1P
<[l =P APL2 - )P

- (1 + /_\ZLZ) % — yF)12. (2.16)
T (2.15) va (2.16) ta suy ra, véi moi k > ko,

POty o al P«
a5yl (T+A2L2) [lxk —y¥|2 1+ A2

Vay ta co
- D(x*, y¥) : €1
= —_— > R —— > .
Br = min {[3, Hd(xk,yk)Hz > min {ﬁ, 1 +)\2L2} >0, Vk > kg

Do dé, diéu kién (2.6) dugc théa man véi ¢ € (0,1 — u), c; = min { B, Hi—lsz}

va kg € IN nao dé. B6 deé duoc chung minh xong. ]

Nhan xét 2.2. Cic Bé dé 2.2 - 2.4 dua ra ba cich chon diy cd budc { Ay }. Khi ta biét hé
s6 L, mot day bat ki {\y} C [a,b] C (0,1) sé théa man diéu kién PSC. Néu ta chua biét
L hay khé udc lugng duoc L, ta ¢ thé dimg phuong phdp tu thich nghi dé chon {\;}
théa man diéu kién PSC theo cdch tim kiém theo tia nhiur B6 dé 2.3 hoic cich chon nhu

trong B6 dé 2.4.

51



Bo deé 2.5. Gid sit ring day { Ay} thoa man diéu kién PSC véi k > ko nao d6. Néu ton tai

mot sé tu nhién N > ko sao cho x*1 = x* véi moi k > N, thi xN = xt Ia mot nghiém

ctla bai todn VI, dong thoi ciing la nghiém ctia bai todn BVIP.,

Chitrng minh. Xét k > N. Tu cach xac dinh cta xkt1 ta théy réng néu x = xf,
thi d(x¥,y*) = 0. Do {A;} théa man diéu kién PSC nén ta c6

A G, ) = 1" = Il = Al B(F) = Bl
> || =yl = AeLflx* = |

= (1= ML) [l = o).

Theo diéu kién PSC, dé thay 1 — At L > 0, lai c6 d(xF,y*) = 0 nén ta dé thay
|xF — y¥|| = 0 hay x* = y*. Diéu nay tuong duong véi x* = ];f}((xk — AkB{k(xk)),

k

hay x* = x4,. Do d6 x**1 = x* = x,, v6i moi k > N. Theo nguyén li quy nap, ta

suy ra

N N+1

XN =x =X N+2

=X

= Xanp = Xano
Mat khéc, két hgp B6 dé 2.9(iii) va biéu kién (C1), ta suy ra X, — xT khik — oo.
Vi vay, ta két luan rang xN = x' nhu da khang dinh. O

Tit chiing minh ctia BS dé 2.5, ta thay rang, véi k dt 16n, y* = x* khong suy ra

= Xu,. Diéu nay khang dinh tinh

¥k 1a nghiém cta bai toan VI, ma chi suy ra x
dung dan ctia Nhan xét 2.1.

Theo B dé 2.5, néu day {x*} sinh b&i Thuat toan 2.1 1a hiru han, thi ta tim dugc
mot nghiém ctda bai toan VI. Vi vay, khong mat tinh chat tong quat, sau day ta
c6 thé gia sit rang Thuat toan 2.1 sinh ra mot day vo han. Bay gid, ching ta phat

biéu va chiing minh dinh ly vé su hoi tu manh ctia thuat toan trén.

Dinh ly 2.1. Gid sit cdc gid thiét (A1)-(A3), (C1)-(C3) va cic diéu kién (2.6)-(2.7) duoc
théa man. Khi do day {x*} sinh béi Thudt todn 2.1 hoi tu manh dén nghiém x* € Q ciia
bai todn V1 va dong thoi cing la nghiém duy nhat ciia bai toin BVIP.

Chitng minh. Ta c6
k+1 2 k ko k 2
I = 2o |7 = (12 = By (2, y7) — x|

= [~ w2 = 2By (5 = x99 ) + PR )P 217)
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Tir cach xac dinh By, dé thay

‘P(xkryk) 41s ko ky12 ‘P(xkryk)
< = tacla ||d(x, < 122
Prc < [[d(xk, y*) |I? 4Gyl B

Diéu nay ctng véi déng thac (2.17) suy ra

9T — s 12 < [ — |2 = 2B (3 = xay, (2, 40) ) + P (2, ).

(2.18)

Do x4, la nghiém ctia bai toan RVI, ta ¢6 0 € A(x,,) + Bfk(xak), tur do suy ra
Xop = ];\‘}((xak - AkB{k(xak)) (theo B6 dé 1.8). Do toan ti ]ﬁ la khong gian virng,

ta co

(¥ = v (5 = MBE (1)) — (0, = BTy (1))
= (T = ABE(3)) = I3 (v, = A, (500)), (75 = BT () = (st = MY, ()
> (|5 (= MBE () = T3, (g, — A, (xa)) 17

:Hyk _xakHz-

Vi vay, tur dinh nghia cta Bt,][];, ta dugc

(7 = g 2 = 0 = M (B) = Blxwy)) )
>y = P Ak (8 — g FOE) = Flay ) (2.19)

Do B don diéu va A; > 0, ta suy ra
A (¥ = %o BF) = Blxa,) ) > 0. (2.20)
Cong tirng vé hai bat déng thuc (2.19) va (2.20), ta thu dugc

(v = xap X — o, = A(B(F) = By)))
>y = P A <yk — g, F(xF) — f(x,xk)> . (2.21)

Thay x* — x4, = (2% — y¥) + (y¥ — x4, ) vao vé trai ctia bat dang thuc (2.21), ta c6

(¥ = 2 = = (B = BOY) ) + 11y~ ?
> Iy = w4 A (v = g, F () = Flx) )
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Tir do, ta suy ra

(v = o =y = M(BE) = BN)) > Mg (8 — oy F() = Fa) ),
hay
<yk — Xy, d (2K, yk)> > Ay <yk — X, F(F) — ]—"(x,xk)> : (2.22)
Tir danh gia (2.22) va cach xac dinh ctia ¢(x¥, y¥), ta 6

o) = (F -k b))
_ <xk — Xy, d(xK, yk)> - <yk — Xy, d(xF, yk)>
< <xk — X, d (x5, yk)> — Mg <3/k — Xap F(x¥) — f(x“k)> :

Vi vay

(3 =y (2, y9) ) > G5, 1) + At (¥F = o F(H) = Flra)) . (2.23)
Két hgp cac danh gia (2.18) va (2.23), ta dugc bat dang thirc sau day

T — |2
o — a2 = 20Beg (65, ) = 2rBrdpace (¥ = oy, F(xF) = Fay) )
+ 7B (", i)
= [l = x| = (2 = 1) B (55, )
— 2rBiArag <yk — xak,]-"(xk) — ]—"(xak)> : (2.24)

IA

) 2
Vi mbip € (0%) ta 6

<yk — xak,]-"(xk) — ]—"(xak)>
<yk —xk, PRy — ]—"(x,xk)> n <xk — Xy, F(xF) — ]—"(x,xk)>

7114,k k k k
> Lily* = 2 = ]+ 3 x|
L L
2 =l =P = S P+ e — g P

Lo\ | & o Lok k2
(v =) 12 = m2 = gl = 12

Vi vay, theo diéu kién (2.6), ton tai kg > 1 sao cho, véi moi k > ko, ta c6

M—MJMPFWWZG@%)M—mﬁjiwﬂW-@m
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Tir cac danh gia (2.24), (2.25), cting cac diéu kién (2.6) va (2.7), ta duoc

19— 2 < (1= (27 — L) Brdrawe) |25 — o |12

[ LrBi A
~ [r2 == TR gt
L 0C1
< (1—r(2y — Lp)caday) || x* — xa, |2
i iT‘B)_\OCk k k
— |r(2—=7)cy — oo d(x",y"), Vk > ko. (2.26)
L 1

batT = r(2y — Lo)cpA va B = r(2 —7)cp — % Ta c6 thé viét lai danh gia
(2.26) nhu sau:
541 g 2 < (1 - o) — s |2~ B (5 99), vk 2 ko (227)
Mt khéc, véi moi o € (0,1), ta co
1 = |12

k+1 k+1
=||x - x“k+1||2 + Hx"‘k-&-l - x“kHZ +2 <x - Xgpqr Xagq — x“">

k+1 2 2 k+1
2 [ = oy 17 2wy — X 1 = 207 = x| ¥ag = Xl

k+1

k+1 2 2 2
2 [ = o 1%+ 1%y — Xl = okl = x|

1 2
o p_ka“H—l —x,ka
1_
k+1 2 Pk 2
=(1 = pi) [l = xqy, I° = ok %01 = X |
(1 — o) M? (a1 — a)?
> (1 — o) 5! = x| — L S
Pk oy

trong d6, bat dang thitc cudi dugc suy ra tir B dé 2.1(ii). Vi vay

M? (apyq — ag)?
k+1 _ 2 - k+1 2 k+1 k 29
I = I S =P+ S (228)
vdi moi px € (0,1). Két hop cac danh gia (2.27) va (2.28), ta dugc
1-Ta Erg (K, k)
k+1 2 k. k 2 k
I = [ S — w2 = =
M? (a — g )?
o M (B > o Yoy € (0,1). (2.29)
Ok “k

Do aj — 0, ton tai kg > ko (ko 4y tir diéu kién (2.6)) sao cho p; = 0.5Ta; € (0,1)

voi moi k > ko. Trong (2.29) thay p; = 0.5Ta; € (0,1) (k > ko), ta duoc
1 — Tay e (xk, yk
_xl’ékﬂHZ < : P(x", y")

I-Tay e o2 By
— 05T 1X Yl

I 1 05Ta,
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2
, Vk > ko. (2.30)

. 0.5T X
Dt ¥ = ||k — xo |12, pr = —1—0.501(*1&,{' va

_ M (a1 — ) Erp(6Ny0)
o & 1—050ay

Khi d6, bat dang thirc (2.30) c6 thé viét lai nhu sau:
Yir1 < (1 - p) ¥k +qx Yk > ko. (2.31)

o
Tix cac diéu kién (C1) va (C2), ta dé thiy py — 0va Y py = +oo. Hon nita, theo
k=Ko
diéu kién (C3), ta c6

lim sup Ik — fim sup M2 (1 — 05T ) (g — a)® _ Ep(xF, )
k—oo Pk k—s 00 (0.5F)2 “;cl 0.5Ta
< limsup MP(1 — 05Tay) (w41 —i)* _

Vi vay, tir bat dang thic (2.31) va B6 dé 1.18, ta suy ra ¥y = [xf — x4, |2 — 0
khi k — co. Theo BS dé 2.1(iv) va diéu kién (C1), ta thu dugc x,, — x'. Vi vay,

xF — x* khi k — co. Dinh 1y dugc chitng minh xong. [

2.1.3 Ap dung cho bai toan t6i vu
Trong muc nay, chiing ta xét bai toan tdi wu ctia tong hai ham sb (OP - optimiza-
tion problem) sau day

min(I'(x) + A(x)), (OP)

trong do I' : H — R 1a ham 16i va kha duéi vi phéan, con A : H — R 1a moét
ham 16i kha vi ¢4 gradient lién tuc Lipschitz. Ta gia st rang tap nghiém (), ctia
bai toan (OP) 1a khac rong. Do A kha vi tai x, nén dA(x) = {VA(x)}, trong do
VA(x) 1a gradient ctia A tai x. Hon ntta, oI 1a don diéu cuc dai (xem B6 dé 1.7).
Nhéc lai rang, anh xa gan ké cta I' : # — R (xem Dinh nghia 1.10) dugc cho bdi

. 1
prox;(x) = argmin { T(s) + 5y - x| }.
yeH
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Tir B6 dé 1.10, ta c6 J¢' (x) = prox,(x) v6i moi x € H va A > 0. Theo B dé 1.2,

bai toan OP tuong duong véi bai toan tim x € H sao cho
0€d(T(x)+ A(x)) = oT'(x) + VA(x).

Bai toan (OP) c6 thé duoc dua vé bai toan VIvéi A = ol va B = VA. Vi mbi
a >0, tadat VAL = VA + aF. Két qua sau day dugc suy ra truc tiép tir Dinh ly
2.1.

Pinh ly 2.2. Cho F : H — H la todn tir don di¢u manh va lién tuc Lipschitz, va
{ag} C (0, +00) la mét diy sb thuc théa man cdc diéu kién (C1) - (C3). Lay x° € H,
r € (0,2), B > 0. Cho {x*} la mot day trong H, xdc dinh béi

vk = prox, (& — VAL (x5)), Ac >0,
X+ = Xk —rBd(xK,y¥), k >0,

v6i d(x¥, i) = 2 =y = M(VA) = VAGY)), o5 %) = (&F =5, d(5, ")),
oi f = min { B, %} Khi d6, néu { Ay} théa min cdc diéu kién (2.6)-(2.7), thi
day {x*} hoi tu manh dén nghiém x* € Qyp ctla bai toan (OP), nghiém nay théa man
(F(xh),x* —xt) >0, Vx* € Qp. Diic biét, néu F(x) = x — x8 vdi x8 la mot diém

chon trudc trong H, thi x* — x* = Pq,, (x8) khi k — oo.

2.1.4 Ap dung cho bai toan bat dang thitc bién phan

Nhu da biét, bt dang thirc bién phan 1a mot truong hgp riéng ctia bai toan VI
Cho C la mot tap 16i dong khac rong trong H. Néu A = N¢, 1a nén phéap tuyén

cta C, bai toan bao ham thtc bién phéan
Tim x* € C sao cho 0 € N¢(x*) + B(x™)
sé trd thanh bai toan bat déng thitc bién phan (VIP) sau day:
Tim x* € C saocho (B(x*),u—x*) >0, Yu € C. (VIP(B, C))

Ta goi ()i, la tap nghiém cta bai toan VIP(B,C). Bai todn nay bao ham nhiéu
bai toan nhu diéu khién tdi vu, bai toan tdi uu, quy hoach toan hoc, cac bai toan
trong co hoc va tai chinh. Vi tdm quan trong ctia bai toan trong khoa hoc ting

dung, n6 da nhan dugc rat nhiéu sy quan tdm nghién ctru khong chi ly thuyét veé
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tOn tai va tinh 6n dinh nghiém, ma con ca cac phuong phép lap dé giai bai toan.
Chu y rang v6i A = N, ta ¢ | ;i = Pc. Khi d6 ap dung Thuét toan 2.1 cho bai
toan VIP (B, C), ta dugc thuat toan sau day.

Thuat toan 2.2. (Phuong phép chiéu co hiéu chinh (RPJCM- regularization pro-
jection and contraction method))
Khéi tao: Cho x° € H, B > 0, r € (0,2), va hai diy {Ax} C [A,A] C (o, %),
{ag} C (0, +00) thod man cdc diéu kién (C1)-(C3).
Cdc budc lap:

Budc 1. Tinh y* = Pe(x* — A B(x%) — A F (2F)).

Budc 2. Tinh X1 = x* — rBid(xK, y¥), trong do

A5, yF) = 5 — o — A(B) — BG)), 232)
(= vhaih ) 23
Pre=min b ——arE (- |

Budc 3. Ting k lén 1 don vi va quay trd lai Budc 1.

Dinh 1y 2.3. Gid sit f : H — H la todn tir don diéu va L-lién tuc Lipschitz sao cho tdp
nghi¢m Oy, ctla bai toan VIP(B, C) la khdc rong. Cho F : H — H la todn tir y-don
diéu manh va k-lién tuc Lipschitz. Khi d6 day {x*} sinh béi Thudt todn 2.2 héi tu manh
dén mot nghiém x* ciia VIP(B, C), théa min (F(x*), x* —x') >0, Va* € Qyjp.

Chu y 2.1. Thudt todn 2.2 va Dinh lyj 2.3 la cdc két qud da duoc trinh bay trong bai bio

s0 4 & danh muc cong trinh khoa hoc ciia tdc gid lién quan dén ludn dn.

2.2 Phuong phap quan tinh da budéc hiéu chinh giai bai toan
bao ham thirc bién phén

Trong muc nay, ching ta dé xuat phuong phap quan tinh da budc hiéu chinh
gidi bai todn bao ham thic bién phan ctia tong hai todn ti trong khong gian
Hilbert. Phuong phap nay c6 thé dugc xem nhu la sy két hgp gitta phuong phap
co gan ke, phuong phap hiéu chinh va ki thuat quan tinh da budc. Cac gia thiét
veA:H = 2", B:H — HvaQ = (A+ B)~1(0) dugc gitt nguyén nhu trong
muc 2.1. Phuong phap trong muc nay duoc phat trién tir phuong phap RPCM
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trong Thuat toan 2.1 ctia Muc 2.1 két hgp véi ki thuat quan tinh da bude. Cu thé,
cho trudc s6 nguyén duong N va diém xuat phat x° € H, gia sir ta da tinh dugc

1 k

cc xap xi x1,- -+, x¥ cia phép lap, ta stt dung mot t6 hop trung gian

min{k,N}
F=ak+ Y0 (R = Ak, (2.34)
i=1

dé tinh xap xi ¥*! duya trén céc tinh toan ctia phuong phap RPCM véi cac tham
) 0;x > 0 dugc lua chon phu hgp. Trong truong hgp 60, = 0, phuong phap
mdi nay sé trd thanh phuong phap RPCM. Mot s6 phuong phap quan tinh mot
budc (N = 1) c6 thé dugc tim thdy trong [4] va quéan tinh da budc (N > 1)
trong [67,76,122]. Hau hét cdc phuong phap nay déu sinh ra day hdi tu yéu cho
cac truong hop riéng ctia bai toan VI. Dong thdi, ta sé chitng minh sy héi tu manh
clia phuong phéap dudi cac diéu kién nhe &p 1én toan tir gia va cac tham so dieu
khién.

Tuong ty nhu Muc 2.1, d€ tim nghiém ctia VI, ta sé giai bai toan bat déng thuc
bién phan hai cap (BVIP):

Tim x™ € Q sao cho <.7-"(x+),x* — x+> >0, Vx* € Q.

voi F : 'H — H la toan ti y-don diéu manh va k-lién tuc Lipschitz. Trong muc
nay, dé tim nghiém cta bai toan BVIP, ta lai stt dung cach tiép can bang hiéu
chinh véi 16p bai toan bao ham thuc bién phan. Cu thé, véi mbi o > 0, ta lién két
VI vé6i bai toan bao ham thiac hiéu chinh (RVI):

Tim x € H sao cho 0 € A(x) + B(x) + aF(x).

Véi cac gia thiét vé toan tir F, bai toan RVI ¢ duy nhat nghiém vdi mo6i & > 0, ki
hiéu bdi x,. Hon nira, theo B dé 1.8, véimdi A > 0, x, 1a nghiém duy nhéat cta bai
todn RVI khi va chi khi vecto nay la diém bat dong ctia anh xa J{{(I — A(B +aF)),
tuc 13,

Yo = 5 (%a = AM(B(xa) + aF (xa))). (2.35)
Chu y rang néu {a;} 1a mot day cac s thuc duong sao cho k11_>nolo ar = 0 thi theo
B6 dé 2.1 (iv), ta c6

lim x,, = x'. (2.36)

k—o0
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Viéc tinh x4, v6i moi k > 1 c6 thé dat va mat thoi gian. Dudi day, ta trinh bay mot
thuat toan chinh 1dp, sinh ra mot day {x} C H théa man ||x* — x4, || — 0 khi

k — oo.

2.2.1 Thuait toan chinh lap gan ké quan tinh da budc

Trong phan nay, ching ta xdy dung mét phuong phap chinh 1&p vé6i hiéu ing
quan tinh da budc. Nhu da trinh bay trong phan M& dau, ky thuat quan tinh két
hop v6i mot thuat toan hoi tu manh giap tang toc thuat toan do. Dé thiét ké thuat
toan, ta can mot toan ti F : H — H <y - don diéu manh va L - lién tuc Lipschitz.
Ta lay day {a;} C (0, +o0) thda man cac diéu kién (C1)-(C3) da dua ra & Muc
2.1.2.

Thuat toan 2.3. (Phuong phap gan ké quan tinh da budc hiéu chinh (RMSIPM-
regularization multi-step inertial proximal method))
Khdi tao: Liy x°, x' € H bat ki, r € (0,2), 89 > 0, c > 0 va mot s6 nguyén duong

N > 0. Vdgiméii=1,2,...,N, chon mot diy cdc so diwong Wik 540 cho

+0o0
. Hik .
(C4): lim —= =0 wa Z Uif < +o0.
k—oo =1

Cdc buc lap: Tinh X1 v6i k > 1 nhu sau

Budc 1. Tinh
min{k,N} ‘ '
Zk _ xk + Z Gi,k(xkflJrl _ xk—z)’
i=1
trong do
k—z’—i—l/llllk o eu XTI
91' k= ”x -X H

0o néu nguoc lai.

Budc 2. Tinh y* = J5 (2F — Au(B(2") + i F(2))), trong do Ay > 0.
Buéc 3. Tinh x*1 = 2K + ropq(y*, 2¥), trong do
q(y*,2¥) = y* = 2 = A (B(yF) - B(Z"))
D(y",2") = (v* = 25, q(v", 2))
D(y",2) }

0 = min< o, —>————
\ { =P

7\
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Tuwong ty nhu & Muc 2.1, ta néi rang day {A;} trong Thuat toan 2.3 thoa man
cac diéu kién c& budc dy doan (PSC), néu ton tai bon s6 duong ¢y, co, A, A va sb

nguyén kg > 0 sao cho cac bat dang thic
D(y",2°) > 1 |ly* — 2|* va o > (2.37)
cung voi
0<A<A <A< 400 (2.38)
duang véi moi k > k.

B6 dé 2.6. Cic diéu kién PSC duoc théa man, néu mot trong cdc truong hop sau diy

xdy ra:
1) {Ax} C[a,b] C (0, %), trong dé L la hé so Lipschitz ciia B.

(ii) Choo > 0,1 € (0,1), u € (0,1). Vdimdik > 0, Ay lagidtriA € {o,0l,01%,---}
I6m nhat sao cho

MIB(*) = BE)| < plly* — 2"

(iii) Cho A9 > 0, u € (0,1), {Kx} C [0, +o0) la mét day khd tong. Vii méi k > 0, ta
lay

: ully* — 24|
Akp1 = min < Ap + K, . (2.39)
' { 1B(y*) — B(2")|]
Chitng minh. Ching minh ctia cac phan (i) va (ii) da dugc thyc hién trong B6 dé
2.2 va B6 dé 2.3. O day, ta chi chiing minh phan (iii).
Pau tién, do 0 < u < 1, ta c6 thé chon mot s6 & > 0sao cho (1+ &)u < 1. Ti
(2.39), ta suy ra

A < Ap + Ko, (2.40)

Mes1 S A+ K

Vi vay, theo nguyén li quy nap ta suy ra

k
i=0
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tir d6 dé thay
oo

Ak < Ao+ ) K (2.41)
i=0

v6i moi k. Ngoai ra, tir tinh lién tuc Lipschitz ctia B ta dugc

‘U

ully* =251 plly* =2 _ e

IB(y*) = BE)| ~ iy =24 L

Hién nhién, ta c6

ully® — 20| }
1B =B

> min{)\O—FKO,%}.

A1 = min {/\0 + Ko

Vi vdy, ta mot 1an nita stt dung nguyén i quy nap dé suy ra

Aer1 > min {/\k + Ky, %} > min {/\k, %} > min {Ao + Ko, %} (2.42)

voi moi k > 0. Bay gio, dat
— oo ],{
A= Ao +k2201<kvaA = min{Ao —I—Ko,z},
khi d6 diéu kién (2.38) sé thoa man theo (2.41) va (2.42). Tiép theo, ta can chi ra
rang { Ay} hoi tu dén mot s6 A. Ta lay mot day {s;}>, xac dinh boi
k
Sk+1 1= Akp1 — ;)Ki

v6i méi k > 0. Ta thay rang {s;} 1a day khong ting. That vay, theo (2.40), ta c6

Skr1 — Sk = Mey1 — (M +xx) <0

Hon nita, {s;} bi chan dudi do

k—1 00
Se=MA— ) K> A=) K
i=0 i=0

vOi moi k > 1. Nhu vay {s;} 1a day khong tang va bi chan dudi nén hoi tu. Su hoi
tu ctia hai day s6 {s;} va {Zé‘:—(} K;}%2 | cing dong thoi suy ra {A;} 1a day hoi tu.
Tiép theo, tir cach xac dinh ctia D(y*, z¥), ta c6

D(y",2") = (v — 25,y =2 = A (B(y) - B(2")))
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= [ly* = ¥ = Aedy* = 25 B(y) - B(2"))
A

= lly* = 21 = A (v - 25, B - B(2)
k+1
A

> [y — 2K - A—k MBS = BE Iy =2 243)
k+1

T cach xac dinh day {A;}, ta dé thay

Ml B(y*) = B(z)|| < plly* — 2. (2.44)

Matkhac, vilimg_, oo Ay = A > A, tacd limy_o % = 1nén ton tai mot s6 nguyén

duong ko du 16n sao cho véi moi k > ko,

M q4e (2.45)
Aks1

Két hop cac bat dang thiic (2.43), (2.44) va (2.45), ta suy ra

D(y*,2") > |ly* = 21> = (1 + §)ully* — 2
= c1|ly* — 2|2 (2.46)

vdi moi k > ko, trong d6 ¢; := 1 — (1 + &)u, 1a mot s6 duong do (1 +&)u < 1.
Ngoai ra, két hgp tinh don diéu cta toan tr B, tinh lién tuc Lipschitz cta B va bat
dang thitc 0 < Ay < A, tasuy ra

lay", 2917 = lly* - 2" = A(B(y*) = B)I1?
= lly* = 25 = 20" = 2 BN - B(EY) + ARIB(") - B(H)|)?
<y =217 + ARIB(WY) - BE)I?
< (1+A2L%)||y" - 242,
Vi vay, ta co

D) | el P o

la(v%, 252 = (1+A2L2)[[yF — 2F|2 ~ 1+ 2212

Dit ¢, := min{c, ;577 }. Tir (2.46) ta duoc

, D(y*, 2" . 1
0 = min {U, Hyk_—ZkHZ > min ag, m = (). (247)
voi moi k > kg. Cudbi cling, vdi moi k > ko, bat déng thuc (2.37) duoc suy ra tu
(2.46) va (2.47). B6 dé dugc chitng minh xong. O
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Bo deé 2.7. Gid sit ring day {Ay} thoa man diéu kién PSC véi k > ko nao dé. Day {x*}

sinh béi Thudt todn 2.3. Néu ton tai mot s6 tu nhién n > kg sao cho x*t1 = x* véi moi
k > n, thi x" = x' o mot nghiém ctia bai todn VI, dong thoi ciing la nghiém ciia bai

toan BVIP.

k

N = yk=N+1 — = xk,

Chitng minh. Ta chon k > max{n, N} dt 16n sao cho x~
Khi d6 dé thay zF = x* = x**1, tiac la

2F = 2K 4 rowg(yF, 25).

tir d6 suy ra q(y*, zF) = 0. Mét khac, ta lai c6

lg (", 20 = Ily* = 251 = Al BGY) — BN
> [|y* — 2| = AcLly* — 2|
= (1 - ML)y =241

Do 1— AL > 0va q(y~,z5) = 0 nén suy ra ||y* — 25| = 0, tic 1a v* = z* hay
Zk = ];i(zk — M (B(2F) + a F(25))). Diéu nay c6 nghia la z* 1a nghiém ctia bai
toan RVI2 ung vdi tham s6 hiéu chinh wy, hay 7k = Xg,-V1 vay, theo nguyén ly

k k+1 k+2

quy nap, ta dugc x* = x,, = x = Xy = X = Xg,, = ... T do, ta suy ra

X = Xy = limj_o Xo; = x'. Day la diéu phai ching minh. O

Khong mét tinh chat téng quat, sau day ta sé gid st rang day lap sinh bdi
Thuat toan 2.3 1a v han. Ta phat biéu va chitng minh dinh ly vé sy hoi tu ctia

thuat toan.

Dinh 1y 2.4. Gid st riang cdc diéu kién (C1)-(C4) duoc théa man va diy {A} théa man
cdc diéu ki¢n PSC. Khi d6 day {x*} sinh béi Thudt todn 2.3 hoi tu manh dén mot nghiém
xt € Q) cila bai todn V1, dong thoi ciing la nghiém duy nhét ciia bai todn BVIP.

Chitng minh. Dau tién, diéu kién (2.37) dam bao rang D(y*,z") va oy 1a cac sb
duong v6i moi k.
Tiép theo, do v > 0 va k > 0, ching ta c6 thé tim céc sO duong da nho €1, €7, €3

thoa man

29 —Ley > 0 va 2yrcy; — Lejro — ep — e3 > 0. (2.48)

64



Ki hiéu nghiém cuia bai toan RVI ing v&i & = ay 1a u,,, ta co

I — 2 |2 =12+ rorq (v, 25) — x, )17

= (12" = xa |* + 2rop (2" — xa, g (45, 2)) + PP llq(y", 2 P
=||2" — xu |* + 200k (¥ — xu, (4", 2))
+ 2roi (2 — v, q (v, 2) + g lla (v, 2117
= (12" = xa |* + 2roi (" — x40, 4 (v, 2°)) — 2rox D (¥, 2¥)
+ 2ol (v, 21>
Tiép theo, tir cach xac dinh day oy, ta co
aella(v*, 21> < D, 29).

Két hop hai danh gia trén, ta dugc

_xlkaZ S sz _xak||2+2r0k<]/k _xtkuQ(yk,Zk))

— 2roxD(y¥, 25) + r?a D (5, 25)

IS

= |25 = xq 1P + 2005y — 2 9 (45, 29))
—roy (2 — r)D (v, 25). (2.49)

Mat khac, do x,, 1a nghiém bai todn RVInén 0 € A(xy,) + B(xa,) + axF (x4, ), tit
do suy ra

— o F(xg,) € (A+ B)(xq,)- (2.50)

Hon ntta, tit y* = J{1 (2° — Ak (B(2F) + a4 F (29))), ta duoe
2 — Me(B(2°) + ;i F(29)) — v* € AcA (YY),
hay
28—y = M(B(2") = B/Y)) — M F (25) € (A +B) ().
V1 vay, ta co
—q(y",2") = M F(25) € A(A+ B) (). (2.51)
Két hop (2.50), (2.51) va tinh don diéu ctia A + B, ta suy ra

(W — xa, —q (0", 2°) — Mg F (2F) + Ao F (xa)) > 0,
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tuc la
(W = xa, g5, 29)) < =AY — xay, F(2F) = F ) (2.52)

Bén canh do, tu tinh lién tuc Lipschitz va tinh y-don diéu manh ctaa F, cung voi

Z 2 . €
bat dang thuc ab < Elaz + z%lbz, ta dugc

<~7:(Zk) - F(x“k),yk — Xay)
(F() = Fxa), y* = 2 + (F(2") = F(xg), 2" — x0)

> Ll xaellly* = 2]+ vl — g P
]:61 k 2 L k k2 k 2
> |2~ —2—€1||y =27 [|* 2" = x|
B 2y — Le k 2 L k k2
= 5 12 — x| 2€1H]/ z°||%. (2.53)

Tit cac bat déng thuc (2.52) va (2.53), ta suy ra

2y — Le L
(WF — X 045, 25) < — A (%uzk — x| = 5 lly* —zkHZ) . (254)

Thay (2.54) vao (2.49), ta thu dugc

I = |2 < ll2° = x|I? = ro(2 = r)D(YF, 2)

2 —i€1 L
2oy (2T = - 5y - 1)
= (1 - roeMag(2y — Le)) [|2F — x|
il’(fk)\k(xk
+ " =27

— ro(2 — r)D(y¥, 25). (2.55)
€1

Két hgp bat déng thuc (2.55) va diéu kién (2.37), ta suy ra

ka—l—l _ x(kaZ < (1 — TU’kAlek(Z’)’ - iel)) ”Zk - x“kHz

LN b1 32—y - P
= (1 —ropArar(2y — ifl)) 1% — |12
o (r2=ne - TE) - @se
Tir cach xac dinh ctia {0} } va (2.37), dé thay
o <o, <o Vk>k. (2.57)
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Tiép theo, do limy_,o, -£

Pik —0v6ii =1,2,...,N, lim & = 0, {A¢} C [A, A] theo
—00

Xk

(2.38) va {0} C [z, 0] nhu da chi ra & (2.57), ton tai mot sO nguyén duong K du

16n sao cho voi moi k > K, ta co

(N
Y ik < €2Aay,
i=1

J 1= A (2yrox — Ler) > 0, (2.58)

1-—- T’O'k}\klxk(Z’)f — 16’1) >0,
ii’)\klxk

r(2—r)c — -

> 0.

\

Vi vay, theo cach xac dinh ctia {6}, ta thay rang v6i moi k > max{K, N},

k
|2 — ||

IN

IN

IN

IN

min{k,N} 2

(xk _ x“k) + Z Gi,k(xk—i—i-l _ xk—i)
i=1

N 2
I — g | Y Ol x’”u>

i=1

N . .
ok = |2 4+ 2 Y 0l 2K — g || ] 5+ — 2k
i=1
+2 Y O llF T — R T — |
1<z‘<j<N

+29 k”x _xk—i+1H2

|

k
I = g ||
i=1

+2 ), P‘sz‘JkJVZVzk

1<i<j<N

k k
| x _xwkH2+2(Vi,k”x — X ||* + pig)
i1

+2 ), P‘lkP‘Jk+Z%k

1<i<j<N

N
[ — xa, |12+ Akl — xa |2+ Y pix
o

+2 ), P‘lkP‘Jk"‘ZP‘zk

1<i<j<N
(1+ exApag)[|xF — x, Hz + ik, (2.59)
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trong do

N N
=Y mix+2 ) HikMjk + ) Vlz,k-
i—1 i1

1<i<j<N

Két hgp cac danh gia (2.56) va (2.59), ta di dén bat dang thirc sau day:

I = xo P < (1= roAea (2 — Len)) (14 eahpa) || 2" — x|
+(1 = ropApag (2 — Len)) fix
o (2= r)ey — I - P
< (1 —rophag(2y — Le)) (14 exdpage) | 2 — x|

—f‘(l — r(fk/\kzxk(Z’y — i€1))"b~lk (260)

v6i moi k > max{K, N}. Mat khac, sir dung bat dang thic ab < Fa® + 5L-b? va
két qua tir B6 dé 2.1(ii), ta c6, véi moi k > max{K, N},

k
I — |2

0 g 2 gy = 4 2 (8597 = g = g )

H xk—i—l

IA

2 2 k+1
o x"‘kH + Hx“k+1 o xﬂékH —|—2HX - xakH Hx“k-i,-l - xakH
k+1

IA

H xk—i—l

_x“kH2+ Hx“kﬂ _xﬂékH2+€3“k)‘ka _xlkaz

2
el e ]

(1+ st 1 = xa | + (

2
€30\ g * 1) a1 = s

(1 + e3pAy) M? (s g — )
€3Dék)\k (XI%
(1 + €3(Xk/\k) M? (tka — le)z

3
€3/\k oy

IA

(1 + esaAp) || x5 — x| +

= (14 esaehp) || — 2o * + (2.61)
Véi hang s6 M duoc dé cap trong B6 dé 2.1(ii). Ta suy ra tir (2.60) va (2.61) rang,
vdi moi k > max{K, N},

ka+1 . xl"k+1 HZ

< (1= ropApa(27 — Let)) (1 + eahpag) (1 + eahgay) || — xa, ||
+ (1 — royAgog (27 — Leq) ) (1 + eadgay) fig

M?(1 + esAga) (apey1 — ag)?
€3 '

n (2.62)
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Hon nita, véi moi k > max{K, N}, ta dé thay

(1 — ropAgag(2y — Lep)) (1 + e3Apay)
=1 — M 2970y — Leyroy — €3) — roxAzazes(2y — Ley)

<1— Aag(2yror — Leyroy — €3) < 1. (2.63)
O day, 2yro — Leqroy — e > 0 do tir (2.48) va (2.57), ta 6

29roy — Leyroy — €y > 2yrcp — Leyro — e

> 29rcy — Leyro — ey — €3 > 0.
Tuong tu, ta ¢d, véi moi k > max{K, N},

(1= Agag (27 — Ler) ) (1 + exgag) (1 + espay)
< (1 — /\klxk(Z’}/VO'k — 1611’0']{ - 63))(1 + €2)\k(xk)
<1 — Ay (2yrox — Leroy — €3 — €3). (2.64)

Tit cac bat déng thuc (2.62), (2.63) va (2.64), ta suy ra

k
I = |12

< (1= Mg (2yrox — Leyroy — €3 — €3)) | 2F — x4, ||?

+ (1 — M (2yror — Legroy — €3))fi
M2(1+ eshgg)  (ag1 — g)?
+ ) 3
€3/\k Dck

< (1= Mg (2yr0ox — Leyroy — €2 — €3)) | ¥F — x4, ||?

M?3(1 A — ;)2
i+ (1+esheay)  (pia . )" (2.65)
€3)\k (Xk

voi moi k > max{K, N}.
Dat ¥y = [|x* — x4, 1%, px = (2yr0x — Leyroy — €2 — €3) Agay, va
M?(1+ eshpay) (o — ag)?

Khi do, danh gia (2.65) duoc viét lai dudi dang:

Y1 < (1= pi)¥e + gk, Vk > max{K, N}. (2.66)
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T diéu kién (C1) va cac danh gia (2.38), (2.57), ta suy ra py — 0 khi k — co. That
vay, voi k > max{K, N}, do ay — 0, ta co

pr = (2yrog — Leyroy — €2 — €3) Aty

< (2yro — Leyrey — €3 — €3) Ay — 0 khi k — oo.

Bén canh do, tir cac diéu kién (C2), (C4) va cac danh gia (2.38), (2.57), ta thiy rang
ton tai mot s6 duong N > max{K, N} sao cho

o
Pk = Z Ay (2970 — Leqroy — €2 — €3)
k=N

[

T
2|

> (2yrey — Leyro —ep —e3)A ) | a
k=N

tir do suy ra,
Y pr = +oo. (2.67)
k=N

Tir diéu kién (C4), ta c6 limy_ o0 & ﬁ— = 0. Hon nia, tir cac diéu kién (C3) va (C4), ta

duoc
lim sup — Ak
k—oo Pk
1 2(14+ €A —ap)?
= limsup = MP + eabyay) (B 7 ) + ac:
kseo 2770x — Leproy — €3 — €3 €2Mx of L5
2 N2
1 lim sup M=(1 + exMarg) (Agqn . ak) L Pk
29rc) — Leiro —€r — €3 jyoo €A% o K
= 0. (2.68)

Ta 6 limy_,o, px = 0 va cac danh gia (2.66)-(2.68) nén theo BS dé 1.18, ta suy ra
¥i = ||xF — x4, ||> — 0 khi k — 0. Theo B6 dé 2.1(iv) va diéu kién (C1), ta dugc
X, — xT. Vivay, x¥ — xT khi k — oo, day 1a diéu phai ching minh. O
2.2.2  Ap dung cho bai toan t6i wu

ChoT : H — R la mot ham kha dudi vi phén trén H. Nhu da trinh bay & Muc
2.1.3, ta biét réng oI' la anh xa don diéu cuc dai va prox, = ]S)\r . Déng thoi, cho
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A 1 H — R 1a mot ham kha vi v6i gradient VA lién tuc Lipschitz. Tuong tu nhu
Muc 2.1.3, ta lai xét bai toan (OP):

Tim x* € H sao cho x* € argmiﬂ(l"(x) + A(x)).
xe

Ta biét réng bai toan (OP) c6 thé viét lai dudi dang bai toan VI v6i A = dI' va
B = VA nhu sau:

Tim x* € H sao cho 0 € oI (x*) + VA(x™).
Dinh ly sau day duoc suy ra truc tiép tit Dinh ly 2.4.

Pinh ly 2.5. Cho I': H — R la m¢t ham khd dudi vi phan va A : H — R la ham
khé vi c6 gradient la lién tuc Lipschitz. Hon nita, ta ciing gid thiét ring tdp nghiém
Q = argminy (T + A) khdc réng. Lay cdc s6 duong r € (0,2), 0, o, N tuy y va cdc
day {ax}, {pix} vdii =1,2,..., N théa man cic diéu kién (C1)-(C4). Chon mét todn tir
F : H — H la y-don diéu manh, lién tuc Lipschitz va hai diém xudt phdt X0, xl e H.
Ly {x*} 1a mot day trong H sinh béi qud trinh ldp sau ddy,

’Zk Y Z?E{k'N} 0; o (xk—i+1 — xk=i),

qyk = proxAkr(zk — M(VA(Z") + ar F(29))),

\xk"'l — gk + ro'kq(yk, Zk),
trong do
Hik — pby xRk £ ki
6, = [ ak—i+T — k=]
6o néu nguoc lai,
vd

.

q(y",2) = v — 2 = M (VA®WYY) - VA(Z)),

! Dy, 2 = (y* =25, q(/, 2),

. D(y*, 2"
0 =min<{ o, —2 "2 %
\ { [P
& day Ay > 0 va théa man cdc diéu kién PSC. Khi dd, day {x*} hoi tu theo chudn
dén xt € Q, la nghiém duy nhit cia bit ding thitc bién phan (F(x"), x* — xT) > 0,
Vx* € Q.
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2.2.3 Ap dung cho bai toan t6i wru hai cap

Cho C 1a mot tap con 10i dong khéc rdng ctia khong gian H. Cho ¢ : H — R 1a
mot ham 16i trén C va kha vi trén mot 1an can cua C véi Vg lién tuc Lipschitz.
Cho h : H — R la mot ham 16i manh va kha vi sao cho V# lién tuc Lipschitz.
Trong phan nay chuing ta quan tdm dén bai toan toi wu hai cap (BOP - bilevel
optimization problem) sau day:

min /1(x), (BOP)
x€eS

trong d6 S = arg min,¢ ¢(x) dugc gia thiét 1a khac rong. Khi d6, S 1a tap nghiém
ctia bai toan t6i wu

min (i¢(x) + ¢(x)).

xXeH

Tuong ty, bai todn (BOP) ¢6 thé dugc phat biéu lai dudi dang

min (ts(x) +h(x)),

diéu nay tuong duong vdi 0 € d(h + 15), tic 1a Vh(x) € —dig(x). Bao ham thirc
nay c6 thé duge bién d6i thanh bat dang thitc bién phan sau day:

Tim x" € S sao cho <Vh(x+),x* — x+> >0, Vx* € 8S. (2.69)

Dé thay S ciing 1a tap nghiém ctia bai toan bao ham thic bién phan: Tim x* € H

sao cho
0€0(te(x*)+ @(x*)) = Ne(x¥) + Vo (x™). (2.70)

Dé giai bai toan hai cap (2.69) va (2.70), ta stt dung Thuat toan 2.3 vi A = N,
B = VevaF = Vh.Chuyrang, véimoi A > 0, ta cé ])IC]C = prox,,, = Pc. Chung
ta c6 két qua sau day duge suy ra tir Dinh ly 2.4.

Dinh ly 2.6. Cho ¢: H — R la mét ham 16i trén C va khd vi trén mét lan cin ciia C sao
cho ¥V ¢ la lién tuc Lipschitz. Cho h : H — R la mot ham 16i manh va khd vi véi Vh lién
tuc Lipschitz. Hon nifa, gid sit ring tip nghiém S = arg ming ¢ la khic rong. Chon cdc
s0 thuc duong r € (0,2), 6y, 0, N tuy i va cic day s6 {ax}, {pir} vdii =1,2,...,N
théa man cdc diéu kién (C1)-(C4). Chon tuy y hai diém xudt phdt x°, x! € H, ta ldy
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{x*Y 1o ddy sinh béi qud trinh lip sau ddy,

(
Zk _ xk } :l 1{ }Ql,k('xk i+1 xk Z),

VV© = Pe(Z = A(Vo(2") + mVh("))),

| = 2F +rog(yF,25),
trong do
Hik 5 k—it1 k—i
[ k=L — k| e x 7 X
Oix =
0o neu nguoc lai,
vd

;

q(y*,2) =y — 2K = A (Vo(y*) — Vo (2Y)),
} D(y, 2%) = (vF — 25, (5, 25)),
. D(y*, ")
Or=MmMINK 0, ————— =~ y
" { lg(y%, 29)I2

v6i Ay > 0 va théa man cdc diéu kién PSC. Khi do, day {x*} héi tu theo chudn dén

xt €S, la nghiém duy nhit ciia bai todn (BOP).

2.3 Phuong phap hiéu chinh kiéu gan keé giai bai toan bao ham
thitc bién phan tach

Trong muc nay ta xét bai toan bao ham thitc bién phan tach trong hai khong gian

Hilbert thuc H; va H; sau day:
Tim x* € Hq saocho 0 € By(x*) va 0 € ByT (x¥), (SVI)

trong do By : H1 — 2M1 va By : Hy — 272 13 hai 4nh xa da tri don diéu cuc dai
va T : Hi — Hp 1a mot toan t tuyén tinh bi chin. Tap nghiém ctia bai toan SVI
duoc ki hiéu bdi Qgyy va sé luoén dugc gia thiét rang khac réng.

Lay y tudng tir Thuat toan 0.1 giai bai toan SVI trong khong gian Hilbert ctia
Chuang [41], muc tiéu ctia ching t6i trong phan nay 1a dé xuat mot thuat toan hoi
tu manh giai bai todn SVI trong khong gian Hilbert. D€ dat dugc muc dich nay
va dé chon mot phén ti cu thé trong tap nghiém Qgyy, ta xét bai toan bat déng

thitc bién phéan sau day:
Tim x™ € Qgy; sao cho <]—"(x+),x* — x+> >0 Vx* € Qgyy, (BVIP2)
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trong d6 F : Hq — Hq la y-don diéu manh va L- lién tuc Lipschitz. Thuat toan
cda chung ta duya trén ki thuat hiéu chinh, dat dugc su héi tu manh nho cac tinh
chat dic biét ctia toan tir F. Do viéc udc lugng, tinh toan gii thitc ctia todn tir don
diéu cuc dai n6i chung la kho khan va dat, ta cai bién va dé xuat thuat toan maéi
theo cach sao cho chi can tinh giai thic ];35’1 mot 1an tai mdi budc 1ap ma khong

phai hai lan nhu trong Thuat toan 0.1.

2.3.1 Mo6i lién hé gitra hai bai toan bao ham thitc bién phan (VI) va
bao ham thitc bién phan tach (SVI)

C6 dinh mot s6 B > 0, xét bai toan bao ham thirc bién phan:
Tim x € Hy saocho 0 € By(x) + T+ (I J§%) T(x), (VI2)

vdi I 1a anh xa dong nhat trong H,. Do B, 1a don diéu cuc dai nén theo B6 dé 1.4,
toan tu ][l;z don diéu va khong gian ving, tir d6 suy ra toan tor 7* (I — ]§2> T la
don diéu va lién tuc Lipschitz. Goi tap nghiém ctia bai toan VI2 1a A, ta c6 két qua

sau day:

Bé dé 2.8. Hai bai todn SVI va VI2 tuong diong vdi nhau theo nghia nghiém ciia bai

todn nay ciing la nghiém ciia bai todn kia va ngugc lai.

Chitng minh. Trudc hét, ta chitng minh réng Qsyr C A. That vay, lay x* € Qgyy
bétki, taco 0 € ByT (x*) nén T (x*) € (I+ BBa) T (x*). Vivay, T (x*) = [T (x*)
hay tuong duong véi (I — J§2) 7(x*) = 0. Tix o, ta duoc

T (1-152) T(x") =o.

Mat khéc, ta cing c6 0 € Bi(x*) nén 0 € By(x*) + T* (I — ]gz) T (x*). Vi vay,
x* € Anén suy ra Qgy; C A.
O chiéu nguoc lai, ta ldy ¥ € A batki. Do 0 € By (%) + T* (I — ]gz> 7T (%) nén ta
6T (I — ]§2> T (%) € By(%). Lay x* € Qgy; bat ki, theo suy luan & trén ta c6
~T* (1= J§?) T(x*) € Bi(x*). Pét S := T* (I-J§7) T, tit hai bao ham thic
trén va tinh don diéu cta B, ta suy ra

(x —x*,8(x) — S(x¥)) <0. (2.71)
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Tuy nhién, theo B6 dé 1.15(ii), ta lai c6
IS(®) = SEH)|I> < ITIP(x — 2%, 8(x) — S(x%)). (2.72)

Tir (2.71) va (2.72), ta suy ra Sx = Sx*. Két hgp diéu nay va B6 dé 1.15(i), ta c6
B - B *
[(1-7) 7o) = (1= J52) T

Tir d6 suy ra (I — ]gz) T(x) = <I — ]gz) T(x*)=0,néntacéd T(x) = ]EZT(JZ),
hay tuong duong v6i 0 € By 7T (%).

Tiép theo, tr 0 € By(%) + T* (I — ][?2) T(x)vaT* <I — ]52) T(x) = 0, ta suy
ra0 € Bi(x). Do d6, ¥ € Qgyr nén A C Qgyr. Nhu vay, ta ching minh dugc

‘2 < (F-x%,8(%) - S(x*) = 0.

A = Qgyr hay noi cach khac, hai bai toan SVI va VI2 tuong duong véi nhau. [

Ti B6 dé 2.8, ta théy réng viéc gidi mot bai toan bao ham thiic bién phan tach
hoan toan c6 thé dua vé giai bai toan bao ham thitc bién phéan c6 cau tric tong
tuong duong bing phuong phéap da dé xuat & Muc 2.1. O day, véi B > 0 cho

trudc, ta lién két bai toan SVI véi bai toan bao ham thic bién phan sau day:
Tim x € Hq saocho 0 € By(x) + T~ (I — ]gz) T (x) +aF(x), (RVI2)

trong d6 & > 01a mot tham sb hiéu chinh va F : H; — H1 1a y-don diéu manh va
L-lién tuc Lipschitz. Dé thay bai toan RVI2 c6 duy nhat nghiém vdi mbia > 0. Ta
goi nghiém duy nhéat nay 1a x,. Tuong tu nhu B6 dé 2.1, lu6i nghiém hiéu chinh

{Xa} 40 (d€ cho don gian, ta sé goi ludi nay 1a day {x,}) cd cdc tinh chat sau.

BG dé 2.9. (i) Diy {xu} - bi chin.
(i) Vdi moi s0 duwong oy vd ag, ta cd ||xg, — Xay || < Mla;lmM, trong dé M la mot so
thuc duong.

(iii) lim+ xq = x7, trong d6 x" 1a nghiém duy nhit ciia bai todn (BVIP2).
x—0

Chitng minh. Ta 13p lai chiing minh ctia B6 dé 2.1 cho A = B; va
B=T* (1—]§2>T. N

2.3.2 Thuat toan va su hoi tu

Trong muc nay chung ta trinh bay thuat toan kiéu gan ké giai bai toan SVI trong
khong gian Hilbert va phét biéu dinh ly vé sy hoi tu manh ctia phuong phap.

Thuat toan dugc phat biéu nhu sau.
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Thuit toan 2.4. [Thuat toan ki€u gan ké hiéu chinh (RPA- regularization proximal-
like algorithm)]
Khdi tao: Lay x° € Hy, B> 0, A9 > 0,7 € (0,2), va mot day {az} C (0, +00) thod
min cdc diéu kié¢n (C1)-(C3) cho trong Muc 2.1.2.
Cdc budc lap:
1. Tinh y* = ]lfkl <xk — 1T (I — ]Ez) T (xF) — fykock]-"(xk)> , V00 v, > 0 thoa

man

Wl T (1= J52) T5) =T (1= J52) TOH)| < ol = 4], 0 <6 < 1. 273)

2. Tinh x*+1 = xK — \irD (2K, ), trong dé
D, i) = =y = [T (1= J2) TG =T (1= 152) T0H|, @7

: <xk — %, D(x, '7k)>
Ay =min § Ag 1 + pr-1, , (2.75)

ID (R, ye) 12

v6i {pr} C [0, +00) sao cho Z pr < +oo.

3. Ting k lén 1 don vi va quay tra lai Buoc 1.

So sanh thuat toan trén véi Thuat toan 0.1, ta théy r?ang yk trong Budc 1 cua
Thuat toan 2.4 khac véi yk duoc tinh trong Thuat toan 0.1. biéu nay dugc thé hién
bdi thanh phan v, F (xF) trong cach xac dinh, 1 yéu t6 dan dén sy hoi tu manh
ctia day sinh béi Thuat toan 2.4. Hon ntta, phép tinh x**1 trong Thuat toan 2.4
khong doi hoi sir dung giai thuc ][1331 nhu trong Thuat toan 0.1. Ta cling cai bién
cach chon A dé st dung cac tinh chat ctia day nay trong chitng minh sy hdi tu.

Tiép theo, ching ta c6 mot s chi y nhu sau.

Nhan xét 2.3. Tir B6 dé 1.15(ii), ta suy ra

nw@>fﬁnﬂ—rwuﬁ0ﬂfwﬂwww—mw

Vi vdy, néu ta chon vy sao cho 0 < 7 < T2 thi diéu kién (2.73) duoc théa man. Tuy

HTl
nhién, trong truomg hop || T||? khong thé tinh hodc wdc lugng duoc, ta cé thé tim gid tri
Yk théa man diéu kién (2.73) bang ki thudt tim kiém theo tia (line-search). Cu thé, ta liy
cicsbésvalthbamins > 0va0 < < 1. O bude lap thit k, sau khi tinh yk, ta chon vy

la gid tri [6n nhat cia tp {s,sl,sl?,...} sao cho
7 (I N ]§2> T -T (I - 152) T <ol =), 0<s<1. (276)

76



Theo phin tich & trén, qud trinh tim kiém nay sé két thiic khi v = sI™ vdi m du lon dé
sl < W. Khi dé ta lay vy = <. Nhu vdy, theo cich nay, vy duoc xdc dinh. Tuy nhién,
nhugc diém ciia phuong phdp tim kiém theo tia la thoi gian va chi phi tinh todn lon.

Nhan xét 2.4. (i) Chii v rang D(x*,v¢) = 0 khi va chi khi y* = x*. That vay, hién
nhién rfmg néu yk = xk, thi D(xk, k) = 0. Nguoc lai, néu D(xk, Yx) = O, thi tir cic
ddnh gid (2.73) va (2.74), ta suy ra || x* — y*|| < 8||x* — y¥||. Vi vdy, ta cé y* = x* hodc
5>1.Do0 < 5 < 1, ta két ludn r[ing yk = xk nhu di khﬁng dinh.

(ii) Néu y* = x* (tir 46 kéo theo D(x¥,v) = 0) v6i k > 0 nao d6, khi d6 v6i nhitng
quy udc da dé cdp 6 trén, ta thiy ring Ay = Ag_q + pr_1, va X1 = xK. Trong truong

hop nay, tir cach xdc dinh ciia y* ta duoc

k= (xk T (I - ]E’z) T(x*) - 'Yk“k]:(xk)) :

1 k

Vi vy x* 1 nghi¢m cila bai todn RVI2 vdi & = ay, tirc la, x*1 = xK = x,,. Diéu nay

khong suy ra x* 1o mot nghiém ciia bai todn SVI. Tuy nhién, ta cd két qud sau day.

B6 dé 2.10. Néu ton tai mot sé tu nhién N > 1 sao cho x*1 = xX véi moi k > N, thi

N

xN = xT la mot nghiém ciia bai todn SVI, dong thoi ciing la nghiém ciia bai todn BVIP2.

Chitng minh. Tuong tu nhu chiing minh ctia BS de 2.5. O

Theo B6 dé 2.10, néu day {x*} sinh béi Thuat toan 2.4 1a hitu han, thi ta tim
dugc mot nghiém cta bai toan SVI. Vi vay, khong mat tinh chat t6ng quat, sau
day ta c6 thé gia sit rang Thuat toan 2.4 sinh ra mot day vo han. Tiép theo, ching

ta phét biéu dinh ly vé su hoi tu manh ctia thuat toan.

Dinh ly 2.7. Cho H1, Hy la hai khong gian Hilbert thuc, cho T : H1 — Hop la mgt todn
tir tuyén tinh bi chin vdi todn tik lién hop T*, va cho By : Hy — 271 va By : Hy — 272
la hai todn tur da tri don diéu cuc dai. Cho F : H1 — Hq la mét todn tur y-don diéu manh
va L-lién tuc Lipschitz. Gid sit ring {v} la mot day trong [’ymin, ﬁ] C (0, +00)
hoic duoc chon theo (2.76). Khi d6 day {x*} sinh béi Thudt todn 2.4 hoi tu manh dén

mot nghiém x* cila bai todn SV, la nghiém duy nhét ciia bai todn BVIP2.

Chitng minh. Do ta da chira & BS dé 2.8 rang bai toan SVI tuong duong vdi mot
bai todn bao ham thirc bién phan c6 cu tric téng, Pinh ly 2.7 dugc chitng minh
tuong tu nhu Dinh 1y 2.1 cho truonghop A= ByvaB=T"* (I — ]52) T. ]
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2.3.3 Ap dung cho bai toan chip nhan tich

Xét mot bai toan chap nhan tach (SFP) trong khong gian Hilbert: Tim mot diém
trong mot tap con 16i dong khac rong ctia mot khong gian Hilbert sao cho anh
clia né qua mot anh xa tuyén tinh nam trong mot tap con 10i dong khac rong cta
mot khong gian Hilbert khac. Cu thé hon, cho C va Q lan luot 1a hai tap con 16i
dong khac rong cta cac khong gian Hilbert Hy, Hy vacho T : Hy — Hy la mot
anh xa tuyén tinh bi chdn vdi toan ti lién hgp 7*. Bai toan SFP dugc phat biéu

nhu sau:
Tim x* € C saocho 7 (x*) € Q. (SFP)

Vao nam 1994, Censor va Elfving [33] da dé xuat SFP trong khong gian Euclid
hitu han chiéu nay sinh tir viéc mo hinh hod cac bai toan khoi phuc tin hiéu hay
khoi phuc anh trong y té [28]. Bai toan SFP cing xuat hién trong mot vai truong
hgp khéc lién quan dén khoi phuc anh, chup cat 16p vi tinh va lap ké hoach xa
tri [36,66,100].

Bai toan SFP c¢6 thé viét lai dudi dang: tim x* € H; sao cho 0 = cx™ va

0 = 1o(7 (x*)), hay tuong duong voi:
tim x* € H; sao cho 0 € dic(x™) va 0 € din(T (x¥)).

Nhu da biét, cac ham chi i, 1o (xem Vidu 1.1) 1a cdc ham 16i, chinh thuong va
ntta lién tuc dudi 1an lugt trén Hq va Hy. Ta cling biét rang dic = N¢ (twong tng,
dig = Np). Ngoai ra, ta cing co cac dudi vi phan dic = Nc¢ va dig = Ng la don
diéu cuc dai va ];;IC = Pc (tuong ung, ]ng = Pg) voimoi B > 0. Nhu véy bai toan
SFP duoc dua vé bai toan SVI véi By = N¢ va By = Ng.

Ta ki hiéu tAp nghiém ctia bai todn SFP 1a Q) va gia s rang tap nay khéc rong. Dé
tim nghiém cta bai toan SFP, tic la tim mot phan ti trong (), ta xét bai toan bat

dang thiic bién phan sau day:
Tim x* € O sao cho <]—"(x+),x* — x+> >0 Vx* e Q, (VIP3)

trong do F : H1 — Hq la mot todn tir y-don diéu manh va k-lién tuc Lipschitz.
Dé thay nghiém x* ctia bai toan (VIP3) 1a duy nhét.
Ap dung Dinh Iy 2.7, ta thu dugc két qua sau day.
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Dinh 1y 2.8. Cho C va Q lan lugt la cic tdp con 10i, déng, khic rong ctia cdc khong gian

Hilbert Hq va Hy. Cho T : H1 — Hp la mot todn tik tuyén tinh bi chin vdi todn ti lién

hop T* sao cho tdp nghiém Q) cila bai todn SFP khic réng. Cho trudc x° € Hq, Ag > 0

var € (0,2). Gid sit rang {vi} la mét day trong {’ymin, #] ,00i 8 € (0,1), va lay

{pi} C [0, +00), {ax} C (0,+00) sao cho ¥ px < +o0 va cic diéu kién (C1) - (C3)
k=0

durgc théa man. Cho {x*} 1a mot day trong Hy sinh béi
v = Pe (& — T (1= P)T(x) — man F(+5) ),
A = ok = AgrD (o5, ),
trong do
D, ) = 3 —yF = i [T (1 = PO T () = T (1 = ) T ()

(%= %, D) )
REETI

Ay = min {Akl + k-1,

Khi d6 day {x*} hoi tu manh dén mot nghiém x* ciia bai todn SFP, dong thoi ciing la
nghiém duy nhat cia bai todn (VIP3).

2.3.4 Ap dung cho bai toan t6i wru tach

Cho ¢ : H1 — RU{+o0} va ¢ : Hy — RU {+oc0} 1a hai ham 13i chinh thuong
va ntra lién tuc dudi, va cho T : Hq — Hp 1a mot toan tir tuyén tinh bi chan véi

toan tur lién hogp 7 *. Ta xét bai toan tbi uu tach (SOP) phét biéu nhu sau:
Tim x* € H; sao cho x* € arg n%lingo va T (x*) € arg n;[in . (SOP)
1 2

Ta ki hiéu tap nghiém cta bai toan SOP béi () va gia st rang tap nghiém nay 1a
khac réng. Bai toan SOP c¢6 thé viét lai dudi dang moét bai toan SVI véi By = d¢
va By = dy. Cho H la mét khong gian Hilbert thuc. Goi h : H — R U {400} la
mot ham 16i, chinh thuong, nira lién tuc dudi. Theo B6 dé 1.7, dudi vi phan ok la
don diéu cyc dai va theo BS dé 1.10 ta ¢6 Jgap(x) = (I 4 poh)~'(x) = proxﬁh(x).
Véi cac thiét 1ap nhu trén, ta c6 thé viét lai Dinh ly 2.7 dudi dang nhu sau.

Dinh 1y 2.9. Cho ¢ : H1 — RU {+o0} va ¢ : Hy — R U {+oco} la hai ham 10i,

chinh thuong va nita lién tuc dudi. Cho T : Hy — Ho la mot todn tir tuyén tinh bi
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chin v6i todn tir lién hgp T* sao cho tdp nghiém Q) cia bai todn SOP [a khdc réng. Cho
F : Hy — Hq la mgt toan tir y-don diéu manh va k-Lipschitz lién tuc. Ta chon trudc
x0 € Hi, Ag > 0var € (0,2). Gid sit rang {vi} la mét diy trong {'ymin, ﬁ], V01
0 € (0,1), va chon {px} C [0,40), {ax} C (0,400) sao cho Y px < o0 va cdc
k=0

Diéu kién (C1) - (C3) duoc théa man. Cho {x*} la ddy trong H4 sinh béi

yk = prox,, , (xk — T (I — proxﬁ¢)T(xk) — 'ykock]-"(xk)> ,

X+ = ok A rD(xk, ),

trong do

D, 1) = & =y =y | T7(1 = prox, ) T (x) = T*(1 = prox, ) T (),
<%—%Mﬂnw}

Akmm{Akl+”1’ [DGE 7P

Khi d6 day {x*} hoi tu manh dén mét nghiém x* cila bai todn SOP, dong thoi ciing la

nghiém duy nhat cila bai todn:

Tim x* € Q) sao cho <]:(x+),x* — x+> >0 Vx* e Q.

2.4 Thi nghiém so

2.41 Thi nghiém s6 cho Thuat toan 2.1

Trong muc nay, ching ta thuc hién thir nghiém s6 cho Thuét toan 2.1 (RPCM) va
so sanh két qua voi mot s6 phuong phap hdi tu manh, bao gom phuong phap
tién-lui kiéu Halpern (HFBM - Halpern-type forward-backward method) [79,
Theorem 3.7], phuong phap tién-lui tong quét kiéu Halpern (HGFBM - Halpern-
type generalized forward-backward method) [39, Theorem 3.3], phuong phap
phan ra tién-lui-tién kiéu Halpern (HFBFSM - Halpern forward-backward-forward
spliting method) [96, Algorithm 3.11], phuong phéap phan ra lui-tién-lui gan két
(VFBEFSM - viscosity forward-backward-forward spliting method) [107, Algorithm
3.1].Cac phuong phap trén c6 biéu dién:

e HFBM: x**1 = wpu + (1 — ak)(];;}(xk — r(B(xK) 4 a*)) + bb).
e HGFBM: 1 = apu + Ak + (Sk];;}(xk — 1 B(xk)) + ek
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(

yE = T8 (K = B (),
W = x4 (1= a) (v = A(B(y) — B(x"))).

e HFBFSM: <
yE = T3 (K = B (),
e VFBFSM: ¢ 7k — 4k _ (5;7kdk

K = g F(x) 4+ (1 — ag) 25,

\

k_ k2 .
trong d6 " = x* — y* — Au(B(x) — BN, me = (1= ) Bl va
dugc chon la phan t&r A € {6,61,61%,...} 16n nhat sao cho

MB(xF) = B(y"), 2 — ) < pllx* =y
Vi du 2.1 (Bai toan LASSO (x1 li anh thua)). Ta xét bai toan sau:
min ~[1Sx — I3 + pllx| 2.77)
x€R™ 2 Yl +p b '

trongdé S € R,y € R",vap > 0.

Bai toan (2.77) ¢6 thé phat biéu lai dudi dang bai toan VI cho A = dp|| - ||; va
B(x) =V (%HSx — yH%) = ST(Sx — y). Trong trudng hop nay, ta 6

]f(x) = (C:l/ 62/ Ty gm)T/

trong d6 ¢&; = sign(x;). max {0, |x;| — Ap} (i = 1,2,...,m). C6 nhitng phan mém
thuong mai, dua trén phuong phap chiéu gradient giai bai toan (2.77), vi du nhu,
SPGL1 [20] va FISTA [21]. Tuy nhién, chti dé ndy ndm ngoai pham vi nghién ctru

cua luan an.

Trong thit nghiém ctia chiing ta, S dugc sinh ngdu nhién bdi phan phoi chuén
véi gia tri trung binh bang 0 va phuong sai 1 con y dugc sinh béi nhiéu Gauss
(m = 1024, n = 512). Toan t& B don diéu va lién tuc Lipschitz véi hé s6 L = ||S||2.
Ta lay p = 0.005||S||?. Cac tham s6 dugc chonla Ay = 0.9/L, r = 1.9, B = 1 cho
RPCM; 1 = 0.9/L, a* = b* = 0 cho HFBM; 1, = 0.9/L, 6, = Ay = 0.5(1 — ay),
ek = 0 cho HFBFSM; 6 = 1,7 = 1.9,1 = 0.5, 4 = 0.5, f(x) = x° cho VFBFSM. Day
tham s6 hiéu chinh {a;} dugc hién thi trong moi hinh minh hoa. Diém xut phat

dugc chon ngau nhién véi cac toa do thanh phan dugc lay trong doan [—1, 1].
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Ta stt dung ham D(x) = |lx — J{(x — Af(x))||> véi A > 0 nao d6 dé danh gia
cac phuong phap. Cht y rang x 1a mot nghiém ctia bai toan (VI) khi va chi khi
D(x) = 0. Su hdi tu ctia day D(x*) t6i 0 c6 thé duge dung lam mot tiéu chi dé dai
dién cho viéc {x*} hoi tu téi nghiém dung ctia bai toan dang xét.

Dau tién, ta chon toan tir F(x) = x — x¥ cho phuong phap RPCM. Déang diéu
ctia day D(x*) sinh béi titng phuong phap dugc thé hién trong cac Hinh 2.1 va
2.2.

Tiép theo, ta chon toan t&r F(x) = Qx + g cho phuong phap RPCM, trong d6
Q € R™ " 13 mot ma tran dbi xting, xac dinh duong dugc sinh ngau nhién va
g € R™. Ta trinh bay biéu dién sb ctia phuong phap RPCM véi cac day a; dugce
chon khac nhau trong cac Hinh 2.3 va 2.4. Ta thay rang khi {a;} dan vé 0 cang
nhanh thi day D(x*) gidm cang nhanh.

10°
1010 F 10° ——RPCM
HFBM
ol [,
—VFBFSM ——VFBFSM
10'15 L L L L 10'12 1 1 1 1
0 2 4 6 8 10 0 2 4 6 8 10
Thoi gian [gidy] Thoi gian [giay]
Hinh 2.1: Cac phuong phap cho Vi Hinh 2.2: Cac phuong phap cho Vi
du2.1véia, = (k+1)70%, du21véiag = (k+1)79°

Vi du 2.2 (Hdi quy logistic thua). Trong vi du nay, ta quan tdm dén bai toan hoi
quy logistic thua, mot bai toan phé bién trong ting dung hoc may:

min Zlog (1+ exp(—b; (a;, x))) + pllx||1, (2.78)

xEIRm
trong doa; € R™, b; € {—1,1},vap > 0.

bat A = (al,azT, . ,a,{){,xm va K = (kij)Nxm/ trong do kz] = —biai]' vOi moi

i, j,va®(y) = YN log(1 +exp(y;)). Bai toan (2.78) twong duong véi bai toan VI
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a,=log?3(n+1))
1

a= log™ (n+1)) |

)
a= log™(n+1)) |
0%} 1

(

( )
——RPCM (a = log ¥(n+1))

( 3(n+1)

(i )

= Iog"o(m )

TR 3
[a)]
10-15
10-15 L
102
1020F 1028
10'25 L L L L L 10'30 L I L I L
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Thoi gian [gidy] Thoi gian [giay]
Hinh 2.3: Phuong phap RPCM véi Hinh 2.4: Phuong phap RPCM vdéi
cac day ay dugc chon khac nhau cho cac day ay dugc chon khac nhau cho
Vidu2.1. Vidu2.1.

voi A = 9p||.|1 va B(x) = V®(Kx). Hé sb Lipschitz cia Bla L = 1||KTK]|. Ta
lay p = 0.005||K]|?. Ma trdn A duoc sinh ngau nhién bdi phan phdi chudn vdi gia
tri trung binh béng 0 va phuong sai 1 va cac toa do thanh phan cta b dugc chon
ngau nhién trong {—1,1} (m = 1024, N = 512). Giong nhu Vi du 2.1, trudc hét
ta chon F(x) = x — x° cho phuong phap RPCM va so sanh vdi cac phuong phép
con lai. Cac két qua dugc minh hoa trong Hinh 2.5 va Hinh 2.6. Tiép theo, ta chon
F(x) = Qx + g va trinh bay két qua s6 ctia phuong phap RPCM v6i cac day ay
dugc chon khac nhau trong Hinh 2.7 va Hinh 2.8. M6t lan nita, ta lai théy rr:mg
khi {a;} dan vé 0 cang nhanh thi day D(x¥) gidm cang nhanh.

Vi du 2.3 (Bai todn Diéu khién Tdi uu). Cho H = L2[0, T] 1a khong gian Hilbert
cac ham binh phuong kha tich trén doan [0, T] v6i tich v6 hudng

T
(u,0) = /u(t)v(t)dt
0
4 T Z
va chuan cdm sinh |ju|| = 4/ [ u(t)?dt. Cho r € IN* 1a mét s6 nguyén duong. Xét
0

khong gian Hilbert tich H = H" = H x H x ... x H. Goi U/ 1a m6t hinh hop 7 -

r
chiéu, cho bai

U= {u € (L2[0,T]) : u;(t) € [wa], Vt€[0,T], i=1,2, ..., r}.
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— VFBFSM

0 2 4 6 8 10
Thoi gian [gidy]

Hinh 2.5: Cac phuong phap cho Vi
du22véia, = (k+1)70%,

10'15,

! 07200 \;) 16 1‘5 26 2‘5 36 3‘5 40
Thoi gian [gidy]

Hinh 2.7: Phuong phap RPCM véi

cac day ay dugc chon khac nhau cho

Vi du2.2.

—— VFBFSM

0 2 4 6 8 10
Thoi gian [giay]

Hinh 2.6: Cac phuong phap cho Vi
du 2.2 véiay = (k+1)7%5,

10° | |
——RPCM (o, = log *%(n+1))
RPCM (a, = log™(n+1))
——RPCM (a = log ¥(n+1))
5 d
10 —— RPCM (a, - log 3(n+1)
——RPCM (o, = log "*(n+1))
£ 0
g 10
10'15 L
10,20 I I I I I I I
0 5 10 15 20 25 30 35 40
Thoi gian [giay]

Hinh 2.8: Phuong phap RPCM véi
cac day ay dugc chon khac nhau cho
Vidu2.2.

V6i méi u € U, cho x(t) 1a mot quy dao trang thai vdi cdc dao ham lién tuc ting

khtc, théa man hé phuong trinh vi phan tuyén tinh sau:

x(t) = A(t)x(t) + B(t)x(t), x(0) = x°, (2.79)

trong do A(t) € R™*™ va B(t) € R™*" la cac ma trdn cta cac ham lién tuc. Xét

bai toan diéu khién toi uu,

min {P(u) :u €U}, (2.80)



trong d6 ®(u) = ¢(x(T)) vSi ¢ 1a ham 16i kha vi xac dinh trén tap chap nhan
duoc.

Tir nguyeén li cyc dai Pontryagin, ta thdy rang mdi c&p nghiém t6i wu (x*, u*),
cung v6i mot ham lién tuc tuyét déi p* : [0, T] — R™ tuong ung, goi la vector

dong trang thai, thda man hé phuong trinh Pontryagin sau day:

() = A(H)x*(t) + B(H)u(t), x*(0) = x°, (2.81)
pr(t) = —AT(H)p*(t), p*(T) = Vo(x(T)), (2.82)
0 € BT(t)p*(t) + Nyu*(t), (2.83)

trong d6 Ay 1a nén truc giao ctia U. Hién nhién, bao ham thtc (2.83) tuong duong
voi bai toan VI, trong d6 (A(u))(t) = Nyu(t) va (B(u)) (t) = BT(t)p*(t). Viéc
B(u) la gradient ctia ham muc tiéu ® da dugc chi ra, chang han nhu trong [69].
Giai thifc ctia toan tir A lién két v6i A > 01a J{H(u) = Py (u). Dé gidi bai toan nay,
ta rdi rac hoa doan [0, T] bang phan hoach t; = ih (i = 1,2,...,K), va stt dung
phuong phap Euler dé giai hé phuong trinh (2.81) - (2.82), trong d6 K la mot sd
tunhién va h = T /K la do dai budc.

D€ trinh bay két qua sb, ta thuc hién gii bai toan diéu khién toi wu sau day.
Bai toan 2.1. (xem [95][Vidu 1.2])

Cuc tiéu x1(1)
thoa man X](t) = S]'X]'_H(t) + u(t), Sj = —Z(m —]'-|- 1), ] =1,2,---,m,
Xma1(t) = u(t), te€0,1],
x(0) =0,
u(t) € [-1,1],

trong dé m la mot so tu nhién.

Ta chon T = 1 va K = 256. Diém xuat phat dugc chon ngiu nhién trong U. Ta
chon toan t& Fu = u — u®. Do hé s6 Lipschitz cia B chua biét, ta chi trinh bay két
qua ctia hai phuong phap RPCM va VFBFSM. Cac két qua dugc thé hién trong

cac Hinh 2.9 - 2.12 v4i cdc gia tri khac nhau ctia m va ay.
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Hinh 2.9: Cac phuong phap cho Bai

toan 2.1 (m = 1) voi ap = (k+
1)—0.99.
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Hinh 2.11: Cac phuong phap cho Bai

toan 2.1 (m = 2) véi ap = (k+
1)—0.99.
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Hinh 2.10: Cac phuong phap cho Bai
toan 2.1 (m = 1) véiay = (k+1)705,
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Hinh 2.12: Cac phuong phap cho Bai
toan 2.1 (m = 2) véiay = (k+1)705,

Trong vi du nay, ta thiy rang vdi cac toan tir da cho, cac diéu kién hdi tu c6

thé khong thoa man (thuc chat day 1a cac diéu kién du), tuy nhién, két qua tinh

toan van dang tin cay.

Nhan xét chung. Cac két qua thtr nghiém thé hién rang dang diéu ctia day D(x*)

sinh béi cac phuong phap phu thudc chat vao cac tham sb diéu khién ay, va rang



phuong phap RPCM chay tét. Trong mot vai phép lap dau, méc du D(x*) sinh
bdi phuong phap RPCM gidm cham, vé sau lai gidm nhanh hon cac day sinh bai
cac phuong phép con lai.

2.4.2 Thi nghiém s6 cho Thuat toan 2.3

Vi du 2.4. Trong vi du nay, ta thi nghiém va so sanh Thuéat toan RMSIPM (Thuat
toan 2.3) v6i cdc Thuat toan HFBM, HGFBM, HFBFSM da dé cap & Muc 2.4.1.
Ta goi 2-RMSIPM va 3-RMSIPM lan luot 1a Thuat toan RMSIPM duogc tinh todn
trong truong hgp N =2va N = 3.

ChoH =RvaC =[-2,5].Toan ta B : H — H cho bdi B(x) = x + sin x. Xét
bai todn bat dang thirc bién phan.

Tim x* € C sao cho (B(x*),y —x*) >0 Vy € C.
Bai toan nay tuong duong vdi bai toan VI co dang:
Tim x* € H sao cho 0 € N¢(x*) + B(x™).

Dé thay toan tr B 1a don diéu va lién tuc Lipschitz v6i hé s Lipschitz L = 2. Ta
lay ay = (n +1)7%% cho tat ca cac thuat toan. Dbi v6i 2-RMSIPM va 3-RMSIPM,
ta chon day {A;} theo BS dé 2.6 (iii) va chon F = I. Ta chon pyx = ppx =
(k+1)72 cho 2-RMSIPM va 1y = pox = pax = (k+1)72 cho 3-RMSIPM. Ta
lay r, = 0.9/L, a* = b* = 0 cho HFBM. Tiép theo, ta liy . = 0.9/L, 6, = A, =
0.5(1 — ag), e = 0 cho HFBFSM. Két qua s6 dugc trinh bay trong Hinh 2.13.
Trong vi du nay, ta thdy rang Thuat todn RMSIPM cho cac truong hgp N = 2 va
N = 3 thé hién t6t hon khi so sanh v6i mot s6 thuat toan kiéu Halpern. Tuy nhién,
thuat todn nay c6 sy dao dong trong cac budc tinh toan. Sy dao dong nay c6 thé
do tinh 6n dinh s cta thuat toan, va can dugc tim hiéu sau hon trong nhitng

nghién cttu ve sau.

2.4.3 Thir nghiém s6 cho Thuat toan 2.4

Trong muc nay chung ta trinh bay mot vai két qua thit nghiém s nham mo ta
Thuaét toan 2.4 dugc trinh bay 6 Muc 2.3.2 (goi tat 1a RPA) va so sanh véi ba thuat
toan hoi tu manh khéac da dugc trinh bay trong phén Mé dau: Thuat toan gén
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Hinh 2.13: Cac phuong phéap véi a = (k +1)7%% cho Vi du 2.4. S6 budc lap lan
lugt 1a 1072, 1237, 1243, 1189 va 1269.

ké Halpern (0.4) (HPA) [30], Thuat toan gan ké-gan két (0.5) (VPA) [98], va Thuat
toan gan ké-gan két-quan tinh (0.6) (IVPA) [78].

Vi du 2.5. Trong vi du nay, ta lay cac toan t& By : R®> — R3, B, : R® — R3 va
T : R?® — R3 duoc cho béi:

X1 8 00 X1 X1 700 X1
Bil| 2 |=]1050 x2 |, B2 xp | =]1060 X va
X3 0 0 10 X3 X3 00 4 X3
X1 52 3 X1
Tl x |=]1371 X
X3 4 7 2 X3

Cachésblap=1,A0=1,r=19,6 =09, py =0vay; = W cho thuat toan
RPA (Thuat toan 2.4); B = 1vay = ﬁ cho thuat toan HPA; B = 1va A = ﬁ
cho thuat todn VPA; A = 0.9/L, B = 1va 6 = (k+1)77|x* — x¥~1|| 7! cho thuat
toan IVPA. Day {a;} duoc cho béi ay = (k+1)7% hodc a = (k+1)79%°. Diém
xuat phat 1a x~1 = x% v6i cc thanh phan dugc sinh ngdu nhién trong khodng
(0,1). Talay f(x) = 0.5x + x° cho cac phuong phap gan két va F(x) = x — f(x)
cho RPA. Ta st dung ham D(x) := [|x — 51 (x — T*(I — J%2)T (x)) ||* d€ minh
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hoa va so sanh két qua sb ctia cdc phuong phap. Luu y rang D(x) = 0 néu va chi

néu x la nghiém ctia bai toan SVI. Cac két qua dugc thé hién trong cac Hinh 2.14

va 2.15.

T
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Hinh 2.14: Vi du 2.5 v6i ay = (k +
1)799. S6 budc lap lan lugt la 881,
2074, 1720, 1483

T
100* ——RPA |4

—+—VPA
—*—IVPA

"y
-

10

D(x")
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Hinh 2.15: Vi du 2.5 véi a; = (k +
1)709>. S6 budc 1ap 1an luot 1a 819,
2060, 1670, 1494

Vidu26. Cho7 : RM — RN, 77 : RM — RMva 7; : RN — RN dugce sinh ngau
nhién bdi phan phéi chudn véi gia tri trung binh bang 0 va phuong sai bang 1.
Xét bai toan SVI véi cac toan tix Bix = T*Tix (i = 1, 2).

Trong thir nghiém s6, ta lay M = 100 va N = 50, cac d liéu ctia cidc ma tran

dugc sinh ngdu nhién. Két qua dugc thé hién trong cac Hinh 2.16 va 2.17.

Vi du 2.7. Trong vi du nay, chung ta xét bai toan khoi phuc tin hiéu trong cam
bién nén sau day:
b=T(x)+e (2.84)
trong d6 b 1a du liéu quan sat dugc, € la nhiéu, 7T : RM — RN (N < M) 1a mot
toan tir tuyén tinh cho trudc, va x 1a mot vecto duogc khéi phuc chira m thanh
phan khac 0. Bai toan (2.84) c6 thé dugc phat biéu dudi dang ctia mot bai toan toi
uu co rang budc
min || 7 (x) — b||* sao cho ||x||; <t (2.85)

trong d6 t 1la mot tham s6 phu hop.
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Hinh 2.16: Vi du 2.6 v6i ap = (k + Hinh 2.17: Vi du 2.6 v6i ap = (k +

1)~99. 86 budc 1ap 1an luot 1a 50, 48, 1)~92. 86 budc 1ap 1an luot 1a 45, 51,

48, 49 51, 51

Taddt C = {x € RN : ||x|; <t} va Q = {b}. V&i cach dat nay, bai toan (2.85)
c6 thé dugc xem nhu mot bai toan chap nhan tach. Trong thir nghiém s0, ta sinh
dir liéu ctia cdc ma tran ngau nhién theo phan phoi chuén véi gia tri trung binh
bang 0 va phuong sai bang 1. Hinh 2.18 va 2.19 trinh bay két qua cho trudng
hop M = 512, N = 128, trong khi Hinh 2.20 va 2.21 trinh bay cho truong hop
M = 1024, N = 512.

Vi du 2.8. Cho Hy = Ho = H = L?[0,1] la khong gian Hilbert ctia cdc ham thuc

do dugc va binh phuong kha tich véi tich vo hudng cho bdi (x,y) = fol x(t)y(t)dt

1/2

va chuan cam sinh tuong ung ||x|| = (x,x)"'~ v6i moi x, y € H. Xét nita khong

glan
1
C = {x €eH :/ x(t)dt < 1}
0
va moét hinh hop Q trong H cho bdi

Q={reH:-1<x(t) <1, Ve [01]}.

Toan tir 7 cho bdi

Ta xét bai toan chap nhan tach:
Tim x* € C saocho 7 (x*) € Q.
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Hinh 2.18: Vi du 2.7 véi M =
512, N =128 vaay = (k+1)799.S6
budc 1ap 1an luot 1a 522, 988, 1007,
932
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Hinh 220: Vi du 27 véi M =
1024, N = 512 va ay = (k+1)797.
S6 budc 1ap lan lugt 1a 654, 950, 938,
932
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Hinh 2.19: Vi du 27 v6i M =
512, N = 128 va ay = (k+1)79°.56
buéc 13p lan luot 1a 325, 1014, 964,
860
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Hinh 221: Vi du 2.7 v6i M =
1024, N = 512 va ap = (k+1)702,
S6 budc 1ap lan lugt 1a 651, 912, 886,
873

Dé thay bai toan nay tuong duong vdi bai todn SVI cho By = N, B, = Ng

va T da cho. D€ giai bai toan nay, chung ta dp dung tat ca cac thuat toan da dé

1

cap trudc dé véi diém khéi dau duge chon 1an luot 1a x0(t) = - va x0(t) =

24+1

exp(—t), véi ap = (k+1)7%°. Bang tinh toan truc tiép, ta c6 || T|| = \% Tat ca



cac tham s6 dugc chon nhu trong Vi du 2.5. Chi y réng néu xap xi ban dau x0(¢)
la mot ham lién tuc, thi tit ca cac tich phan Lebesgue dé xac dinh x* va y* trong
vi du nay déu trd thanh tich phan Riemann va céc tich phan nay déu c6 thé dugc
ude lugng bdi quy tac hinh thang téng hop véi do dai bude T = %, trong do
N = 256. Chung ta trinh bay cac két qua trong Hinh 2.22 va Hinh 2.23.
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102
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Hinh 2.22: Vidu 2.8 véi x0(t) = ﬁ Hinh 2.23: Vi du 2.8 véi x0(t) =
S6 budc lap 1an lugt 1a 69, 147, 141, exp(—t). S6 budc lap lan luot la 80,
167 171, 148, 169

Nhan xét chung. Cac két qua s6 trén da thé hién sy wu viét hon trong tinh toan
clia phuong phap dugc ching ta dé xuat so v6i mot s6 phuong phap da c6. S6
budc 1ap can thiét dé thuce hién thuat todn cta chung ta cting thuong it hon sO

budc lap cta cac thuat toan khac.

Két luén chuong

Trong chuong nay, ta da trinh bay mot s6 phuong phap mdi cho su hoi tu manh
trong khong gian Hilbert dé giai bai toan bao ham thitc bién phan (VI), cting nhu
bai toan bao ham thtic bién phan tach (SVI). Cac phuong phép nay dua trén ki
thuat hiéu chinh, két hgp v6i cac phuong phap pht hgp nhu chiéu, co gan ké,
quan tinh va phuong thitc chon tham s diéu khién phut hgp. Hiéu qua tinh toan
clia cidc phuong phap nay cling dugc minh hoa bdi mot vai vi du sb trong cac

khong gian Hilbert, ca hiru han chiéu va v6 han chiéu.
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Ta thy rang c6 nhiing 16p toan t c6 tinh chat tdng quat hon tinh don diéu,
chéng han nhu tinh gia don diéu. Mot cau héi md dat ra tu nhién 1a lam thé nao
dé md rong phuong phap mai trén cho 16p cac bai toan bao ham thitc bién phan
gia don diéu. Sy md rong nay 1a khong tam thudng vi véi bai toan RVI, véi A va
B don diéu, F la don diéu manh sé kéo theo A + B + F ciing don diéu manh,
nén bai toan RVI c6 duy nhat nghiém. Tuy nhién, khi A 1a gia don diéu, thi tinh
don diéu cyc dai cua A + B + F khong duge dam bao (toan tir nay tham chi c6
thé khong phai la toan tir don diéu). Vi vay, bai toan RVI néi chung khong c6 duy

nhat nghiém, tham chi tdp nghiém ctia bai toan cling khong phai tap 16i.
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Chuong 3

PHUONG PHAP HE PONG LUC HIEU CHINH GIAI BAI
TOAN CAN BANG

Trong chuong nay, ta dé xuat phuong phap giai bai todn can bang thong qua viéc
gidi mot hé dong luc kiéu dao ham ting cuong cdp mot hiéu chinh va chiing
minh quy dao ctia hé dong luc hoi tu theo chudn dén nghiém cua bai toan goc
dudi mét vai diéu kién nhe dit 1én cac ham tham s6. Tiép theo, ta xdy dung mot
phuong phap ldp hai budc giai bai todn can bang, 1a phién ban rdi rac theo bién
thoi gian ctia hé dong luc da trinh bay trude dé va chiing minh day lap sinh boi
phuong phap hoi tu theo chuan dén nghiém ctia bai toan can bang. Cudi cting,
ta dua ra mot vai vi du dé€ mo ta va so sanh két qué sd ctia phuong phap lap da
trinh bay v§i mot vai phuong phap khac da biét. Két qua ctia chuong duoc lay tir
bai bdo s6 5 trong danh muc cong trinh khoa hoc ctia tac gia lién quan dén luan
an.

Cho H 1a mét khong gian Hilbert va C 1a mot tap con 16i dong khac rdng ctia
H.Cho f : H x H — RU {+co} 1a mdt song ham can bang. Ta xét bai todn can
bang EP(f, C) dudi day:

Tim x* € C sao cho f(x*,y) > 0 véimoiy € C.

Trong phan tiép theo, tdp nghiém ctia bai toan can bang Sol(f,C) sé ludn
dugc gia thiét 1a khac rong. Bai todn can bang 1a mot mo hinh rat tdng quat, bao
g6m nhiéu mo hinh toan hoc khac nhu bai toan VIP, bai toan diém bat dong (FPP-
fixed point problem), bai toan tdi uru, bai toan diém yén ngua, bai toan can bang
Nash, vv... [86], [68, Section 2.1]. Ly thuyét bai toan can béng cung cép cho ta cach
tiép can tong quat dé nghién cttu mot sd 16p bai toan trong kinh té, tai chinh, t6i

uu va ly thuyét xap xi.
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Trong chuong nay, do ta ludn xét bai todn can bang trén mot tap con C 104,
déng, khac rdng cta khong gian Hilbert H nén dé don gian vé mat ki hiéu,
A A X ? ~ A A P ~ N C
neu khong can chi ro mot tap C cu thé, ta sé dung prox,, thay cho proxg (xem
khai niém proxg trong Muc 1.1.2) véi ¢ : C — R U {+oc0} 1a mot ham 13i, chinh

thuong, nira lién tuc dudi.

3.1 Bai toan cin bang hiéu chinh va tinh chit ctia day nghiém
hiéu chinh

Chof: HxH —RU{+oco}vag: HxH — RU{+oo} la cac song ham can
bé“mg trén C. V&i moi a > 0, bai toan EP( f,C) duoc lién két vdi bai toan can bé“mg

hiéu chinh (REP- regularized equilibrium problem) sau day:
Tim x € C sao cho f(x,y) +ag(x,y) >0, Vy € C. (REP)

Chuy réng, néu f don diéu trén C x C, ¢ don diéu manh trén C x C, f(x,-) va
¢(x,+) 1a ham 16i va ntra lién tuc dudi yéu véi moi x € C, f(-,y) va g(-,y) la cac
ham ntra lién tuc trén yéu vdi moi y € C, thi bai toan hiéu chinh (REP) ¢6 duy
nhat nghiém véi méi a > 0. Ta goi nghiém nay la x,.

Tiép theo, ta trinh bay mot vai tinh chat ctia ludi nghiém {x, } khi « thay ddi.
DPau tién, cho ¢ : H x H — R U {+0c0} 1a mét song ham don diéu manh va ton

tai mot ham khong giam va lién tuc ¢ : R™ — R™ sao cho

(e y) < @(llxlDllx = yll, Vx,y € C. (3.1)

Mot song ham ¢ théa man diéu kién (3.1) thuc su ton tai, chéng han nhu song
ham cho bédi g(x,y) = 6{x — x8,y — x), trong d6 & 1a mot s6 thyc duong con x8
1a mot vecto cho trude trong H. Do |g(x,v)| < 8(||x|| + ||x8])|ly — x||, diéu kién
(3.1) dugc thoa man voi ¢(t) := 6(t + ||x8]|), V¢ > 0. Mot vi du khac 1a song ham
g(x,y) = (G(x),y — x), trong d6 G : H — H la todn tf tuyén tinh bi chan, d6i

xung va xac dinh duong.

B6 dé 3.1. [61, Lemma 3] Gid st f va g la cdc song ham cin bing tir H x H dén
R U {400} sao cho f la don di¢u trén C x C va g la y-don diéu manh trén C x C. Ta

ciing gid si rang vdi moi x,y € C, ta cé f(x,-), g(x,+) la cdc ham 16i va nika lién tuc
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dudi yéu; f(-,y) va g(-,y) la cdc ham nika lién tuc trén yéu. Ngodi ra, g théa man diéu
kién (3.1). Khi d6

(i) Ludi {x,} bi chan.
(i) Ton tai mot s6 duong M > 0 sao cho, vdi moi a1 > 0, ap > 0,

\062 —061\
51

%0y = %o || = M.

(iii) w(xy) C Sol(f,C), trong dé w(xy) la tap cdc diém tu yéu ciia day {x,}.

(iv) lim x, = x¥, trong dé x* € Sol(g, Sol(f,C)) va

a—0t

Sol(g, Sol(f,C)) = {x" € Sol(f,C) : g(x',x*) >0, Vx* € Sol(f,C)}.

Chitng minh chi tiét ctia b6 de trén c6 thé duge tham khao trong [61]. Nhu ta da
de cdp ¢ Chuong 2, viéc tinh x, cho mot sO « nao dé trong thuc té 6 thé dat va
ton thoi gian. Thay vi thuc hién diéu nay, trong Muc 3.3, ta xay dung mot thuat
toan chinh lap, thuat todn nay sinh ra mot day {x*} C H. Hon nita, day nay thoa
man || x¥ — x4, || — 0khik — oo, v6i {a;} 1a mot day tham s6 hiéu chinh sao cho

k t

ap — 0. Két qua nay cting véi khang dinh klim Xy, = X' suy ra lim xF = x™.
—$00

k—o00
Cudi cing, ta xét trudng hgp ma diéu kién (3.1) dugc thay bang mot gia thiét
khac. Bay gig, ta gia st rang g(x, -) 1a mot ham kha duéi vi phan trén C véi moi
x € C. Ta gia st thém rang cac ham s6 9g(x, -)(x) va g(+,y) bi chan trén cac tap

con bi chan ctia C véi moi x,y € C. Khi d6 ching ta c6 két qua sau day.

Bo dé 3.2. [8, Lemma 2.4] Gid sir song ham cin bing f la don diéu, song ham cin
bang g la don diéu manh trén C x C. Ta ciing gid si rang vdi moi x,y € C, cdc ham so
f(x,-), g(x,-) la 16i va nira lién tuc dudi yéu; cdc ham so f(-,v) va g(-,y) la nira lién
tuc trén yéu. Gid thiét thém ring vdi moi x,y € C, ham g(x, ) khd dudi vi phin trén C;
dnh xa 9g(x, ) (x) ciing nhu ham s6 g(-,y) déu bi chin trén tdp bi chin ciia C. Khi dé
cdc khang dinh ciia B6 dé 3.1 vin ding. Hon nita, néu a(t) : [0,00) — (0,00) la mot

ham kha vi théa man lim;_e a(t) = 0, ta co

d a(t
Haxa(t) < M‘ ( )| vt > 0. (32)

a(t)
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3.2 Phuong phap hé dong luc hiéu chinh kiéu dao ham ting
cuong

Ta xét hé dong luc lién hét véi bai toan EP(f, C) sau day:

(

=
~~

~
N—
N—
~

2() = PTOXy (1) (£(x(t), ) +a(t)g (x(1),)) (
(3.3)

=
N

—~~
N—
N—
~N

Y Y(E) = ProXa i (£(a(t), ) ra(tg(x(t),)
() + x() = y(0),

hay tuong duong vdi,

(

2(+) = argmin{A(t) [£(x(t), 1) + (B)g(x(t), u)] + }u — x(D)|2: u € C),
3 y() = argmin{A(t) [£(2(),0) + (B)g(x(t),0)] + bl — x(1)[2: 0 € C),
() + x(1) = y(t),

(3.4)
trong d6 a(t) > 0va A(t) > 0vdimoit > 0.

Hé (3.3) c6 do phtic tap tinh toan cao vi vira phai tinh ham prox, la mot ham
an, vira phai giai phuong trinh vi phan. Tuy nhién, nhu ching ta da phan tich &
phan M& dau, muc dich cta ching ta khi xdy dung phuong phap hé dong luc
1a roi rac hoa phuong phap dé dugc thuat toan sb giai bai toan can bang (ching
t6i thuc hién diéu nay trong phan sau, § Muc 3.3). Khi ting dung vao cac bai
todn cu thé, ching ta sé wu tién st dung thuat toan s6 nhan dugc. Bén canh d6,
hién nay, v6i sy phét trién manh mé ctia khoa hoc may tinh, chang han nhu tng
dung cac cong nghé vé mang noron (neural network) hay mdy tinh analog, viéc
giai phuong trinh vi phan trd nén dé dang. Ngoai ra, ta ciing c6 thé dé dang s
dung cac cong cu nhu Matlab (ham fmincon) d€ tinh todn ham prox. Vi vay, trong

nhiéu trudng hgp cu thé viéc giai hé (3.3) khong con qua kho khan.

3.2.1 Su ton tai va duy nhat nghiém manh toan cuc

Pau tién, ta dé cap dén mot khai niém duoc trinh bay trong [16]. Mot nghiém
manh toan cuc ctia hé (3.3) 1a mot ham x : [0, +00) — H thoa man
(i) x € ACipc([0, +00), H), nghia 1a, ham x(¢) lién tuc tuyét dbi trén moi doan

[0,T], v6imoi 0 < T < +o0;
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(ii) He (3.3) dung v6i hau khap moi t € [0, +00);
(iii) x(0) = xo.

Gia st a* va A* 1a hai s6 thuyc duong, sy ton tai va duy nhat nghiém manh toan

cuc ctia hé dong luc (3.3) sé dat duoc véi gia thiét sau day.
Gia thiét 3.1.

(Al) flamoétsong ham L-(SLC) trén H;

(A2) gla moétsong ham K-(SLC) trén H;

(A3) V&i moi x € H, cdc ham sb f(x,-), g(x,-) 12 16i, chinh thuong, nira lién tuc
dudi, va kha dudi vi phan trén C. Hon ntta, cac ham nay bi chan trén cac

tap con bi chan cua H;

(A4) a(t) : [0,+00) — (0,&) C (0,+00) va A(t) : [0,4+00) — (0,A*) C (0,+00)

la cac ham lién tuc.

Ta lay z) 4 = PTOX) £(x, )+ Aag(x,) (), T(@, A, x) = prox/\f(ZA,“,x’,HMg(x,,)(x) va
h(A,a,x) = T(A, &, x) — x. Khi d6, hé (3.3) dugc viét lai dudi dang

x(t) = h(A(t), a(t), x(t)),
X(O) = xgp € C.

(3.5)

Trudc khi trinh bay dinh ly vé su ton tai nghiém manh toan cuc, ta can mot

vai két qua b6 trg.

Bé6 dé 3.3. Cho f, g la cdc ham cin bing H x H — R U {+oo} sao cho Gid thiét 3.1
duoc thoa man va « € (0,a*], A € (0, A*]. Khi do

(i) V&i moi x € H, ham T(A, a, x) bi chin;
(ii) T(A, a,x) lién tuc theo a;
(iii)) T(A, &, x) lién tuc theo A;

(iv) Cho a(t), A(t) nhu trong Gid thiét 3.1. Vdi moi x € H, ham t — @y(t) lién tuc
trén [0, +00), trong do @y (t) := ||h(A(t), a(t),x)] .
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Chitng minh. (i) Ta co dinh x € H, y € C va dé don gian, ta dung ki hiéu z, , thay
cho z) o . Chuy rang, theo B6 dé 1.12, khi a € (0,a*] va A € (0,A%], Zy A bi chan
va lién tuc theo ca hai bién A va . Ap dung B6 dé 1.11, ta thay rang
(x =T\, a,x),y—T(Aax))
<A f(zrwy) +ag(x,y) — f(zan T(A &, x)) — ag(x, T(A, &, x))] (3:6)

hay tuong duong vdi,
IT(A, &, )17 <A [f(zan,y) +ag(x,y) = (200 T(A 2, x)) — ag(x, T(A, &, x))]
+{x+y, T(Aa,x)) — (x,y). (3.7)
Mat khéc, do f 1a L-(SLC) nén ta c6
(a0 %) + f(x, T(A, &, %)) = f(20, T(A, 4, %))

=[f(zr0 %) = f,%) + fx, T(A, &, %)) = f(200, T(A, &, )]
<Llzpn = x[[-lx = T(A, &, x) |,

tu do suy ra
—f(2rw T(A %)) < —f(Z00, %) = (2, T(A, 0,%)) + Ll|zp o — x| [[lx = T(A, &, x) .

Lap luan tuong tu, ta thu dugc

fray) = fzaw %) < =f(y, %) + Llizaw = yll-lly — x]|-

Tir hai bat dafmg thuc trén va (3.7), ta co

IT(A, &, %) <A[f (20 ) +ag(x,y) = f(zaa )]
—Af(x, T(A, &, x)) +ag(x, T(A, &, x))]
+ AL[|zp o — x[ll[x = T(A, 0, x) [ + (x +y, T(A, 2, %)) — (x,¥)
<Alag(x,y) = f(y, )] = ALf(x, T(A, &, x)) + ag(x, T(A, , x))]
+ AL[|zpq — x[ll[x = T(A, &, x) || + AL{|zp 0 — yl|-ly — x|
+{x+y, T(Aa,x)) —(x,y)
< (AL[|zpq — x ]| + [lx + y]]) [T(A, &, x) |
—Alf(x, T(A a,x)) +ag(x, T(A,a,x))] +¢, (3.8)
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trong do

¢ = Mag(x,y) = f(y, )] = (% y) [+ ALl|zp0 = x|[Ix[| + ALl[z70 = yll-lly — x]|-

Do cac ham s6 f(x,-) va g(x,-) 1a 16i trén C, ton tai cac vecto A = A(x) € H,
B = B(x) € H, va cac s6 thuc E = E(x), F = F(x) sao cho

f(x,u) > (A,uy+E, g(x,u)>(B,uy+F YueC. (3.9)
Két hgp (3.8) va (3.9) ta dugc
IT(A, o, x) 1> < (ALlIZpa = x[| + [ + yI1) IT(A, 0, %)
—A({(A, T(A, o, x)) +a(B, T(A,a,x))) —A(E+aF) + ¢

< (ALlzaw = x|+ llx +y[D) IT(A, &, x)
+ A ([[A]] +af[BI[) [ T(A, &, x) || + A[E + aF| + .

Bat dang thiic trén cling v6i tinh bi chan ctia A, & suy ra T(A, a, x) bi chan.

(ii) Lay A, « va x cd dinh. Theo BS dé 1.11, v6i moi B € (0,a*], ta thay rang

Alf(zaw T(A, B, x)) + ag(x, T(A, B, x))]
— A f(2a0 T(A &, %)) +ag(x, T(A, &, x))]
> (x—T(Awax),T(AB,x)—T(A,a,x))

va

Af(zap T(A a,x)) + Bg(x, T(A, o, x))]

— A f(zap T(A, B,x)) + Bg(x, T(A, B, x))]
> (x—T(A,B,x), T(Aa,x) —T(A, B, x)).

Cong tirng vé hai bat dang thuc trén, ta c6

IT(A, &, x) = T(A, B,x) |
<A f(zaw T(A, B, %)) = f(zap T(A, B,%) + f20,8. T(A &, X)) = f(220, T(A, 2, X))]
+Aa—B)[g(x, T(A B, x)) — g(x, T(A &, x))].

Tuy nhién, do f 1a (SLC), ta c6

f(zraw TN, B, %)) — f(zap, T(A, B, x)) + f(zap T(A &, %)) — f(za0, T(A, 2, X))
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<Lllzya =2 pllIT(A, &, %) = T(A, B, ).
Tir hai bat dang thitc gan nhét, ta suy ra

IT(A, ) = T(A, B, 2) |1 <LA||zp 0 — 20l IT(A, &, x) = T(A, B, %)

+Ma—B)[g(x, T(A, B, x)) — g(x, T(A, e, x))] -
(3.10)

Do vecta T(A, B, x) bi chan, nén gia tri ¢(x, T(A,B,x)) cing bi chan. Theo B6
dé 1.12(3i), ta c6 ||zp 0 — zrpll — 0khi B — a. Vi vay, tir (3.10) ta suy ra rang
limg_,, T(A,B,x) =T(A,a,x), tiacla T(A, a, x) lién tuc theo a.

(iii) C6 dinh a, A, x. Ap dung B& dé 1.11 ta c6, véi moi u € (0,A%],

Af(zae T(p o, x)) +ag(x, T(p,a,x)) — f(zr0 T(A, a,x)) —ag(x, T(A, &, x))]
>(x—T(Aa,x), T(u,a,x) —T(A,a,x))

va

w1 f(zpa T(A, %)) +ag(x, T(A, o, %)) — f(zpa T(p &, x)) — ag(x, T(p,a,x))]
>(x—T(u,a,x), T(A, 0, x) — T(u,a, x)).

Cong tiing vé hai bat dang thic trén, ta thu dugc

IT(A, &, 2) = T(p, a, %) ||?

<p [f (a0 T(u 0, %)) = f(220, T(A 2, %)) + f(2p0 T(A, @, X)) = f (20, T, 0, x))]
+ (A=) [f (2w T(p, 2, %)) = f (200 T(A, @, X))]
+ A —mafglx, T(pa,x)) = g(x, T(A, &, x))] .

Tuy nhién, do f 1a L-(SLC), ta c6

fEne T &, ) = f(220 TV &, X)) + f(2pa, T(A &, %)) = (20, T(A, 2, %))
<Llznn = ZpallIT(A, %) = T(,0, %))
Tir hai bat dang thitc gan nhét, ta suy ra
IT(A %) = T, ,2) 2 <Ltz e — Zuall- T, &%) = T, 0, 2)|
+ (A=) [f (220, T(po 2, %)) = f (22,0, T(A, 2, %))]
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+ (A —malglx, T(pa x)) —g(x, T(A a x))].
(3.11)

Do céc vecto T(A, a, x) va T(p, a, x) déu bi chan, nén cac gia tri f(z5 o, T(, &, x)),
fzaw T(A a,x)) g(x, T(A,a,x)) va g(x, T(u,«,x)) ciing bi chan. Cho p — A, tu
BG dé 1.12(ii), ta 6 ||zp o — zua|| — 0. Vi vay, tit (3.11), ta suy ra rang

im T(p,a,x) = T(A, a,x),
U—A

tacla T(A, a, x) lién tuc theo A.

(iv) Co dinh x € H vaty € [0, +00). Vi moi t € [0, +00), ta cd

|@x(t) = x(to) | = [[IR(A(t), a(t), )] — [|h(A(to), a(to), ) ||
< [[R(A(#), a(t), x) = h(A(to), a(to), )|

= [IT(A(t), a(t), x) = T(A(to), a(to), x)|
< IT(A(E), a(t), x) = T(A(E), a(to), )|
+ I T(A(t), a(to), x) = T(A(to), a(to), x)|| (3.12)

Tu danh gia (3.10), ta ¢

IT(A(E), a(t), x) = T(A(t), a(to), x) ||
SLAO Nzt ,a00) = 20t ,ato) I TA(E), (), x) = T(A(E), a(to), x)]|
+ A0 (a(t) —alto)) [g(x, T(A(E), alto), x)) — g(x, T(A(E), a(t), x))]

Hon nita, theo B6 dé 1.12(i), ta c6

12 ()0(6) = Za(0) () 117 < A(E) (a(t) — (ko)) (g(x, ZA(t),a(t)) — 8(% ZA(t),uc(t))) :

Tir hai bat dang thic trén, ta duoc
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Két hop bat dang thiic trén cting tinh lién tuc cta a(t) va tinh bi chan cta A(t),
T(-,-,x),8(x,-), tasuy ra

lim [|T(A(t), a(t), x) — T(A(t), a(to), x)[| = 0. (3.13)

i’—>t0

Lai c6, theo danh gia (3.11), ta duoc

IT(A(E), ko), x) = T(A(to), a(to), %)

<LA®)IzA(t0)at0) = Za(t) i) I TA(E), ko), %) = T(A(to), a(t0), )|
+ (A(to) = A1) [f(thO)  T(A(E),(t0), X)) = f(Zaty) a0y T(A (o), (ko) X)) |
+ (Mto) = ME)) [8(x, T(A(E), a(to), %)) — g(x, T(A(to), a(to), x))]

Chu y rang, theo BS dé 1.12(ii), ta c6

17 (tg) () — ZA(t)a(to) I
<(Mto) = M) ((f +88) (%, Za(a(t0)) — (F + Q) (¥ Za(tp (i) ) -
Hai bat dang thic gan nhat cung véi tinh lién tuc ctia A(t) va tinh bi chan cta

T(,-x), f(x,-),8(x,-) suy ra

lim [[T(A(t), a(to), x) — T(A(to), a(to), x)|| = O. (3.14)

t%to

Cudi cung, két hop (3.12), (3.13) va (3.14), ta duoc lim;—¢, |@x(t) — @x(to)| = O,
nghia 1a ham ¢, lién tuc véi moi tg € [0, +0). Ta chitng minh xong bé dé. O]

B dé 3.4. Gid sit ring f va g la cdc song ham cin bing tit H x H — R U {+oo} théa
man cdc diéu kién ctia Gid thiét 3.1. Ta c6 dinh A, a. Xét ham U (x) cho bdi

1
U(x) = argmin {Af(zAlalx,y) + Aag(x,y) + §||x — sz RS C} Vx € H.
Khi do U(x) la lién tuc Lipschitz trén H.

Chitng minh. Do A, a 1a cac hang s ¢ dinh, dé cho tién, ta sé viét z, ,  1a z,. Chu
y réng, theo BS dé 1.13, toan tr x — z, la (L + 1)-lién tuc Lipschitz trén . Cho
x, y € H, theo BS dé 1.11, ta thiy rang

{x = U(x), U(y) — U(x))
SAf (2, U(y)) + Aag(x, U(y)) — Af (22, U(x)) — Aag(x, U(x)),
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va
(y —U(y) U(x) = U(y))
< Af(zy, Ux)) + Aag(y, U(x)) — Af(zy, Uly)) — Aag(y, U(y))-
Cong tirng vé hai bat dang thic trén, ta dugc
IU(x) = U)II* <Aa (g(x, U(y)) — gy, U(y)) +8(y, U(x)) — g(x, U(x)))
+A (fzo Uy)) = flzy, Uy)) + f(zy, U(x)) = f (22, U(x)))
+{(x =y Ulx) = U(y))-
Tir tinh (SLC) cua f, g va tinh (L 4 1)-lién tuc Lipschitz cta zy, ta suy ra
IUGx) = U)II* <(AaK+1)x = y|l[|U(x) - U(y)]|
+AL[|zy — zy |- [U(x) = U(y)]
<(AaK+1[lx —y|-[U(x) = U(y)|
+AL(L +1)[]x =yl [JU(x) = U )],
hay tuong duong vdi,
IU(x) — Uy)| < (m<+ AL+ AL+ 1) x — yl.
Vi vay, U 1a M-lién tuc Lipschitz trén H, véi M = AaK + AL? + AL + 1. O
Bay gio ta phat biéu va chitng minh sy ton tai va duy nhat nghiém manh toan
cuc.

Dinh ly 3.1. Gid sit rang Gid thiét 3.1 durgc théa man va bai todn EP(g, Sol(f,C)) c6
duy nhat nghiém. Khi do véi méi xo € C, hé dong luc (3.5) ¢6 duy nhat nghiém manh

toan cuc.

Chitng minh. Theo dinh ly Cauchy-Lipschitz-Picard [127, Proposition 6.2.1], dé
ching minh su ton tai va duy nhat nghiém manh toan cuc ctia hé (3.5), ta chi ra

ri?mg cac diéu kién sau dugc thda man.
(i) Vx € H,ham t — h(A(t),a(t), x) thudc tap LL ([0, +o0), H);

(ii) Vt € [0,+00), h(A(t),a(t), ) : H — H la ham lién tuc, hon nta, Vx,y € H,
11(A(#), a(t), x) = k(A (), a(t), y) | < w(t, [[x]| + [lylD)]]x = yll, véi vr >0,
w(t,r) € L] _[0,+o0);
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(iii) Vt € [0, 4+00), |R(A(t), a(t), x)|| < o(t)(1 + ||x]|), véio € L}

loc

[0, +e0).

Do g(x,y) la don diéu manh va (SLC), bai toan EP(g, Sol(f,C)) c6 duy nhat

nghiém, ta ki hiéu nghiém nay bdi x*. Theo BS dé 3.3, ham s6

Eer () = [[R(A(E), a(t), x7)]|
1a lién tuc. Tiép theo, trong (3.6), thay x = y = x*, ta c6

[P(A, 0, ) < A [f (230 x7) = f(25,0 T, 2, x7)) — ag (2", T(A, 0, 7)),
trong do z}| , := zj 4,x+- Hon nwa, do tinh L-(SLC) cta f, ta c6
f(2hw X)) = f(20,0 TN &, x7)) < = f(x7, T(A, 4, x7))
+ L3 0 = 272" = T (A, &, 27
Két hop hai bat dang thuc trén, ta dugc
(A, 2, x7) |1

SA[=f( TV &, x7)) + Llz3p = 27167 = T(A, &, 27) | — ag (x", T(A, 2, x7))],

khang dinh trén cting véi tinh bi chan caa f(x*,-), g(x*,-), T(-, -, x*) va Z} o Suy
ralimy, ,gh(A, &, x*) =0. Ap dung B6 dé 3.4, véimoiu,v € H, taco

[B(A, &, u) = h(A, &, 0) || = IT(A, &, u) = T(A, 0,0) — (4 = 0)|| < N*[Ju —of|

trong d6 N* := A*a*K + A L2+ AL +2. Vi vay, ham s6 x — h(A, a, x) la lién tuc
Lipschitz toan cuc theo bién x. Vi vay, diéu kién (ii) duoc thoa man.
Madt khac, do ¢(t) lién tuc trén [0, +00), nén ham o (¢) := max{N*||x*|| + ¢(t), N*}

ciing lién tuc trén [0, +co). Hién nhién, o € L] _[0, +o00). Khi d6 ta 6
[(A(E), a(t), )| < [[R(A(E), a(t), x) — h(A(E), a(t), x7) || + [[(A(E), a(£), x7)]]
< N¥flx — x| + o(t)
< N¥{Jx]| + N [x* [ + o ()
< o () (1 + [|x]}).
Vi vay, diéu kién (iii) dugc thoa man.
Cubi cting, theo B6 dé 3.3(iv), v6i méi x € H, ham s6 t — h(A(t),a(t),x) lién
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tuc, va vi vay la do dugc trén [0, +o0). Diéu kién (iii) giup ta ddm bao rang ham
t — h(A(t), a(t), x) 1a kha tich dia phuong trén [0, +-00). Vi vay, diéu kién (i) thoa

man. Dinh ly dugc chitng minh xong. [

Nhan xét 3.1. Khing dinh ciia Dinh Iy 3.1 vdn diing néu chiing ta thay diéu kién (A3)
trong Gid thiét 3.1 bang mot diéu kién nhe hon, dé la:

(A3') Vii moi x € C (thay vi x € H nhu trong diéu kién (A3)), cic ham sb f(x,-),
¢(x,+) la 10i, chinh thuong, nita lién tuc dudi va khd dudi vi phan trén C. Hon nita, cdc
ham nay bi chan trén cdc tdp con bi chin ciia H.

Nhan xét 3.2. Trong phit biéu cila Dinh Iy 3.1, ta doi héi bai toin EP(g, Sol(f,C)) co
duy nhat nghiém. Cu thé, diéu kién dii cho yéu cau trén la ¢ théa man cdc yéu cau ciia B6
dé 1.17. Mot vi du vé song ham nhu vy la g(x,y) = <x + 3y, y — x>. That vy, hién

nhién g la song ham cin biang. Bén canh do, ta thay ring

1
(%) +8(y,x) = =5 llx — vl
suy ra song ham g(x,y) la don diéu manh vdi hé s6 v = % nén hién nhién ciing la gid
don diéu manh. Tiép theo, ta co dinh x va xét ham hyy := g(x,y) trén C. R6 rang hy(y)

la ham lién tuc nén cing la nika lién tuc dudi. Mt khdc, dé thay
1 1
() = SI9IP + 90 — [,

1 Xe NN 2 A g N N 1 A A
trong do ham y — E(x,y> 10i vi la dnh xa tuyen tinh con ham y — §|| y||? 10 theo bit

diang thitc (1.3). Do d6, hy(y) la ham 16i. Ta c6 g(x,-) la ham 16i va nita lién tuc dudi
trén C.

Cudi cung, ta cé ham g(-,y) la lién tuc nén hién nhién la hemi-lién tuc. Nhu vdy toan bg
cdc diéu kién ciia B6 dé 1.17 duoc théa man.

3.2.2 Sy hoi tu manh caa quy dao

Ta xét gia thiét sau:

Gia thiét 3.2.

(B1) Song ham can bang f don diéu va L-(LC) trén C x C;

(B2) Song ham can bang g 1a - don diéu manh va K-(LC) trén C x C;
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(B3) V&i moi x,y € C, ham g¢(x, -) 1a10i, chinh thudng, nira lién tuc dudi, va kha
dudi vi phan trén C, anh xa dg(x, -)(x) va ham g(-,v) bi chan trén cac tap
con bi chan ctia C, ham s6 f(x, -) 1a16i, chinh thuong, nira lién tuc dudi, va

kha dudi vi phan, cac ham f(-,v), g(+,y) 1a ntra lién tuc trén yéu trén C;

(B4) Ham a(t) di tix [0, +-00) vao (0, +00), 1a kha vi lién tuc va thda man cac diéu

kién

lim «a(t) =0; /+oozx(t)1:lt = +o00; lim a(t) _ 0;
t—+oo I ) N Ttotea(t)

ngoai ra, A(t) 1a ham lién tuc di tir [0, +00) vao doan hitu han [A,A] C
1
(0.1)-
Bay gio chung ta phat biéu va ching minh dinh ly veé su hoi tu manh ctia quy

dao sinh bdi hé (3.3).

Dinh ly 3.2. Gid st ring gid thiét 3.2 duoc théa man va hé (3.3) cé mét nghiém manh
toan cuc duy nhat x(t). Khi d6 lim;_, o x(t) = £, trong do £ la nghiém duy nhat ciia
bai todn can bang hai cdp EP(g, Sol(f,C)).

Dé trinh bay chirng minh cta Dinh ly 3.2, ta can két qua sau day.

Bo deé 3.5. Gid st song ham f don diéu va la (MLC) v6i cdc hé s6 cq, cp con A(t) la ham
lién tuc di tir [0, +o00) viao doan hitu han [A, A] C (O, m) Gid st thém ring f,
¢ va «(t) thod man cdc diéu kién (B2)-(B4) cua Gid thiét 3.2. Ngoai ra, hé (3.3) cé duy
nhat nghiém manh toan cuc x(t). Khi do, ton tai mot so tg > 0 sao cho

ly(5) = %o < A= yAO)a (D) |x(t) = x> VE> b0, (3.15)
trong do x,y) la nghiém duy nhat ctia bai todn REP 1ing vdi & = a(t) di dé cdp trong

Muc 3.1.

Chb?ng minh. Do Z(t) = PrOX/\(t) (f(x(t),)+ockg(x(t),)) (X(t)), theo B6 dé 111, vOi m01
uec Ctaco

A (x(8),u) = fx(8),2(8))]
>2(DA()[g(¥(8), 2(1)) — gUx(E), w)] + 20x(t) — 2(8),u — =(1)).
Hién nhién rang y(t) € C. Thay u = y(t) vao bat dang thitc gan nhat, ta thu dugc
MO (x(8),y (1)) — f(x(8),2())]
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=20(E)A(1)[g(x(t),z(t)) — g(x(t), y(£))] +2{x(t) — z(t), y(t) —z(t)). ~ (3.16)
Bén canh do¢, ta co
2(x(t) = z(t), y(1) — 2(t)) = [lx(8) = 2(D) | + ly(t) — z(B) > = |x(t) — w(D)|1%,

dang thic nay két hop véi (3.16) suy ra

A [(f(x(t),y(t)) — f(x(t),z(t))] > 2a(t)A(t)[g(x(t), 2(t)) — g(x(t), y(t))]
z())*+ [ly(t) — z(t) )2
—y(®)|* (3.17)

Mat khac, tur tinh (MLC) cua f ta c6
Flx(t),2(8) + f(2(8),y(8)) = f(x(8),y(8)) — cllx(t) — 2(DII* — cally(t) — z(B)[|*.
Nhan ca hai vé ctia bat dang thiic trén v6i 2A(t) va chuyén vé, ta thu dugc

2A(0) f(2(8),y(£)) Z2A()[f (x(8), y(t)) — F(x(8), 2(£))] = 2c1A () [|x(t) — 2(1)]?
=20 (1) [ly(t) — (1) (3.18)

Két hop (3.17) va (3.18), ta suy ra

2M(8)f(2(8), y(8))

> 20(H)A(H)[g(x(1), 2(1)) — g(x(t), y ()] + [lx(t) — z()|* + [ly(t) — z(t)|?
=[x (t) = y(O) 1> = 2c1A (1) (1) = 2(B) |17 = 222 () [y () — 2(D) ||

= 2a(B)A(8)[g(x(t), 2(t)) — g (x(8),y(t))]

+ (1 =2c1A(1) [|x(t) = 2(DIP + (1 = 2024 (1)) [y (1) — 2() 1> = [lx(£) — y(B) ]I,
hay tuong duong vdi,

—2A(8) f(2(8), y(1) < = 2a(t)A(8) [g(x(¢), z(8)) — g(x(t), y(t))]

= (1= 2e1A(1)) | x(t) — z(1) ||
— (1 =202A(1)) ly() — z() > + [lx(£) = y(H]%. (3.19)
Tiép theo, do y(t) = proxA(t)(f(z(t),,)ﬂ(t)g(x(t),,))(x(t)), taco, véimoiv € C,
2(x(t) —y(b),y(t) —v) 22 (1) f(2(t),y(t)) — 2A () f (2(t), v)
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+2a(H)A() [g(x(8), y () — g(x(8),v)].

Dénh gia trén két hop véi dang thic

2(x(t) —y(8),y(t) —v) = ||lx(t) — ol|* = [lx(t) = y(B) I = [ly(t) —o]|?
dan téi

() = o = [lx(t) = y(DII* = lly(t) - o]|?
> 2A(8)f(2(8), y(1)) = 2A(8) £ (2(8), 0) + 2a(8)A(£) [g(x(£), y(#)) — & (x(¢), v)],

tac la

ly(8) — ol <llx(t) — ol = x(8) = y(8) 2 = 20 () F(2(8), y(1)) + 2A(B)f(2(2), 0)
— 2u()A(H) g (x(), y(1) — g(x(1),0)] (3:20)

Tir (3.19) va (3.20) ta duoc

ly(t) —o|?

< [lx(t) = oll* = llx(t) = y (DI + 22 (8) f (2(t), 0)

(DA () [g(x(t), (1)) — g(x(t),v)]

(HA(B)[g(x(8),z(1)) — g (x(£), y(t))] = (1= 2e1A(8)) [lx(£) — z(1) >
— (1= 202A(1)) ly(t) — z() 1> + [lx(£) — y(B) |2

= [lx(t) = ol|* + 2a()A(H)g(x(t), v) +2A(1) f(2(t), v) — 2a(t)A(t)g (x(t), 2(1))
— (1 =2c1A(1)) x(t) — 2(B)|* = (1 = 222 (1)) Iy (1) — z(1) >

—2u
—2u

)
)

Thay v = x,(;) vao bat dang thiic trén, ta thay

ly () = a1
< [|2(8) = xq(p) 17 + 20 () A ()G (x(8), xar))
+2A(8) f(2(), xq(r)) — 20(E)A(8)g(x(8), 2(E))
— (1 =2cA (1)) [lx(8) = 2()|I* = (1 = 2c2A (1)) [ly (1) — z(1) | (3.21)

Tuy nhién, do tinh don diéu cta f va x, () € Sol(f + a(t)g,C), ta suy ra

—f(z(t), xa(1)) — f(Xaq), 2(t)) 20 va f(xgq),z(t)) +a(t)g(xy), 2(t) > 0.
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Cong ting vé hai bat dang thirc trén, ta c6 — f(2(t), x,(s)) + a(£)g(x4(r), 2(t)) > 0,

tic1a 2A(8) f(z(t), xy(r)) < 2a()A (1) (Xg(p), 2(2)).
Két hop bat déng thuc trén véi (3.21), ta suy ra

ly () = xop)|I?
< [l (8) = xq () I2 + 20 ()A(£)g (x(£), X 1))
+ 20 () A1) g (xu (), 2(8)) — 2a(E)A (1) g (x(8), 2(¢))
= (1= 2c1A () [lx(t) = 2(DI* = (1 = 2c2A(8) Iy (1) — z(1) 1> (322)

Theo tinh -don diéu manh cua g, ta c6

8(x(t), Xa(p)) + §xury, x(1)) < =[x (£) — x4 I

hay tuong duong vdi

20(A(1)g(x(), xo(r)) < —20(E)A(1) (xar), X(£)) — 2y (E)A(H) [ 2(£) — xq(s|I*.

Két hop bat dang thirc cudi ciing va (3.22), ta thay

ly () = xq ) II7
< [l () = a1 + 20 () A(£)g (xor), 2(1))
= 20(H)A(1)8 (xg(r), x(8)) — 20 (£)A (1) g (x(£), 2(t))
= 29a(H)A(E)[|x(8) = x4 |1 = (1 = 2612 (8)) || (t) — 2(1)]|?
= (1=20A(1)) |y (1) — z(1)||?
=(1 = 29a(D)A(E)) [ x(t) — x|
+2a(H)A(E)[g (xu(r) 2(8)) — 8 (xa(r), x(F)) — g(x(8), 2(1))]
= (L =2c1A(0) x(t) = 2(D)]|* = (1 = 22A(1)) ly(£) — z(1) 1> (3.23)

Tir tinh K-(LC) ctia g va bat dang thuic (1.2), ta 6
8(xa(ey 2(0)) — 8(xa(ey 1(1)) — 8(x(8), 2(1))
< Kllxag — x(O)Ix(5) — (1)
< Dlitagy — 2O + oo () — (1) 2 (3.24)
Tir cac danh gid (3.23) va (3.24), ta suy ra
I9(5) — 3 < (1~ 290(OAE) [x(8) — x|

110



N[

2
+2060M0) Tl — *OI+ 5 lx(0) ~ =01

= (1 =201 ())[|x() = 2(DI* = (1 = 22 (1) Iy (t) — z(1) 1>
= (1= (AR x(t) = xop) |17

KZ
- (1- 20000 - 7a<t>A<t>) J(6) — ()
= (1=2eA (1)) Jly(1) = z(B)]* (3.25)
Do {a(t)} — 0khit — 4oova A(t) < m v6i moi t, ta c6 thé chon mot s6
duong tg sao cho
( 2

1= 2eA(t) — %a(t))\(t) >0

- -

1—=2cA(t) >0

\1 —ya(t)A(t) >0

voi moi t > (. Vi vay, tir (3.25), ta co

ly () = xan)lI? < (1= ya(HAD)]|2(8) — xqp |17

Vi moi t > tg, tit d6 suy ra (3.33) dugc thda man. Theo cach chon, ta cling thay
rang 1 — ya(t)A(t) > 0. O
Nhan xét 3.3. Dé thdy rang, khi Gid thiét ciia Dinh lj 3.2 duoc thod man thi gid thiét ciia
B6 dé 3.5 ciing dugc thod man. Thét vdy, khi f la L-(LC), thi ciing dong thoi la (MLC)
véi c1 = ¢y = 5. Ngoai ra, ham A(t) thod man diéu ki¢n (B4) thi ciing thod man gid

thiét ciia BO dé 3.5 vdic; = c; = 5.

Chitng minh Dinh ly 3.2.
Dat V(t) = Yx(t) - Xy |17 ta co V(t) = (x(t) — xy(p), %(£) — %)) Theo hé 3.3
ta co x(t) = y(t) — x(t), tu d6 suy ra

V(t) = (x(t) = xq(p), Y (t) — X(t) = Fy(p)
= (x(t) = (e Y (£) = X)) — [12(8) = X 17 = (2 (£) = X)) ar))

Ap dung bat dang thuc (1.3), ta dugc

. 1
V(1) < 5 (1500 = 2o P + (8 = xagoyI12) = () = xa(0 I
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+ &gy -1 (#) = x|
1 1 )
Slly(t) — Xa( I? = 2 () = xap 17+ [12aqeylI- 1 (2)

Két hgp (3.26) vdi (3.2) va (3.15), ta suy ra

— Xyl (3.26)

V(t) < 2= 7AW [2(E) — 5y |2~ 2x(8) = 20 2
+ M) =
1 (1)
=3Ol P+ MED (1) — x|

voi moi t > tp, trong do tg dugc de cap trong Bo dé 3.5. Ap dung bat dfang thuc
Cauchy-Schwarz ta théy réng, voi moi t > t,

V(1) < — srAWa(t)]x() — xyqp P

i)
(ML + O8O — x| )

diéu nay tuong duong vdi,

V(t) + ly)x(t)oc(t)V(t) < MZM (3.27)
2 T rA)a(t) '

Giai (3.27), ta thu duogc

Y M2ty ja(s) |
< Jo Aw)a(u)du Jo AMu)a(u)du -
V(t) <e 2o ( - /0 ez Jo /\(S)“3(S)ds+V(0)) , VE>tg

Theo diéu kién (B4) ctia Gia thiét 3.2, ta c6 [, A(

u)a(u)du = +oo. Vi vay, dé
chung minh lim; ;o V(f) =0, ta chira

[ b I3 Mwn(wdu_8G)_ g,

lim A() SN
t—=+o0 37f0 u)

Khéng dinh nay hién nhién ding néu [, e? Jo Auw)alu)du A'{")( )|( yds < +oo. Trong
truong hop nguoc lai, 4p dung quy tac [Hospital va diéu kién (B4), ta c6

JLed Js Awatuan LGP o

¥ Jo Aa(u)du_|a(t)>

lim t A& t A(B)a3(t)
t—s+oo e% Jo Au)a(u)du t——+o0 e% Jo Muw)a(u)du %)\(t)(x(t)
ANY
i 2 L&)




Nhu véy, ta da ching minh dugc lim— 40 V(t) = limy1o0 [|X(t) — x4l = 0.
Hon nita, tir B6 dé 3.2, ta théy lim; s 4 0 Xo(r) = %. Tir d6 suy ra limy—, 4 o0 x(t) = £.
Dinh ly dugc chitng minh xong. [

Nhan xét 3.4. Mot vi du vé ham a(t) théa man diéu kién (B4) cia Gid thiét 3.2 Il
a(t) = W, trong d6 0 < p < 1. Trong thuc hanh, dé tim mot ham A(t) théa man
(B4), ta can biét hé s6 kiéu Lipschitz L cia f. Tuy nhién, trong nhitng truong hop chiing
ta khong thé tinh todn cu thé hodc tim mot gid tri xdp xi cia L, ta thay diéu kién (B4)
bang diéu kién sau ddy:

(B4) a(t) va A(t) la cdc ham lién tuc di tir [0, 4+o00) vao (0, 4o00) sao cho a(t) — 0 khi
t— 400, A(t) = 0 khi t — 400, % — 0 khi t — 4000 [, A(H)a(t) = +oo.

Mot vi du ciia A(t), a(t) théa man diéu kién (B4’) la a(t) = W, Alt) = (t+1—1)q trong

d0<pqg<lvap+q<l

3.3 Phuong phap chinh lip ki¢u dao ham tiang cudng

Muc nay duge danh dé gidi thiéu mot phuong phap kiéu dao ham ting cuong
hiéu chinh va chiing minh su héi tu manh ctia phuong phap. Ta xét cac diéu kién

sau dat 1én cac song ham f va g tt H x H vao R U {+oo}:
Gia thiét 3.3.

(H1) f dondiéuva f(x,x) =0véimdix € C;

(H2) g la y-don diéu manh va g(x,x) = 0 véi moi x € C;
(H3) ¢ théa man diéu kién (3.1);

(H4) f(x,-), g(x,-)1a cac ham 16i va nira lién tuc dudi yéu, cac ham f(-,v), ¢(-, )

la nira lién tuc trén yéu véimoi x,y € C;

(H5) Tap nghiém Sol(f, C) khéc rong.

Rdi rac héa hé (3.3) bdi xap xi

X(t) =~ x(tkH)Tk_ x(t)

/4

ta dugc mot thuat toan chinh 1ap kiéu dao ham tang cuong. Cu thé hon, ta dugc

thuat toan sau day.
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Thuét toan 3.1. (Phuong phép chinh lap kiéu dao ham tang cudng (REM - regu-
larized extragradient-type method))
Khdi tao: Lay x° € C tuy y. Cho {7}, {ax} va {A} la cdc day sé dwong sao cho
{%} C [a,b] C (0,1).

Cdc budc liap: Vi mbi k > 0, tinh x*+1 béi

(

7k — prox/\k(f(xk,-)+ockg(xk,-)) (xk),

9 ]/k = prox)\k(f(zk,-)+ockg(xk,~)) (Xk), (328)

K = (1 — )k + /.

\
Dé dam bao sur hdi tu ctia Thuat toan 3.1, sau day, ta gia thiét rang f 1a (MLC)

vdi cac hé sb ¢, ¢p. Ta lay day {a;} C (0, +o0) thod man cac diéu kién (C1)-(C3)

da trinh bay & Thuat todn 2.1 trong Chuong 2.

Trong truong hop cac hé s6 (MLC) 1a ¢; va ¢ cta f da biét, ta c6 thé chon mot

day {Ax} sao cho

M) ClaA] C (0 ! ) (ST1)

"2.max{cy, ¢}

vdi moi k > ko, trong d6 ko 1a mot s6 nguyén duong nao d6. Nguoc lai, khi gap
khé khan trong viéc tinh toan cy thé hodc tim cac xép xi cho cac hé s6 ¢1 va oy, ta
can mot phuong thitc khéac dé xay chon day c& bude. Xuat phat tr mot s6 Ag > 0
bat ki, day {A;} c6 thé dugce cap nhat tai mbi budc lap bang cong thirc sau day

(I — 22 + 12— 4)12) } ST2)
20f (%, yF) = F(xF, 26) = £ (25 y9))+
trong d6 p € (0,1), {ry} C R™ théaman ) ° ,rx < +oco va [a]1 = max{a,0}.

Ak+1 = min {Ak + 15,

Bo dé 3.6. Gid si ring Gid thiét 3.3 duoc théa man. Hon nita, f la (MLC) v6i cdc hé
s0 duong cq, ¢ va g la K-(LC). Khi dé day { Ay} sinh bdi phwong thitc (ST2) 6 cdc tinh
chat sau day:

(i) Ton tai hai s6 duwong A, A sao cho v6i moi k,

A< A <A (3.29)
(ii) Day {Ax} hoi tu.
(iii) Voi moi k, ta co

k _ k|2 k_ k|2
f(xk,yk) —f(xk,zk) —f(zk,yk) < ‘M(”x Z !A:_'HHZ Y H ) (3'30)
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Chirng minh. (i) Ttr (ST2), ta suy ra

(k= 22 + ||2% — y¥|?) }
2(f (xk, yk) — f(xk, 2%) — (25, ¥9)] ¢

Z "2[f (2K yF) — F(oF,2) = F(5, )]

vdi moi k. Tiép theo, tir tinh (MLC) ctia f, ta dugc

Ak+1 = min {Ak + 15,

(o — 22 + (|25 — y*|?) (e — 2 + (125 = y*[?)
[f (xR, %) — F(x,25) = (259904 allak — 212 + co|2F — w12
(e =22 + 125 — ()
— max{cy, c2}. ([[xF = 2F)2 + |25 = y¥[1?)
_r
max{cy, 2}’

Tir hai bat dang thic trén, theo nguyén li quy nap, v6i moi k ta ¢6

. H . H
> > . .
Aki1 > min {/\k, > ax{cl,cz}} > min {/\0, > ax{cl,cz}} (3.31)

Mt khac, tir (ST2) ta suy ra rang voi mdi k, Apq < Ay + 4. Tiép tuc st dung
nguyén li quy nap, ta dugc

k 1)
A1 S Ao+ Y ri < Ao+ ) ri (3.32)
i=0 i=0

Theo (3.31) va (3.32), diéu kién (3.29) duoc thda man véi A = min {/\O, m}
(ii) Ta lay day {s;}$> , cho bdi cong thic sy := Ay — L5 r; vi moi k > 1. Dé thay,

Sk41 — Sk = Mep1 — (Mg + 1) <0 Vk > 1

Vi vay, day {si} la khong tang. Hon ntra, do {A;} bi chan dudi bdi A, ta cd, véi
moik > 1,5, > A— Zf:_(} ri > A=Y 2t Day {s;} do do la khong tang va bi
chan dudibdi A — Y 7; nén hoi tu. Bén canh d6, do Ay = s + Y51 1y, day {44}
cting hoi tu va limy_, e Ay = limy_0 S + Yo 7i-

(iii) Bay gio ta chiing minh bat dang thirc (3.30). Dau tién, trong truong hop
F(x5,y%) — F(xk,25) — f(Z5,y¥) < 0 thi bat ddng thiic hién nhién ding. Ngugc
lai, néu f(xX,y5) — f(xK,2%) — f(zF,y%) > 0, ta c6

(k= 2 + ||12% = y¥|?) }
2[f (xk, yF) — f(oF, 2F) — F(2K, yF)] 4
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S 14 [ Al )

T 2[f (K yR) — f(K 2K) — F(2K y9)] 4

I A Ear -l l EA Al )
2(f (xk, yk) — f(xk, 2%) = f(2K,y5))’

hay tuong duong vdi,

(llc* = 25 + 112 — y*11?)

O = f, 25 - f ) < B v

Nhu vay, bat dang thic (3.30) dugce chitng minh xong. O
Bay gio ta phat biéu dinh ly chinh ctia muc nay.

Dinh 1y 3.3. Gid si cdc diéu kién ciia B6 dé 3.6 dugc théa man. Hon nita, cic day
{5} C [a,b] C (0,1), {ax} C (0,+00) théa man cic diéu kién (C1)-(C3). Day { Ay}
dugc chon theo mot trong hai phuong thitc (ST1) hodc (ST2). Khi dé, day {x*} sinh
béi Thudt todn 3.1 héi tu manh dén mot nghiém x* cia bai todn EP(f,C) théa man
xt € Sol(g, Sol(f,C)).

Dé chitng minh dinh ly nay, ching ta can két qua bd trg sau day.

Bo deé 3.7. Vi cdc diéu kién trong Dinh Iy 3.3, ton tai mot s6 nguyén kg sao cho 1 —

YA > 0va
Iy* = a1 < (1= yaedi) [ — xa | (3.:33)
voi moi k > k.

Chirng minh. Truwong hgp 1. Day {1} dugc chon theo phuong thuc (ST1).
Chirng minh ctia B6 dé 3.7 trong Truong hop 1 hoan toan giéng véi chirng minh
clia B6 dé 3.5 dugc trinh bay trong Muc 3.2. That vay, ta chi can thay x(t), y(t),
z(t), A(t) va a(t) trong chiing minh ctia BS dé 3.5 1an lugt bang x¥, y¥, 25, A, va
Q.

Truong hop 2. Day {A;} dugc chon boi phuong thic (ST2).
Tir bat déng thuce (3.30), ta ¢o
I — 2|12 + [|2* — y*|I?)

A ) = Flb ) — a2 - 1
2 k41
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Tir danh gia trén, ta suy luan tuong tu nhu chiing minh cta B6 dé 3.5 va thay thé
va danh gia (3.18) bang

A
A1) 2 2ARLF ) = F4 0] = B = 24P 4 = )
Vi vay, danh gia (3.19) sé dugc cai bién thanh
—20f (25, y) < — 20408 (6, ) — g (", 2M)]
A
(1 L) (= 0P 1 = ) + - 1
k+1

Tur day, sau khi lap lai cac bién d6i va suy luan trong chiing minh ctia B dé 3.5,
thay vi danh gia (3.25), ta co

Iy* = x| < (1= yaedp) 12 = x0, 1> — (1 - o Ak) I — 2|2

PAK

_(1_

Do day {Ax} hoi ty, ta ¢ limy_,4, A/\—k

s6 nguyén ko > 0 sao cho £

) I — 2P
+

Ak

(3.34)

= 1. Mat khéc, # € (0,1) nén ton tai mot
A 1 véi moi k > ko. Didu nay cung vdi (3.29) va

limy o, & = 0 suy ra ton tal m()t s6 nguyén duong ko dt 16n sao cho

( A KZ
Ak+1 0%
P‘ k

1— >0
Aky1
[ 1 — oAy > 0.

voi moi k > ko. Vi vay, tir (3.34) ta suy ra [|y* — xa, |2 < (1 — yagAy) || 2K — x4, ||
v6i moi k > kg. Vi vay, hé thuc (3.33) dugc thoa man. Theo cach chon, ta cing c6

1 — yagAr > 0. B6 dé duge chirng minh xong. O

Chitng minh Dinh Ij 3.3. Goi kg 1a sb nguyén duong sao cho cac bat dang thic
1 — yagAg > 0va (3.33) dling v6i moi k > ko. Sau day, ta chi xét k > ko. Ap dung

bat dang thitc (1.3) va biéu thitc x*1 = (1 — 1) x* + 1k, ta c6

ka+1 HZ

x“k+1)

— Xagyq Hz

— Xap HZ = H (1 - Tk)(xk - x“k+1) + Tk(yk -

< (1= 1) || — 2, I+ |y (3.35)
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V6i moi hy € (0,1), sit dung dang thuc (1.1) va bat dang thic Cauchy-Schwarz,

ta thay ring

9% = a2 = 10 = o) + (g = %) 2

k k
- Hy — Xy HZ + Hxﬂék+1 - xﬂék”2 + 2<y — Xag s Xageq — xﬂék>

k k
> Y = g 12+ gy = X2 = 205 = g 2y — 2

k k
> Y = Xy 12+ ey — Xl = Pl — x4 117

1 2
— h—kaak+1 — X |

1—-nh
k k
= (1—h)lly" — x“k+1H2 B hy ||x"‘k+1 N x"‘kHZ'

Chia hai vé cta bat déng thac trén cho1 — h; > O va chuyén vé, ta duogc
1 1
k 2 k 2 2
Hy _x“k+1H < 1_thy —x,ka +h_ka“k+1 _xl’ékH :

Két hgp (3.33) va (3.36), ta suy ra

k 1 — yap A Ik

1
—xakHHZ < X —xmkﬂz—t—h—k||xl,¢k+1 —xakHz.

ly
Mt khéc, ta thay

(1= 1) " = g, |12
= (1= ) | (x* = xap) + (g, — X)) [P
= (1= ) |¥* = 2, |17+ (1 = ) | e — Xy I
+2(1— Tk)(xk — Xayy Xoy — Xay, )
< (1= 1)l = xgy |1+ (1 = 1) |20y, — Xay, I
+2(1 = 1) |6 = s |||, — X

k
< (1—1)||x" — xuckHZ + (1 = ) [y — xak+1H2

YTl Ak |\ k ) 2(1—7)? 2
+ (1 Tk)—z(l ~7) | — 2, ||” + BT |20 — Xy |
YTl Ak k
= (1 T et P
2(1 —1)? 2
* (1 KA YT Ak 0 = Faa|

(3.36)

(3.37)

(3.38)

Trong d6 ta st dung bat deamg thuc (1.2) trong danh gia tha tu. Tu (3.35), (3.37)
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va (3.38), ta suy ra

T A Te(1 — yagA
kaJrl_xtka”zS(l_Tk"'ry K%k k+ k( Y&k k)) ka_xtkaz

2 1—hy
21— %)% | 2
l1-+—-—"—+ — — . 3.39
+ ( Tk r)/Tk(xk/\k hk H'x‘xk x“k+1 || ( )

A N v A . . A 2 .
Bay gio, do 0 < yapAy < 1ta dat by = 4j3a’]7(0€1i<)\k € (0,1). Khi d6, bat dang thuc
(3.39) trd thanh

1
I x| < (1 _ —m—kakAk) 1k — x|

4
2(1 —5)* | (4 —3yme)
+
Y Telic Ak YarA

+ (1—Tk+ ) Hxak—x,kaHz.

(3.40)

Tuy nhién, theo BS dé 3.2(ii), ta 6 || xu, — Xu., || < 51 M véi mot s6 M > 0

vamoi k > kg. Vi vay, tir (3.40) ta suy ra

1
40 = g1 < (1 s ) ¥ = g 2

n (1 B 2(1 - ) G 3Wk)wc)) | — ik%—l’zMZ'
YT A g Yok o
(3.41)
Tiép theo, ta dat
Px = ka - xtkaZI
1
Pk = ZL')’Tk“k/\k/
21— )% | n(4— 3706k/\k)) | — e |* o
=(1—-7+ + M?,
T ( A YorAk o?
khi d6 bat dé'mg thirc (3.40) duoc viét lai dudi dang
Prr1 < (1 — pr)dr + - (3.42)

Tir cac hé thie {1} C [a,b] C (0,1), {A¢} C [A A] va {a;} thda man cac diéu
kién (C1)-(C3), ta dé thay

lim py =0 va ) pg = +oo. (3.43)

k—o00 =1
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Hon ntra, do limy_, o, Mk—ﬂ#“' =0,tacd
lim Ik
k—o0 Pk
2 2 _ _ 2
T ((1 n)a+ 21— )" | (4 3’Yﬂék?\k)> o ‘Zk+l| _o.
k—00 YT Ak YTk YA oy

(3.44)

Tir BS dé 1.18 va cac hé thuc (3.42), (3.43), (3.44) ta suy ra rang ¢, — 0, tic la
||k — xq, || — 0 khi k — 0. Vi vay, theo BS dé 3.2(iv), ta dugc x* — x' khi k — .

Dinh ly dugc chung minh xong. [

3.4 Thi nghiém so

Trong muc nay, chung ta trinh bay mot s6 vi du dé mo ta két qua so ctia Thuét
todn REM 3.1 véi ca hai phuong thuc (ST1) va (ST2) duge ap dung (hai truong
hop nay dugce goi lan lugt 1a REM (ST1) va REM (ST2)). Pong thai, ta cling ap
dung ba thuat toan kiéu dao ham tang cuong lai ghép khac, do 1a Phuong phap
gan két kiéu dao ham ting cuong (EVM - Extragradient-Viscosity Method) dugc
trinh bay trong [117], Phuong phap dao ham tang cuong gan két (VEM - Viscosity
Extragradient Method), va Phuong phap dao ham tang cuong Halpern (HEM -
Halpern Extragradient Method) dugc trinh bay trong [63] nham so sanh két qua
s0 ctia cac phuong phap nay véi REM. Cac phuong phéap nay c6 biéu dién

( (

Yk = proxAkf(xk,_)(xk) vk = proxAkf(ka)(xk)
(EVM) : ¢ zk = prox/\kf(yk,_)(xk) ,(VEM) : < zk = prox/\kf(yk’_)(xk) /
\xkle = zF — w F(Z5) \xk“ = aph(ZK) 4 (1 — ag)Z*

vk = proxAkf(xk/.)(xk)
(HEM) :  zk = prox/\kf(ykl.)(xk)

k+1

XK = wxg + (1 — ay)ZF

\

Vidu 3.1. ChoH = R" va C C H la mét da dién cho bdi

C={xeR": Ax < b},
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trong d6 A € R"™ (n < m)vab € R". Ta xét mét song ham f : C x C — R xac
dinh béi

flxy) = (Px+Qy+4q)' (v — 2),
trong d6 g € R™, P va Q la hai ma trdn vudng cAp m sao cho Q — P la déi
xting, ntra xac dinh am va Q ciing la d6i xing, nita xac dinh duong. Dé thay f 1a
don diéu va la (LC) v6i hé s6 L = ||Q — P||. Vi vay, ham nay ctng la (MLC) véi
===t
Déi véi phuong phap REM tinh theo cach chon day c¢d budc (ST1), ta lay Ax = %
vdi moi k. Dbi v6i phuong phap REM tinh theo cach chon ¢d budc (ST2), ta lay
u=204 1 =1,1 = (k+1)"11 Dbi vé6i cac phuong phap EVM, VEM, HEM,
day {Ax} dugc cho bdi

1 1 0.9
A =09mind —, — b =2
k mm{zcl’zcz} L

vdi moi k. Day tham s6 hiéu chinh {a;} sé dugc lay trong hai truong hgp, d6 1a
ap = (k+1)7"vaa = (k+1)7%. Ta ciing lay g(x,y) = (Mx +p)T(y — x),
trong d6 p € R™ va M la mét ma tran nira xac dinh duong cap m. Bén canh
do, ta dat F(x) = Mx + p va h(x) = 0.5x + p lan lugt cho cac phuong phéap
EVM va VEM. Ta chd y rang x 1a mot nghiém ctia bai toan EP(f, C) khi va chi
khi n6 1a nghiém ctia bai toan diém bat dong x = prox Af(x,)(X) vOi mot gia tri
A > 0 cb dinh. Vi vay, dé minh hoa két qua ctia cac phuong phép, ta sit dung ham
D(x) =[x — PIOX,) £(x,.) (x)|| v6i mét gia tri A > 0 nao d6. Chinh xac hon, ching
ta quan sat dang diéu ctia day {D(x*)}. Su héi tu ctia {D(x¥)} t6i 0 c6 thé dugce

xem nhu su hdi tu cta x* t6i nghiém cuda bai toan.

Thir nghiém 1. Trong thir nghiém dau tién, ta stt dung vi du vé bai toan can

bang tuyén tinh dugc mo ta trong [90], trong d6 da dién C dugc xac dinh bai

5
C:{xe]R5:in21, 5§xi§5,i:1,...,5}.
i=1
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Ta lay

31 2 0 0 O 16 1 0 0 O

2 36 0 0 O 1 1.6 0 0 O
P=10 0 35 2 0{,Q=|0 0 15 1 o0f,

0 0 2 350 0 0 1 150

O 0 0 0 3 |0 0 0 0 2

vag = (1,—-2,-1,2,—1)T. Chon 7 = 0.9 véi moi k cho phuong phap REM. Hé
s6 kiéu Lipschitz1a L = ||P — Q|| = 3. Diém khéi daula xp = (1,1,1,1,1)T. Ta
cting lay M = I and p = q. Cac két qua dugc mo ta trong Hinh 3.1 va 3.2.

10"

10°

107"

102

D(x")

10°F

104 E

Thoi gian [gidy] Thoi gian [gidy]

Hinh 3.1: Cac phuong phap véi Hinh 3.2: Cac phuong phap vdi
ar = (k+1)7%% cho Vi du 3.1 (Thu ar = (k+1)7%° cho Vi du 3.1 (Thu
nghiém 1). S6 budc 13p lan lugt 1a nghiém 1). SO bude lap lan luot 1a
173, 172,275, 254 va 268. 164, 173, 256, 248 va 264.

Thir nghiém 2. Trong thit nghiém tiép theo, ta sinh P va Q ngau nhién trong
R100x100 g5 cho cac diéu kién dugc mo ta trong Vi du [63, Example 3] dugc thoa
man. Vectd g duge chon ngau nhién trong R100, Tap chfap nhan C duogc xac dinh

JR10x100

bdi mét ma tran A € va mot vecto ngdu nhién b € RY. Ta cing lay

M = Q, p = q va diém khéi dau xp = (1,1,...,1)T € R, Cac Hinh 3.3 va 3.4

thé hién két qua ctia thir nghiém nay.
Vi du 3.2. Xét khong gian ‘H = R™ va tap
C={xeR": Ax < b},
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‘
——REM (ST1)
——REM (ST2)
EVM
VEM
102 ——HEM

Thoi gian [gidy] Thoi gian [gidy]

Hinh 3.3: Cac phuong phap véi Hinh 3.4: Cac phuong phap vdi

ar = (k+1)7%% cho Vi du 3.1 (Th ar = (k+1)7%° cho Vi du 3.1 (Thu
nghiém 2). S6 budc 13p lan lugt 1a nghiém 2). S6 budc lap lan luot 1a
138, 141, 131, 191 va 189. 118, 133, 147, 114 va 205.

trong d6 A € R (10 < m)vab € IR}rO. Bén canh do, song ham f dugc cho badi

flx,y) = (ixi%) (iyi%)-

Do song ham f la L-(LC) v6i hé s6 L = m nén hién nhién cting 1a (MLC) véi cac

hé s6 ¢1 = ¢, = 4. Ta lay song ham g ¢6 dang

gx,y) = (Mx+p)'(y—x)

véi M € R"™ ™ ]a ma tran ddi xiing va ntta xac dinh duong, p 1a mot vects ngau
nhién trong R™. Ta léy T = 0.9 v&i moi k. Diém khdi dau x, toan t F, h va cac
tham s6 dugc chon gidng nhu Vi du 3.1 (Thit nghiém 2). Sy minh hoa ctia cac

phuong phép trong truong hop m = 100 duoc thé hién trong cac Hinh 3.5 va 3.6.

Vidu 3.3. Xét H = R" va

f(x,y) = o(y) — o(x),

trong d6 ¢(x) = xTQx + ¢ x +a,a € R, g € R™ va Q 1a ma tran dbi xtiing, ntra
xac dinh duong bac m. Tap chap nhan la da dién C = {u € R™ : Au < b}, nhu
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‘ ‘
——REM (STH) ——REM (ST1)
——REM(ST2) ) ——REM (ST2)
10 EVM

EVM
VEM VEM
100 ——HEM 1 ——HEM

\ \
= 102
% a5l i
8 10
104
2 4

D(x")

10'10 L

1015 . . . . . 1010 . . .
0 2 4 6 8 10 12 0 6 8 10 12

Thoi gian [gidy] Thoi gian [gidy]

Hinh 3.5: Cac phuong phap véi ay = Hinh 3.6: Cac phuong phap voi ay =
(k+1)7%%,m = 100 cho Vi du 3.2. (k+1)7%, m = 100 cho Vi du 3.2.
S6 budce lap lan lugt 1a 244, 215, 316, S6 budce lap lan lugt 1a 291, 213, 322,
314 va 312. 298 va 339.

dugc cho trong Vi du 3.2.

Song ham f don diéu va dong thai 1a ca (LC) va (MLC) véi cac hé s L, ¢y, cp bat
ki. Vivay, ta chon¢; = ¢ = L = 0.1. Song ham g c¢6 dang

g(x,y) = (Mx+q)"(y — x).

Diém khéi daula xg = (1,1,...,1)T € R™. Céc toan tit F, h duoc lay tuong tu nhu

Vidu 3.2. Cac sb a, vécto g va ma tran Q dugc sinh ngau nhién. Ta léy A = OT‘L =4

cho thuat toan REM (ST1). Mat khac, chon Ay = 0.9 min {%, ZL} = % cho cac
17 201

thuat toan EVM, VEM va HEM. Tat ca cac tham s6 khac dugc 14y nhu trong Vi

du 3.1. M6t lan nira ta ldy m = 100. Cac Hinh 3.7 va 3.8 thé hién cac két qua sb

cho vi du nay.

Vi du 3.4. Cho khéng gian H = R va song ham f(x,y) = (R(x) + p)T(y — x)
trong d6 p € R™ va R(x) dugc cho bai

1 1
R(x) = proxya(x) = asgmin { 3[4+ 1 = x5 1 e R"}.

Tap chdpnhanla C = {u € R" : Au < b} trongd6 A € R1*" va b € RIO.

Do R la 4nh xa gan ké ctia ham 16i d(x) = 1||x||* nén la don diéu va khong gian. Vi
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——REM (ST1)

——REM (ST2)
EVM

102 VEM

— HEM

D(x")

D(x)

Thoi gian [gidy]

Thoi gian [gidy]

Hinh 3.7: Cac phuong phap véi ay =

(k4 1)79% cho Vi du 3.3. S6 budc Hinh 3.8: Cac phuong phap véi ay =
1ap 1an luot 1a 153, 136, 200, 214 va (k+1)7%° cho Vidu 3.3. S6 budc lap
217. 1an luot 1a 157, 145, 196, 205 va 204.

vay, song ham f 1a L-(LC) v6i L = 1 va cting déng thoila MLC) véicy = ¢p = %
Ta chon m = 100. Ma trdn A € R0 c4c vécto b € R% va p € R dugc
sinh ngau nhién. Trong thir nghiém nay ta lay a; = (k+1)7%° va u = 0.6 cho
thuat toan REM (ST2). Céc yéu t6 khac dugc lay giong nhu trong Vi du 3.1 (Thi
nghiém 2). Cac két qua dugc thé hién trong Hinh 3.9.

Vi du 3.5. Cho H = 2vacobdinhm € N, m > 2. Xét B : 2 — (2 cho bdi
B(x) = (z1,z2,...) V0iz1 = ... = 2y = 0, Zjys1 = Xpa2, Zmao = —Xpe1 VA
zi=0,j>m+1.TalayC = {x € £ : x; = 0,i = 1,...,m}, cac song ham
f(x,y) = (B(x),y — x) va g(x,y) = (x,y — x). Xét bat dang thitc bién phan

Tim x* € C sao cho (B(x*),y —x*) >0 Vy € C. (VIP(B, C))
Bai toan nay chinh 1a bai toan EP(f, C), ta gia thiét tdip nghiém Sol(f,C) # @.

Taco (B(x),x) = 0Vx € H nén B don diéu va lién tuc Lipschitz nhung khong
dong buc. Dé thay Sol(g, Sol(f,C)) = {x'} véix" = 0.
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108

REM (ST1)

REM (ST2)
EVM

Thoi gian [giay]

Hinh 3.9: Cac phuong phap véi a; = (k+1)7%, m = 100 cho Vi du 3.4. S6 budc
1p lan lugt 1a 63, 52, 110, 93 va 87.

Chon A(t) = a(t) = (t+ 1)*%, hé dong luc 3.4 duoc viét lai dudi dang

z(t) = Po(x(t) = A(5)B(x(t)) — A(t)a(t)x(t)),
) y(t) = Pe(x(t) — A(8)B(z(t)) — A(H)a(t)x(t)),

i(t) +x(t) = y(b),

x(0) =x€C,

fs1 () = —A(E)3m12() = A2(E) X1 () + A2 (D) Tarsat),

tmpa(t) = AE) X1 (t) = A2 () xXmya(t) = A2(H)a(t)xmi1 (), (3.45)
%j(t) = —A*(Ha(t)x;(t), j>m+3,
kx(O) =x'eC.

Tir phuong trinh tha hai va thi ba cua hé (3.45), ta suy ra
X1 () X1 (£) + Epgo(t ) = —A2(t) (a2, 1 (8) + 22, (¢
1 () X1 () + 2 (£) Xm+2 () (£) (X4 () + X 2(8)
hay tuong duong véi
d
o (B O+ 2 (0) = =A%) (1 () + X (B))
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Nhur vay, gidi hé (3.45), ta duge

1 G () 22 (0) = (1 (0) 4+ 2, 0))e 2 B0,

| xj(t) = xj(0)e™ o ADRD >y 43,

V1 vay, ta co
_o [t)2
1x(t) — xH||2 = ||x(8)]? = Z |x; (0 + (62, 1(0) + x2,,5(0))e 2 [o A%(t)dt

m+-2 ¢
+ <|x HZ Z ‘x > e—ZfO /\(t)zx(t)dt’

nén ||x(t) — xt||> — 0 khi t — 0.

Trong vi du trén, ta 4p dung hé dong luc 3.4 cho mdt bai toan cu thé, va chira
r?mg quy dao cta hé hdi tu manh dén nghiém dung cda bai toan. Ta de cap dén
tinh khong dong bic ctia toan tir B 1a dé so sanh v6i mot s6 cong trinh, chang
han nhu Bot va Csetnek [24], trong d6 doi hoi toan tir B 1a dong buc.

Nhan xét chung. Trong cac thir nghiém trén, phuong phap REM theo (ST1) thuong
thé hién tot hon cac phuong phap dugc dem ra so sanh. Phuong phap (REM) theo
(ST2) thuong thé hién khong tot béng, dac biét trong nhirng truong hop khong

gian c6 so chiéu 16n.

Két luan chuong

Trong chuong nay, dya trén mot phuong phap hé dong luc kiéu dao ham tang
cudng két hgp vdi ki thuat hiéu chinh, ta da xay dung mot hé dong lyc lién tuc
giai bai todn can bang. Véi cac diéu kién kha chat dat 1én song ham f ctia bai toan
ban dau va song ham ¢ ctia thanh phan hiéu chinh, ta chitng minh dugc hé dong
luc c6 duy nhat mot nghiém manh toan cuc. Trong truong hop cac diéu kién dat
lén f va ¢ nhe hon va véi gia thiét hé dong luc da c6 nghiém manh toan cuc duy
nhat, ching ta chi ra rang quy dao ctia hé dong luc (hay chinh la nghiém manh
toan cuc) hdi tu theo chuan dén mot nghiém cda bai toan can bfang.

Déi voi cac phuong phap hé dong luc néi chung, néu ham cd bude A(t) — 0 khi

t — o0, thi c6 thé lam tang khoi lugng tinh toan, tich luy sai s6 va lam gidm tdc
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do hoi tu ctia thuat toan. Phuong phap da trinh bay phan nao khac phuc dugce
nhugc diém trén khi chi can diéu kién A(t) bi chan trong mot khoang (a, b) (voi
0 < a < b) pht hgp. Tuy nhién, khodng nay chi c6 thé tim dugc khi ta biét hé sb
ki€u Lipschitz L ctia song ham f.

O phan tiép theo ctia chuong, ta dé xuit mot phuong phép chinh 1ip REM la
phién ban rdi rac hoa ctia phuong phap hé dong luc ké trén. Day cd budc {Ay}
dugce chon theo mdt trong hai phuong thirc (ST1), (ST2) va cling théa man diéu
kién bi chin. Phuong phap nay dugc chiing minh la hoi tu theo chudn dén mot
nghiém ctia bai toan can bang véi day tham s6 7, € (0,1). Cudi cting, ta trinh bay
mot vai thit nghiém s6 dé minh hoa sy héi tu ctia phuong phap duoc dé xuat va
so sanh vdi cadc phuong phap da biét.

Da c6 nhiéu phuong phép giai bai toan can bang. Trong chuong nay, chiing
ta chi so sanh phuong phap dugc dé xuat voi nhiing phuong phap lap hdi tu
manh trong khong gian v6 han chiéu vi muc dich cta ching t6i la xay dung
dugc phuong phap hdi tu manh trong khong gian v6 han chiéu. Trong cac vi du
s0 dua ra, trong mot s6 trudong hop phuong phép do chiing t6i dé xuat thé hién
tot hon cac phuong phap duge dua ra so sanh. Néu so sanh phuong phap cta
chung t6i v6i nhitng phuong phap thiét ké riéng cho khong gian httu han chiéu
thi chua chic da t6t bang.

Tir cac ndi dung da trinh bay, mot vai cau hdi mé duge dat ra mot cach tu
nhién. Pau tién 1a 1am thé nao dé tim duogc cic can dudi va can trén cta ham
A(t) (tac la tim a,b > 0 sao cho a < A(f) < b) cho phuong phap hé dong luc
trong truong hgp ta khong biét hé sb kiéu Lipschitz ctia song ham f. Day 1a van
dé c6 tinh thyc tién cao vi trong nhiéu truong hop, ta kho c6 thé tinh toan cu thé
hay udc lugng hé sb kiéu Lipschitz cta f. Viéc stt dung ham A(t) gidm dan vé 0
sé khién hé dong luc ki€u dao ham ting cudng kém hiéu qua hon so vdi cac hé
dong luc moét bude do phai thuc hién mot bude tinh trung gian. Van dé thia hai
la chitng minh dugc sy hoi tu manh ctia phuong phap REM v6i mién gia tri rong
hon ctia day tham s6, cu thé 1a 7 € (0,2) v6i moi k, khi d6 phuong phap REM sé
dugc md rong thanh phuong phéap chinh 1ap kiéu dao ham tang cudng ndi long
(RREM - relaxed regularized extragradient-type method). Chung t6i hy vong sé

giai quyét dugc cac van dé nay trong nhitng nghién ctru vé sau.
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KET LUAN

Luan an dé xuat mot s phuong phap hiéu chinh giai cac bai toan bao ham
thitc bién phan c6 cau triic téng (VI), bao ham thitc bién phan tach (SVI) va mot
s6 truong hop riéng ctia bai toan VI bao gom bai toan bat dang thitc bién phan
(VIP) va bai toan can béng (EP).

Cac két qua chinh thu dugc ctia luan an bao gom:
1. Phuong phép co gan ké hiéu chinh (RPCM) giai bai toan VI;

2. Phuong phap gan ke quan tinh da budc hiéu chinh (RMSIPM) giai bai toan
VI,

3. Phuong phap kiéu gan ké hiéu chinh (RPA) giai bai toan SVI;

4. Phuong phap hé dong luc kiéu dao ham tang cudong cap mot hiéu chinh
gidi bai toan EP. Roi rac phuong phap nay, ta dugc phuong phap chinh lap
ki€u dao ham tang cuong (REM) giai bai toan EP.

Vé mit y nghia va tim quan trong, cac phuong phap RPCM va RMSIPM cung
cap nhitng cong cu mai dé giai bai toan VI. So v6i nhiéu phuong phap khac giai
bai toan nay, hai phuong phap do chuing tdi dé xuat c6 wu diém la hdi tu manh
trong khong gian Hilbert vo han chiéu va khong lam thay d6i nhiéu ciu tric cta
phuong phap gbc (phuong phap co gan ké). Phuong phap RPA gii bai toan SVI
cling c6 wu diém khi so sanh véi mot sé6 phuong phép gan ké khac, chang han
nhu phuong phap ctia Chuang [41]. Ngoai tinh héi tu manh, phuong phdp RPA
chi doi hoi tinh giai thuc | 1133 ! mot 1an tai mdi budc 13p, diéu nay gitp lam giam
chi phi tinh toan. Tiép theo, phuong phap hé dong luc hiéu chinh kiéu dao ham
tdng cuong cung cap cho ching ta mét phuong phap lién tuc véi cac diéu kién
khong qua chat dat 1én cac tham s, c6 quy dao hdi tu manh dén nghiém ding

cta bai toan EP. Phuong phap REM duogc xay dung tir phép roi rac hoa hé dong
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luc ké trén la phuong phéap hoi tu manh trong khong gian Hilbert v han chiéu.
Khi so sanh véi mét s6 phuong phéap hoi tu manh khéc, cic phuong phap RPCM,
RMSIPM, RPA, REM ciing hoi tu nhanh hon trong nhiing thit nghiém s6 cu thé
ma ludn an xay dung.
Mot s6 van dé c6 thé tiép tuc nghién ciru:
1. M& rong cac phuong phap giai bai toan bao ham thitc don diéu c6 cu tric
tong cho truong hgp tong quéat hon 1a bao ham thic gid don diéu c6 cau

triic tong.

2. M6 rong cac phuong phap lap dugc nghién cttu trong luan an cho truong
hogp céc bién la ngau nhién.

3. Nghién citu phuong phap danh gia toc d6 hoi tu ctia cac phuong phap lap
duoc trinh bay trong luan an.

4. bé xuat phuong phép tu thich nghi dé€ ham cd budc A(t) sit dung trong
phuong phap hé dong luc 1a bi chan trong truong hop khong biét hang sb

kiéu Lipschitz ctia song ham f.
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