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Muyc dich cua luan &n la xay d}_rng co sé tuyén tinh va’hé sinh tuong minh cho cac khéng
gian bat bién nay, qua d6 kiem chirng céc gia thuyét ve cau truc va c\huSi Hilbert do
Lewis-Reingr-Sta}nton de xuat. Phuong ph’ép nghién ctru st dung bao gom ky thgat cua
ly thuyét bat bien quular, cac tinh chat cua todn tu Steenrod, phén tich cau truc
parapolic,, anh xa chuyen (transfer) cung véi viéc khai thac cac dac trung cua ham Schur
va bat bien Dickson.

Céc két qua chinh caa luan an:

(1) Xay dung va phat trién toan tir § nhu mot bién thé caa ham Schur:

Luan én’dinh nghia toan tir § nhu mot mé rong ty nhién caa ham Schur va thiét
lap c4c tinh chat co ban cua no. Cu thé:

- Ching minh cong thiic tong quét cho céc toan tir 5 1ap;

- M¢ rong cong thirc nay cho truong hop tong quat hon.

Dua trén c4c tinh chat nay, luan an xay dung dugc co so tuyén tinh twdng minh
cho khong gian bat bién caa nhom Borel Q, (n)® . Tir d6, chiing t6i chimg minh duoc
gia thuyét cua Lewis-Reiner-Stanton vé chudi Hilbert caia khdng gian trén.

(2) Xay dung va kiém chang céc gia thuyét cho khong gian bat bién ciia cac nhom
parabolic va nhom GL, .

Luan an dua ra hai gia thuyét vé co so tuyén tinh cho khdng gian bat bién:
Q. (M) va Q (n)°, dya trén co so da xac dinh cho Q (n)® . Céc gia thuyét nay duoc
chting minh 13 ding hoan toan cho cac hang 2 va 3. Cu thé:

- Véi hang 2, hai truong hop xét dén 1a nhom Borel va nhém tong quét GL, ;

- Vi hang 3, chung toi xir Iy day dii cac nhom parabolic: Poy» Puz» Bs Gl



Ki thuét chinh dugc st dung 1a &nh xa chuyén dé xay dung hg sinh va thu gon
ching sao cho khap véi cac dang cho trudce trong gia thuyet.

(3) Gia thuyét vé loc Z,, va modun trén dai s6 Dickson, dai s6 Steenrod.

Luan &n phét biéu va chitng minh gia thuyét vé cau triic loc %, , ching minh tinh
dung dan pﬁa no vai cac hang khong vuot quéa 3, va md ta cau tric ndy nhu mot moédun
trén dai s6 Dickson va dai so Steenrod.

Két qua ndy cho thay su tuong tc sau sac giira toan tir Steenrod, céc bat bien
Dickson va cau truc loc cua khdng gian bat bién.

Két luan va y nghia:

- Phét trién toan tir § nhu cong cu manh dé mo ta bat bién;

- Xay dyng co s& tuyén tinh cho Q_(n)® va ching minh gia thuyét Hilbert cua
Lewis-Reiner-Stanton;

- X4c lap tinh dung dan cua cac gia thuyét vé Q. (n)™ va Q_(n)°- véi hang < 3;

- Gop phan m6 ta day du cu tric bat bien. Nhiing két qua ndy mg duang cho
viéc hiéu sau hon vé ly thuyét bat bién trén treong hitu han, dac biét & chiéu cao hang
|6n hon.

12. Cac huéng nghién cau tiép theo:

Tir cac két qua dat duoc, luan an dinh hudng mot sé hudng phat trien méi nhu
sau:

7 - Chitng minh gia thuyét cua Lewis-Reiner-Stanton ding véi nhom tuyén tinh
tong quat.

- Mo rong cac gia thuyét va chiing minh cho cac hang I6n hon n>4 va hudng
tGi viéc chitng minh tong quat voi hang n bat ky.

- Chang minh cau trdc caa loc F,, cho truong hop tong quat va nghién ctu tinh
modun cia né trén dai s6 Steenrod va Dickson.

- Dya trén két qua vé co so tuyén tinh cua khong gian bat bién da biét, nghién
clru va xac dinh khong gian ddi bat bién tuong ung.
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11. Summary of the new findings of the thesis

This dissertation investigates the structure of invariant spaces in the polynomial
rings modulo Frobenius powers under the action of subgroups of the general linear group
GL,(F,), with a primary focus on the Borel subgroup and parabolic subgroups. The aim

is to construct explicit linear bases and generating sets for these invariant spaces and to
verify a series of conjectures concerning their structure and Hilbert series proposed by
Lewis-Reiner-Stanton. The methods include techniques from modular invariant theory,
the algebra of Steenrod operations, parabolic subgroup analysis, transfer maps, and
structural properties of Schur functions and Dickson invariants.

The main results of the thesis are as follows:

(1) Construction and development of the operator § as a variant of the Schur
function

The thesis defines the operator §as a natural extension of the Schur function and
establishes its fundamental properties. Specifically:

- A general formula for iterated §-operators is proved;

- This formula is extended to more general settings.

Using these properties, an explicit linear basis of the invariant space
0., (n)Br under the action of the Borel subgroup B,, is constructed. From this, we prove
the conjecture of Lewis-Reiner-Stanton on the Hilbert series of this invariant space.

(2) Construction and verification of conjectures for invariants of parabolic
subgroups and GL,,

The thesis proposes two conjectures on linear bases for the invariant spaces
Q,(n)Pzand Q,,(n)%, derived from the explicit basis already established for
Q.,,(n)Br. These conjectures are completely verified for ranks 2 and 3. Specifically:

- For rank 2, the only subgroups considered are the Borel subgroup and the

general linear group GL,;

- For rank 3, all parabolic subgroups are treated, including P, 1y, P12y, and the

full general linear group GL;.

The main technique is the use of transfer maps to construct generating sets and
reduce them so that they match the predicted forms in the conjectures.



(3) The conjecture on the filtration F,, , and its structure as a module over
the Dickson algebras, Steenrod algebras
The thesis formulates and proves the conjecture describing the filtration F,, , showing
its validity for all ranks up to 3, and describes this filtration as a module over the Dickson
algebras and Steenrod algebras. These results reveal a deep interaction between
Steenrod operations, Dickson invariants, and the filtered structure of invariant spaces.
Conclusion and significance
- Develops the operator & into a powerful tool for describing modular invariants;
- Constructs an explicit linear basis for Q,,(n)B» and proves the Hilbert-series
conjecture of Lewis-Reiner-Stanton;
- Confirms the conjectures for Q,,,(n)P= and Q,, (n)S in ranks < 3;
- Contributes to a more complete description of invariant theory over finite fields
and opens directions for studying higher-rank cases.
12. Further research directions
Based on the obtained results, several directions for future work are proposed:
- Proving the Lewis-Reiner-Stanton conjecture for the full general linear group
GL,,;
- Extending the conjectures and their proofs to higher ranks and ultimately to
arbitrary rank n;
- Establishing the structure of the filtration F,, ,in general and investigating its
module structure over the Dickson and Steenrod algebras;
- Using the known invariant bases to study and characterize the corresponding
coinvariant spaces.
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