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L.OI CAM DOAN

To6i xin cam doan luan an la cong trinh nghién cttu cta riéng to6i, dugc
thuc hien duéi su huéng dan ciia tap thé giang vien huéng dan. Céc so lieu va
két qua trinh bay trong luan an 1a trung thiyc. Nhitng phan két qua c6 lién quan
dén cac cong trinh dong tac gid da duge st dung trung thue, cé trich dan day
dt, va da nhan dugce sy dong thuan clia cac dong téc gid trude khi dua vao luan
an. Toi chiu trach nhiém vé tinh chinh xac va trung thyc clia toan bo noi dung

luan an.
Ha Noi, ngay 24 thang 02 nam 2026

Tac gia

Nguyén Van Nghia



Danh muc ky hiéu va viét tat

Ky hiéu

Giai thich

Fq

S =Fy[z1,..., 2]

Im

D, = Fq[@n,m e aQn,n—l]

Fy(x1,22,...,2p)

GLy, GL,(F,)

Pq

By,

SGLn7 SPa 7 SB"

Truong hitu han véi ¢ phan ti,
¢ 1a liiy thita clia mot s6 nguyeén to p.

Vanh da thifc n an ¢6 he s6 thuoc truong F,.

m m
q
)

Ideal ctia vanh Fyfz1,. .., z,) sinh béi {«4 24", ... 28 }.

Vanh thuong F[z1,...,z,]/Ln.

Da thtc Dickson hang & thit i.

Bat bién Mui thit i.

Dai s6 Dickson hang n.

Khong gian vécto c6 co sé {z1,x2,...,z,} trén truong F,.

Nhom tuyén tinh tong quat n chiéu c6 hé s6 trén truong F,.

Nhém con Parabolic ctia nhém tuyén tinh tong quéat GL,.

Nhém con Borel clia nhom tuyén tinh tong quat GL,.

Khong gian cic da thitc ctia S bat bién dudi tac dong




Ky higu

Giai thich

Qun(n) S, Qp(n)Fe,
Om (n)B"

cua cac nhém GL,, P, B,.

Khong gian cic da thic clia Q,,(n) bat bién dudi tac dong

cua cac nhém GL,,, Py, B,,.

Mot F,-co s6 clia khong gian bat bién Q,y,(n)Fe.

Mot F,-co s6 clia khong gian bat bién Q,,(n)5.

Mot F,-co s6 clia khong gian bat bién Q,,(n)%n.

Mot F,-co sG clia khong gian bat bién Q,,(3)Few.

Mot F,-co sG clia khong gian bat bién Q,,(3)Fa2.




MG DAU

Ly thuyét bat bién nghién citu tac dong ciia nhom, cac diem bat dong va
cac quy dao. Thong thuong, nhom tac dong trén cac khong gian vécto (phan
bac), hodic cac dai s6 tréen mot truong. Day 1a mot trong nhitng linh viic nghién
citu trung tam cta dai s6, v6i lien hé va tng dung trong nhiéu nhanh nghién
citu khac ctia toan hoc nhu to hop, 1§ thuyét nhom, déi dong diéu ctia nhém, to
po6 dai s6 va 1y thuyét biéu dién.

D6i tugng nghién ctu co dién va quan trong nhat 1a tac dong tuyén tinh
ctia cac nhom hitu han trén vanh da thitc. Ky hiéu V' 1a mot khong gian vécto n
chiéu trén truong k, va (z1,...,7,) la mot co sé cia V. Ky hieu GL(V) 1a nhém
cac tu ding cAu tuyén tinh ctia V. Ta ¢ thé dong nhat GL(V) v6i nhom nhan
cac ma tran kha nghich cap n vé6i hé s6 trong k. Ky hieu S 1a dai s6 da thiic

theo cac bién z1,...,x, vdi hé s6 trong k,
S = k[l’l, . ,ycn].

Tac dong clia mot tuy dong cau ¢ € GL(V) trén V md rong mot cach duy nhat

thanh mot tu ding ciu dai s6 ctia S bdi cong thiic

(cf)(x1,...,xn) = flox1,...,00),

6 d6 ox; =" 0; jx;. Ta can tim tat cd cac da thic f € S sao cho of = f v6i moi
o thuoc mot nhom con hitu han G nao dé cia GL(V).

Mot vi du quen thudc 1a cidc bat bién ciia nhém déi xing %, tac dong



theo cach thong thudng nhu 1a nhém hoan vi cac bién q,...,z,. Cac da thic
bat bién d6 thuong duge goi 1a cac da thitc ddi xiing. Mot két qua co ban clia
dai s6 1a tap hop tat ca cac da thic doi xting lap thanh mot dai s6 con cia dai

s6 da thiic, hon nita, né ciing 1a mot vanh da thic:
klzy, ..., xa]" = kle1, ..., en).

4 do e; 1a cac da thiic dbi xting so cap. Da thitc d6i xiing 1 cac ddi tuong toan
hoc quen thuoc trong nhiéu linh vite khac nhau ctia toan hoc.
Téng quéat hon, néu G 1a mot nhém hitu han, va M 14 mot k[G]-modun,

chiing ta quan tam dén bai toan xac dinh khong gian con cac bat bién
MG:{mGM:gm:m, Vg € G}

hay néi cach khac déi dong diéu bac 0, H%(G; M), clia G véi hé sb6 trong M va

d6i ngau ciia n6 1a khong gian doi ¢o dinh!
Ho(G; M) = Mg =M/{gm —m: ge G,m e M).

Trong mot so tai lieu, Mg con dude goi 1a khong gian déi bat bién. Tuy nhieén,
trong 1y thuyét bat bién cling nhu 1y thuyét biéu dién, c6 su khéac biet 16n giita
truong hop dic s6 clia truong chia hét (modular) hay khong chia hét (non-
modular) cap ctia nhém. Trong trudng hgp non-modular, dic s ctia truong &
bang 0, hofic nguyén t6 cting nhau véi cap ctia nhom. Khi d6, gan nhu toan bo
Iy thuyét tréd nén tuong tu nhu trén truong sé6 phic. Tit quan diém tng dung
trong to6 po dai s6, va déi dong diéu ciia nhom, 1y thuyét bat bién modular c6 vai
tro quan trong hon. Trong thitc té thi nhieu van dé trong truong hop modular
kho va tha vi hon va 1a chii dé cia cac nghién citu thoi si.

Trong Luan an nay, ching t6i sé chi quan tam téi tac dong nhém hitu
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han trén céc khong gian vécto phan bac trén truong hitu han cé ¢ phan ti, ky
hiéu 1a F,, 6 d6 ¢ 1a luy thita ctia ddc s6 p 1a mot s6 nguyén t6 nao do.

Ddi v6i cac vanh giao hoan trén trudng F,, a4nh xa 1ay luy thita ¢, thuong
dudc biét dén dudi tén goi dong cau Frobenius, déng vai tro vo cling quan trong.
Ngudi ta thudng tim cac cach thic khac nhau dé khai thac sy ton tai clia dong
cau Frobenius. Mot trong nhitng ki thuat dé la toan tit Steenrod P, i > 0, va
dai s6 Steenrod A. Mic dit ¢6 nguon goc tit to po dai so, véi vai tro 1a cac toan
ti déi dong dieu ctia cac khong gian t6 po, dai sd Steenrod cé thé dude xay
dung mot cach hoan toan dai s6. Cac khong gian bat bién thuong sé c6 cau tric
ctia mot modun trén dai s6 Steenrod, v vi thé viec st dung céac hiéu biét ve
dai s6 Steenrod trong Iy thuyét bat bién modular tré nén hoan toan tir nhieén.
Hudéng nghién citu vé cac cau tric ctia vanh bat bién xem nhu modun trén dai
s6 Steenrod da dudce nghién ctu rong rai. Cac tai lieu tham khao tieu bicu la
céc cong trinh ctia Boardman [4], Meyer va Smith [21], cing nhu ctia Walker va

Wood [36], [37], cing cac tai lieu tham khéo lién quan.

Dai so Dickson, Dai so Mui

Mot trong nhitng két qua nén tang trong 1y thuyét bat bién modular 1a
cong trinh ctia Dickson [7] tit ndm 1911, x4c dinh tudng minh ciu tric ciia vanh
bat bién ciia vanh da thic n bién trén truong F, dudi tdc dong ctia nhém tuyén

tinh tong quat GL,(F,).

D, = IFq[xla - 7$n]GLn(Fq) = Fq[@n,O; SRR Qn,n—l]-

Céc da thic Q. , 0 <i <n— 1, duge goi 1a cac bat bién Dickson. Mot phan ti
ciia dai s6 Dickson D, dugdc goi 1a cic da thic Dickson. Vi moi nhém con G
ctia GL,(FF,), ta c6 mot phép nhiing tu nhien SG(Fa) € 5S¢ Vi vay, cac da thiic

Dickson luén nam trong cidc vanh bat bién, va cac vanh bat bién 14 cadc md rong



hitu han ctia Dai s6 Dickson. Vi tinh chat pho quét nay, dai sé Dickson c6 tam
quan trong dac biét trong 1y thuyét bat bién modular.

Khi G = U, 1a p-nh6ém con Sylow ctia GL,(F,), ching ta c¢6 két qué tuong
tu béi Huynh Mui nam 1975 [24]:

Flz1,. .., 2" = F [V, ..., Va).

Cac bat bién Mui V;, 0 < i < n, giit vai trdo quan trong tuong ti nhu bat bién
Dickson, dac biét la khi khao sat cac p-nhém.

Céc vanh bat bién cho cdc nhém con parabolic ctia nhom tuyén tinh tong
quat GL,, ciing da duge xac dinh hoan toan qua céc cong trinh ctia Hewitt [14],
Kuhn - Mitchell [18], Pham Anh Minh va V6 Thanh Tung [22].

Sau cac cong trinh cia Quillen, Mui, Madsen va Milgram, Wilkerson va
nhiéu cong sy, Dai s6 Dickson, dai s6 Mui da trd thanh mot cong cu quan trong
trong t6 po dai s6, dac biet 1a trong 1y thuyét vé toan tit doéi dong dieu va doi

dong diéu ctia nhom.

Vanh da thiic modulo luy thira Frobenius

Vé6i méi s6 nguyen duong m, ky hiéu I,, 1a idéan ciia vanh da thiic S trén
truong F, sinh béi cac luy thita Frobenius thit m, I, = (z¢ ..., 28" ). Dit Quu(n)
la vanh thuong

Qm(n) =5S/Ipy,.

Do I,, on dinh duéi tic dong ctia GL, = GL,(F,), vanh thuong Q,,(n) c6 tac
dong cam sinh ctia GL,,. Cau tric GL,-modun ctia Q,,(n), va dac biét 1a khong
gian GL,-bat bién ctia n6 la ddi tugng nghién cttu chinh ctia luan an nay.

Céc nghien cttu cia Kuhn [17] vé Morava K-ly thuyét ctia khong gian

phan loai cling nhu ctia Boardman [4] va Kameko [15] vé bai toan tim hé sinh



téi tieu clia vanh da thiic xem nhu modun trén dai sé Steenrod cho thay cau tric
modun trén nhém tuyén tinh tdng quat va/hodc trén dai s6 Steenrod clia vanh
da thtic modulo luy thita Frobenius can dugc nghién cttu mot cach ki ludng hon.

T cach xay dung, ta thiy Q,,(n) 1a mot dai s6 hitu han chiéu. O bac cao

nhat n(¢™ — 1), ta c6 mot khong gian vécto mot chiéu, sinh béi don thrc

v6i tac dong tam thuong ctia GL,. Ta c6 thé dinh nghia mot dang song tuyén

tinh khong suy bién trén Q,,(n) bdi cong thiic

fg, mnéudeg(fg) =n(q™ —1),
(f,9) =

0, trong cac truong hop khac.

Vi vay, ton tai mot dang cau gitta cdc khong gian vécto

Qm (n>GLn = Qm(n)GLn .

GL

= sé cho

Do d6i ngau Poincare, thong tin vé khong gian bat bién Q,,(n)
thong tin vé khong gian ddi ¢6 dinh Q,,(n)gr,, va khi cho m dén vo cung, ta
thu dugc thong tin vé khong gian déi ¢6 dinh Sgp, ctia vanh da thitc. Mot dicu
dang ngac nhién 1a trong khi khong gian bat bién SSM, hay con goi 1a dai s6
Dickson, da dugc xac dinh hoan toan tit nam dau thé ky 20, trong khi d6 gan
nhut khong c6 hiéu biét nao vé Sgr,, cho dén cac cong trinh clia Lewis-Reiner va
Stanton [19].

Vanh da thitc modulo Frobenius ciing cho thong tin vé dai s6 doi bat
bién?. Nhic lai rang néu GL,, (F,), vanh ddi bat bién ctia GL, la vanh thuong

clia dai s6 da thiic S bdi idéan sinh bdi cac da thiic bat bién SG» khong chiia

2

coinvariant algebra
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héng (tic 1a khong chita cdc thanh phan bac 0).
S ®geL, k= S/(SEL"),

§ do k duge hiéu 1a SELr-modun tam thusng. Luu ¥ ring Sgr,, van con tac dong
cam sinh cua GL,. Chevalley, dia trén cac nghién ctu truée dé ctia Shephard
va Todd phan loai cdc nhém phan xa phiic chiing minh rang khi & = C 1a truong
s6 phiic, dai s6 d6i bat bién Sqr, dang cau véi bicu dién chinh quy C[GL,], xem
nhu 13 GL,-modun [16]. Diéu thd vi 1 dang cAu nay gitip tao nén mot phan bac
cho biéu dién chinh quy, va nhiéu nghién cttu sau séc vé lién hé giita phan bac
nay va cac biéu dién bat kha quy clia GL,,.

Trong truong hgp modular, Mitchell [23] chiing minh rang dai s6 d6i bat
bién va biéu dién chinh quy dédng cau Brauer v6i nhau, hay néi cach khac la
c6 cling cdc thanh phan hgp thanh thuong (composition factors). Trong truong
hop nay, ching ta hau nhu khong c6 thong tin gi vé méi lien heé gitta cac bieu
dién bat kha quy va céc phan bac cam sinh tit dang cau tren.

Mat khac, tit phuong trinh co ban
X7 - an_lQn,n—l ot (_1)an0Qn,O =0,

v6i moi X thuoc khong gian con dugc sinh béi z1, ..., z,, ta két luan riang idéan
Frobenius (z{ ,... a3 ) nam trong idéan sinh bdi cac Qn;, hay noi cach khéc la

(S¢H). Tit d6, chiing ta c6 mot toan cau chinh tic ciia cac GL,-modun
Qu(n) = S/(a1 ... al ) — S/(S9),

D61 tugng nghién ctu chinh clia luan 4n 1a vanh Q,,(n) duéi tac dong
ctia nhom tuyén tinh tong quat GL,, (F,) va cidc nhom con parabolic. Trong cong
trinh sau sdc [19], Lewis, Reiner va Stanton da dua ra mot loat cac gia thuyét ve

chudi Hilbert clia cdc vanh bat bién néi trén ctia vanh da thic modulo Iy thita

11



Frobenius, va cac hé qua. Day 1a két qlia clia mot chudi cac cong trinh nghién
cttu tit hon 20 nam nay vé hién tugng sang xyclic? trong dai s6 t6 hop va céc
g-phién ban ctia Reiner, Stanton va cac cong su. Trong do, vanh da thitc modulo
ltiy thita Frobenius déng vai tro nhu 1a mot phién ban tuong tu ctia khong gian
g-W Fuss Catalan, Cat(m)(W, ¢) khi nhom phan xa hitu han W dugc thay thé béi
nhém tuyén tinh tong quéat GL, (F,).

Trong phan tiép theo, ching toi sé gi6i thieéu chi tiét hon vé nghién citu ciia
Lewis, Reiner, Stanton va cac cong sy, nham cung cip mot bic tranh tuong doi
khai quéat vé nguon goc dan dén phat biéu clia loat gid thuyét vé chudi Hilbert
clia cac vanh bat bién Q,,(n). Day la mot huéng nghien citu thai sy trong t6 hop
dai s6%, c6 nhiéu lien hé sau sic vé6i Iy thuyét bicu dién, Iy thuyét nit,... va cho
dén nay van con nhiéu van dé mé chua duge gidi quyét. Phan gidi thieu dudi

day doc lap véi cac két qua clia cac chuong sau.

Hién tugng sang xyclic (CSP)
Phién ban ¢

Mot phién ban ¢° ctia mot dinh 1y hay cong thitc 1a mot tong quat hoa
ctia két qua do6 véi st xuat hién ctia mot tham s6 mdi, tham sé ¢, va khi cho ¢
tién dén 1 thi ta thu lai dugc két qua ban dau. Trong dai sé va t6 hgp, phién ban
¢ xuat hién mot cich ty nhién khi ta lam viéc trén truong hitu han c6 ¢ phan
ti va v6i cac tap hop co tac dong ctia nhéom GL, (F,) (6 day ¢ phai la luy thia
clia mot s6 nguyen t6 nhung ham bién ¢ xay dung duge sé duge dinh nghia véi
¢ tuy ¥.) Trong trudng hop nay, khi cho ¢ tién dén 1, nhém GL,, (F,) duge coi la
suy bién thanh nhém déi xing ¥, ciia n phan t. T nam 1956, nha toan hoc

Phap Jacques Tits [35] da dua ra mot hinh &nh ggi ¥ vé sy ton tai clia cai goi la

3cyclic sieving phenomena - CSP
4algebraic combinatorics
5g-analogue
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truong cé 1 phan ti¢ dé mo ta su kien nay. Theo ong, to hop clia cac tap hop va
tap con ciing giéng nhu hinh hoc ciia cac khong gian vécto va khong gian con.
T6 hop 1a truong hop ¢ = 1 ctia hinh hoc! Da c6 nhiéu két qua trong t6 hop va
Iy thuyét biéu dién cho thay hinh dnh nay hoan toan khong hé chi c¢6 tinh chat

tugng trung.

Hién tugng sang xyclic - CSP

Nam 2004, Reiner, Stanton va White [29] da gii thieu mot khéi niem goi
1a hién tuong sang zyclic®, nham mo ta cac déi xing clia mot tap hgp hitu han
dudi tac dong ctia nhom xyclic, trong do tac dong ciia nhém duge ma hoa thong
qua mot ham sinh lién két v6i tap hitu han da cho. Tu mot vai vi du mé dau,
da c6 ngay cang nhiéu vi du vé hién tuong nay dude phat hién trong nhiéu boi
canh khéac nhau, thé hien sy gin két sau sic v6i nhidu déi tugng t6 hop khac va
véi 1y thuyét biéu dién.

Gia st X 1a mot tap hgp hitu han véi tac dong cia mot nhom xyclic C
cap n nao dé. Cé thé xem C nhu la mot nhém con ciia nhém nhan cac sé phic
khac khong C* qua mot anh xa nhing w tit C' vao nhém nhan cac can bac n
clia don vi. Gia su ton tai mot da thiic X(q), bién ¢, véi he s6 nguyen khong am
sao cho v6i moi ¢ € C, gia tri clia da thitc X(q) tai ¢ = w(c) dém s6 phan tit clia

tap hop céc diém bat dong ciia X dudi tac dong cia c:
(X (Dg=w(e) = Hz € X: c(z) = z}| = |X°. (1)

Noéi riéng, X (1) chinh la lyc lugng cta tap hgp X. Mot bd ba (X, X(¢), C)
cac dit lieu nhu trén duge goi 1a ¢6 biéu hien CSP. Ham X (q) thong thuong sé
c6 them mot sb tinh chat bo sung, an chita thong tin vé mot ho cac doi tuong

td hop gin két v6i nhau ma tap hgp X ban dau chi 14 mét thanh phan. Ham

6Cyclic Sieving Phenomenon - CSP
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sinh X(¢) duge dinh nghia v6i moi ¢, va sé trd nén c6 nghia vé mat to hgp khi ¢
1a mot luy thita cia mot s6 nguyen t6, khi d6 X (¢) dém s6 phan tit ctia mot déi
tuong t6 hop nao d6 dude xac dinh trén trusng hitu han F,. Diém tha vi va kha
bat ngo 13 da thic hé s6 nguyén khong am X (¢) khong chi nhan gia tri nguyéen
duong ma con ciing ¢ ¥ nghia t6 hop khi ¢ 1a mot can ctia don vi.

Mot s6 tinh chét tiéu biéu ctia ham X (¢) thuong gip la:

1. X(¢) khi khai trién theo ¢ c6 dang > X ¢ & do st: X — N 1a mot anh

xa tha vi nao do cta tap hop X.

2. X(q) thuong c6 thém cong thiic tich don gian, lam cho né c6 thé tinh toan

dugc dé dang.

3. X(q) = Y_,;o0dim(R;)¢" = Hilb(R,¢) la chudi Hilbert ctia mot dai s6 phan
bac R nao do trén truong F, R = ®R; gin két v6i X va ¢ cau tric to hop

- dai s6 ¢6 ¥ nghia.

Sau day la mot vi du don gidn, nhung nhu ching ta sé thay, 1a khdi dau cta

mot hanh trinh véi nhiéu ¥ tudng va két qua sau sic.

Vi du 0.0.1. Xét X 1a tap hop tat ci cac tap con gom k phan tit ciia tap hop
[N] ={1,2,..., N}. Ta n6i nhém xyclic C cap n tac dong gan tu do trén [N] néu
nhu n6 duge sinh béi mot phan ti ¢ € Xy c6 kiéu xich gom mot trong hai dang

Sau
e Mot xich do dai n, 6 d6 N = an, C tac dong tu do trén [N], va
e Mot xich do dai n v mot tap gom chi mot phan ti, N = an + 1.

O d6 a 1a mot sé nguyen duong nao dé. Dat X(q) 1& ¢-hé s6 nhi thiic

N B [N]q B (1 - qN—kz—i—l)(l . qN—k-i-Q) o (1 . qN)
k _[k]q'[N_k]q_ (1—91)-~(1_qk) '
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Khi d6 bo ba (X, X(q),C) ¢6 biéu hien CSP.
Khi ¢ 13 luy thita clia mot s6 nguyén to, ¢-hé s6 nhi thiic 6 trén c6 mot

2 2 n £ Z . e X 2
¥ nghia to hgp cu the: dem so cac khong gian con k-chieu cua mot khong

k
q

gian vécto n chidu trén truong F,. Ngoai ra, ¢ thé chiing minh ring
n _ Z qK_(kgl)’
k KC[n]

§ d6 tong chay trén tat ca cac tap con K gom k phan tit clia [n], va ta cling diing
dé chi tong cac s6 thuoc K. Tréen truong F = C, c¢6 thé chon dai s6 phan bac R
chinh 14 vanh thuong ctia vanh bat bién Clzy, ..., z,]"**¥* duéi tac dong clia
nhém con Young %), x 3, C 3, bdi idéan sinh bdi cac phan tit bac duong cia
vanh déi xting Clzy, ..., z,]>".

Trong phan tiép theo, ching ta sé thay vi du mé dau nay dudc mé rong
theo nhiéu huéng khac nhau va 1a khéi dau ctia mot chudi cac cong trinh nghién
ciiu sau sic trong to hgp va dai sb.

Lién hé véi 1y thuyét biéu dién

Vi du trén c6 thé duge kiém ching mot cach truc tiép, dung céc cong cu
so cap. Tuy nhién n6 kha 14t nhat va khong gidi thich duge ro rang ban chat. C6
mot cach thitc khac dé chitng minh CSP qua cong cu ctia Iy thuyét bicu dién,
chiing ta sé tom tat lai ¢ day.

Gia st X la mot tap hgp, duge trang bi mot tac dong ctia nhom xyclic
C. Khi d6 CX - khong gian vécto nhan X lam mot co s6, la mot C-modun hoan

vi, v6i ham dac trung y thoa man

x(e) =X, ceC
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Bay gio xét ham sinh X (¢) va gid st X(q) = Zf:o aiq', a; 1a cac s6 tu nhien. Néu
ton tai mot co s6 khac cho CX sao cho tac dong clia ¢ € C' chéo hoa dude va cac

phan t1t trén dudng chéo ctia ma tran bicu dién c6 dang
1,...,1,w(c),...,w(c),...,w(c)e,...,w(c)g

4 d6 w(c)’ xuat hien dang a; lan. Khi d6 ta ciing co6
¢
X(0) =) aw(e)' = X(w(c)),
0

va ta thu duge phuong trinh (1). Nhu vay sang xyclic dude quy vé van de doi
co s6 cua mot C-modun.

Diéu kién ¢ chéo hoa ducge thic ra khong phai 1a mot dieu kién qué chit
ché. Trén truong sé phitc, nhéom xyclic C' ¢6 n biéu dién bat kha qui, ky hieu
lan lugt 1a V. 0 < i < n— 1. Tac dong ctia mot phan tit sinh ¢ len V@ 13 phép
nhan v6i w(c)’. Do d6, néu ton tai dang cau gita cac C-modun CX = @a;V®,

ta sé c6 ngay CSP.

Nhoém phan xa

Trong vi du mé dau, ta lam viéc v6i nhom déi xing. Mot trong nhitng
huéng nghién citu quan trong ctia td hgp va dai sé 1a mé rong cac két qua tit
nhém déi xing cho cac nhém phan xa khac, dic biét 14 cac nhém phan xa thuc
(nhom Coxeter), hay cdc nhom phan xa phtic. Bén canh viéc ¢6 thém nhing vi
du méi vé hien tugng CSP, viéc tong quat hoa ciing gitp hiéu ré hon cac nhom
con xyclic nao c6 thé tao nén CSP.

Sau day, cac nhom duge xét déu 1a cdc nhom hitu han, trit khi duge luu

v khac.
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Nhom Coxeter

Cac nhom Coxeter, trong dé c6 nhém doi xiing, 1a cac nhém doéi xing
clia cac da dien deu, dong thoi 1a cac nhom Weyl ciia cac dai s6 Lie don. Ching
xuat hién trong nhiéu linh vitc khac nhau trong toan hoc. Trong luan an nay,

dé don gian héa trinh bay, ching toi sé chi xét cac nhéom Coxeter hitu han.
Dinh nghia 0.0.2. Mot nhém Coxeter (httu han) W la mot nhém hitu han
dude xac dinh béi mot tap hop cac phan tit sinh S € W va céc quan hé c6 dang

(ss/)m(s’sl) =e, s,8€8.

4 d6 e 1a phan tit don vi, cac s6 nguyén duong m(s, s’) 14 cap clia ss’, thod man
e m(s,s’) =m(s,s);
e m(s,s’) =1 néu va chi néu s = 5.

Ciing c¢6 thé dinh nghia cdc nhém Coxeter mot cach hinh hoc, va cac
nhém Coxeter hitu han chinh la cAc nhém phan xa thuc hitu han.
Thong thuong, ta c6 sn mot danh sach cac phan tit sinh S, va goi (W, S)

2

1a mot hé Cozeter. Luu ¥ rang m(s,s) = 1 nén s> = e v6i moi s € S. Do do, ta c6

thé viét lai cong thic (ss')™(**) = e dudi dang doi xting
ss'ss’ ... =s'ss's. ..,

& d6 mdi vé c6 dung m(s,s’) lan xuat hién ctia s hay s'.

Vi du 0.0.3. Vi du pho bién nhét va quan trong nhat vé nhom coxeter 1a nhém
d6i xting ¥,. O day tap hop S = (s1,...,5n_1) g0m cac phép hodn vi so cap

si = (i, 4+ 1). Cac quan hé Coxeter c6 dang

o 57 =1,
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® 5;5j = s;s;, neu |i — j| > 2,
® SiSi+18i = Si+18iSi+1, 1 <1 <n—1.

Mot nhom Coxeter dudge goi 1a bat kha qui néu né khong viét duge thanh
tich ctia hai nhém Coxeter khong tam thuong. Cac nhém Coxeter hitu han bat
kha quy da dugc phan loai hoan toan bdi Coxeter.

Hang ctia W 1a s6 phan ti sinh nhé nhat trong mot hé sinh ciia né, va
néu hé sinh R c6 hang nhé nhat thi cic phan tit clia né duge goi 1a don.

Trén cdc nhém Coxeter, ton tai mot ham déng vai tro quan trong, va
ciing duge st dung dé xay dung cac vi du vé CSP. Ta biét mdi mot tit w € W
viét duge dudi dang mot tich clia cdc phan tit sinh trong S. Néu tich nay c6 do
dai ¢ nhé nhat co thé thi né duge goi 1a rit gon, va ¢ duge goi 1a do dai clia w,
viét 12 (w) = €.

Bay gio gia st (W, S) 1la mot hé Coxeter, va J C S la mot tap con nao doé.
Ky hiéu W; la nhém con parabolic tuong tng - tic 1a nhém con ctia W sinh béi
J. C6 thé chitng minh duge rang méi 16p ké wW; c6 (duy nhat) mot dai dién

v6i do dai nhé nhat. Ky hieu WY 1a tap hop cac dai dien cac 16p ke nay, va dit

W)=Y ¢

weWJ

VidunbuW =3%,, J=8 —{s;} v6i 1 <k <n — 1 nao d6. Khi do
(Bn)s = Xk X Bpp,

va c6 thé chiing minh dugc

Néu k = 0 hay k = n thi J = S. Nhu vay ta da thiay bong dang ctia mot bo ba co
biéu hien CSP: Tap hop hitu han X 1a tap cac 16p ké W/Wjy véi lue lugng ding
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bang () va ham sinh tuong ting chinh 1a W(q). Trong phan tiép theo, ching ta
sé giai thich nhitng nhém xyclic C' nao c6 thé tao nén bo ba (W/Wy, C, W (q))
c6 bieu hien CSP. Ta ciing sé mé rong ho cac nhom tit nhom phan xa thuc hitu

han (nhém Coxeter) sang cdc nhom phan xa phtc httu han.

Nhém phan xa phiic va phan tit chinh quy ctia Springer

Mot phan tit ctia nhém GL,(C) duge goi 1a mot phép phdn za néu né cod
cap hitu han va khong gian bat bién trong C" c6 dbi chiéu bang 1. Khong gian
con d6 dudc goi la siéu phd)ng phan ra. Mot nhom phdn za 1a mot nhém con
W ciia GL,,(C) sinh bdi cac phép phan xa. Moi phép phan xa thiyc déu c6 theé
duge xem la mot phan xa phtc sau khi mé rong truong. Tuy nhién trucng hgp
phan xa phic tong quéat hon vi déi véi phan xa thuc ta yéu cau mot phép phan
xa phai ¢6 cap bang 2. Cac nhém phéan xa phtic hitu han, bat kha qui da dugc
phan loai hoan toan béi Shephard va Todd [16].

Mot phan tit ¢ ctia mot nhém phan xa phiic hitu han W dudc goi 1a chinh
quy” néu no c6 mot vécto rieng khong nim trong bat ¢ mot sieu phang phan
xa nao ctia W. Mot gia tri riéng tuong ing v6i vécto riéng nay cling duge goi la
chinh quy.

Ky hieu A la dai s6 d6i bat bién S/(SY), 6 d6 S = Clz1,...,z,]. Cho
¢ 1a mot phan tit chinh quy cap n, ky hieu C 1a nhém xyclic sinh béi ¢, goi
w = w(c) € C* la mot can nguyén thuy bac n ctia 1. Ta sé trang bi cho A mot

tac dong cua nhém W x € nhu sau:
e W tac dong trén A theo cach thong thuong, cam sinh tit S.
e C tac dong bang cach dat c(z;) = wa;.

W x C cling tac dong lén vanh nhom C[W], & d6 W tac dong bén trai, va C tac

dong bén phai.

"regular
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Ta c6 dinh 1y sau day ctia Springer [33].

Dinh 1y 0.0.4. Cho W la mot nhom phdn za phitc hitu han, A la dai s6 doi bat
bién cia W, C la nhém con xyclic cia W sinh bdi mot phan ti chinh quy. Khi

dé A va vanh nhom C[W| ddang cdu vdi nhau, zem nhu la W x C-modun.
Reiner, Stanton va White [29] chitng minh rang

Dinh 1y 0.0.5. Cho W la mot nhom phdn xa phitc hitu han, A la dai s6 doi bat
bién cia W, C la nhém con xyclic cia W sinh bdi mot phan ti chinh quy ¢ € C.

Gid st W' la mot nhom con cia W, va xét dai so bat bién AV Khi dé bo ba
(W/W’, C.Hilb(4A"": ¢))

¢ biéu hién CSP.

Néi riéng, trong truosng hgp W la mot nhém Coxeter, W’ 1a mot nhom

con parabolic, ta c6 thé chitng minh ring W7/ = Hilb(A"7; ¢).

Dinh ly 0.0.6. Cho (W,S) la mot hé Coxeter hiu han, J C S. C la mot nhom

con zyclic ciia W sinh bdi mot phan ti chinh quy. Khi dé b6 ba
(W/W;.C.W(q))
c6 biéu hién CSP.
Trong trudng hgp W c6 kiéu Ax_q, tic la nhém doi xing, ta co

Bo dé 0.0.7. Gid st W ¢6 kiéu Ay_1, khi d6 g € W la chinh quy néu va chi

néu né tac dong gan tu do trén [N].

Ta thu lai duge vi du mé dau ve CSP.
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Nhém phan xa tong quat

Ta c6 thé dinh nghia khai niem nhém phan xa hitu han trén mot truong
bat ky, va c¢6 thé tim kiém md rong tuong tu cho trudng hop tong quét nay.

C& hai vi du trén déu da dudc tong quat hoéa cho trusng hgp cac nhém
phan xa hitu han truyén thong nhu cac nhém Coxeter. Ham Cat(W, q) duge xay
dung tng v6i moéi nhéom phan xa hitu han quen thudc nhu cdc nhém Coxeter,
va ciing c6 ¥ nghia t6 hgp thd vi. Trong truong hop W la nhém déi xing 3, ta
thu dugc ham ¢-Catalan nhu G trén.

Céc nhém phan xa c6 thé duge dinh nghia mot cach tong quéat hon nhu
sau. Mot nhom phan xa 1a mot nhom con hitu han W ctia nhém tuyén tinh tong
quat GL(V) cac tu dang cau clia mot khong gian véctd n chiéu V trén trudng
[F ndo do6 sao cho tac dong cdm sinh ctia W trén dai s6 doi xting S = S(V*) ¢o6

vanh bat bién SV 1a mot dai sé da thiic
SV =TF[f1,..., fal-

Cac da thitc thuan nhat f; thuong dudc sip xép theo thit ty bac tang dan
dy < dy < ... < d,. Bac cuc dai d,, trong truosng hop nhom Coxeter c¢6 ¥ nghia
quan trong, thuong ducc goi 1a so6 Cozeter ctia W, va ky hiéu 1a h.

N6i chung, vanh bat bién SV khong phai 1a mot dai s6 da thic con ciia
S. Tuy nhién, theo mot két qua co dién ctia Noether, S 1a mot mdé rong nguyén
cia SV, va do d6 S 1a mot S"-modun hitu han sinh. Do d6, SV 1a mot F-dai
so httu han sinh, vé6i it nhat » phan ti sinh.

Dinh nghia vé nhém phan xa & trén (khong c6 bong dang cia chit phdn
za!) bat ngudn tit mot két qui ndi tiéng clia Serre nam 1967 [30] chitng minh
rang d6i v6i mot nhém httu han W C GL,(F), néu SV 1a mot da thic thi W
dugc sinh bdi cac phép phan xa. o) day, mot phép phan xa la mot tu ding cau

r: V — V sao cho khong gian bat bién V" 1a mot siéu phang (c6 ddi chiéu bang
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Céac nghién ciu ctia Chevalley (1955) va Shephard-Todd (1954) [16] cho
thay trén truong s6 phiic C, chiéu ngudce lai ctia dinh 1y Serre cling ding: Néu
W 13 mot nhom con hitu han ctia GL,(C) sao cho vanh bat bién S 1a mot vanh
da thic SW = C[fy,..., f,] thi W 14 mot nhém phan xa.

V6i dinh nghia tong quat nhu trén, ching ta thay tit tinh toan ctia Dickson,
nhom GL,(F,) cing 1a mot nhém phan xa. Mot huéng nghién citu tu nhién tiép
theo 1a tim cdch md rong cac két qua ve hien tuong CSP tir cAc nhém phan xa
c¢d dién nhu nhom Coxeter sang cac nhom phéan xa tong quat nhu GL,(F,).

Dé dinh nghia phan ti chinh quy trong trudng hop tong quat trén mot
truong F, ta can lam viéc véi bao dong dai s6 F va khong gian vécto V = V @pF.
Gia sit G 1a mot nhom con hitu han cia GL(V) sinh béi cac phép phan xa. Mot
phan ti g € G duge goi 1a chinh quy néu né c6 mot vécto rieng v € V khong
nim trong bat cit mot sieu phing phan xa H = H @y F nao cta G.

Xét mot nhém con H < G. Tap hgp hitu han sé duge st dung dé tao nén

mot bo ba chinh 1a tap hop cac 16p ké trai G/H, va ham sinh sé 13
Hilb(S; ¢) /Hilb(SY: q).

Reiner, Stanton va Webb chitng minh réng ham nay c6 hé sé nguyén. Tuy nhién,
dé n6 c6 hé sé khong am, can c6 thém gia thiét manh hon tinh chéat sinh béi
cac phan xa - ta yéu cau S¢ 1a mot dai s6 da thic.

Dinh 1y sau day, dugce ching minh béi Broer, Reiner, Smith va Webb [5]

la mot tong quéat hon nita clia céc dinh 1y duge phat bicu trude day.

Dinh 1y 0.0.8. Cho V la mot khong gian vécto hitu han chiéu trén truong F.
G la mot nhém con hitu han ciia GL(V) sao cho S¢ la mot dai s6 da thite. Gid

st g la mot phan ti chinh quy cia G, tdc dong trdi tréen G/H. Khi dé vdi moi
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nhém con H < G, b ba sau day cé biéu hien CSP:

Hilb(S*; q)

H - 77
(G/H, < 9> Fh(sC.g)

).

Catalan CSP

Mot vi du quan trong vé CSP véi nhicu hé qua sau sac 1a cac CSP lien
quan t6i cac s6 Catalan. Cho dén nay, theo Stanley [34], da c6 khoang 214 tap
hop X xuat hién tu nhién duge dém béi sd6 Catalan

X(1) = Caty = — <2n>

n+1\n

trong d6 c6 nhiéu tap duge trang bi mot tac dong tu nhién ctia nhém xyclic C.
Hai tap hop ticu bicu la tap hgp NC(n) tat ca cac phan hoach khong vit tréo®
cua tap hop [n] = {1,2,...,n} va tdp hdp cac tam giac phan cia mot da giac
(n + 2)-canh. Mot phan hoach ctia tap hgp [n] duge goi 1a khong vat tréo néu
nhu khi xép 1,2,...n thanh vong tron thi bao 16i clia cac khoi khac nhau trong
phan hoach khong cit nhau.

Trong ca hai truong haop,

X(q) = Caty(q) = [ni T, :

q
tuy nhién nhém xyclic C trong truong hop dau 1a nhém xyclic cap n quay vong
tap hop {1,2,...,n}, con trong truong hgp thi hai thi X 14 nhém xyclic cap

(n+2) hoan vi cac dinh cua da giac.

Dinh 1y 0.0.9. B¢ ba (NC,, C,, Caty,(q)), ¢ dé nhom zyclic Cy, tac dong lén NC,,

bang cach hodn vi cdc phan ti ciia [n], cé biéu hién CSP.

8noncrossing
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MG& rong cho cac nhém phan xa phic

C6 thé xem két qua trén la truong hop dac biet (khi W = 3,,) clia mot
két qua tong quat hon clia Bessis va Reiner [2] cho mot ho cdc nhom phéan xa
phtc W.

Gia st W 1a mot nhom (hitu han) tac dong bat kha quy len khong gian
C" béi cac phép phan xa. Ta goi n 1a hang ctia W. Khi d6 khong gian bat bién
Clz1,...,2,)" 1a mot dai s6 da thitc sinh béi ding n da thiic thuan nhat c6 bac

di < ...<d,. Cac bac d; nay ciing giéng nhu trong truong hop Coxeter.

Z qE(w) = H[di]q~

weW i=1

Tiép theo, chiing ta can chinh lai mot chut khai niem do dai trong truong hop
phitc. Ky hieu R 1a tap hop tat ca cac phép phat xa trong W. Ta c6 mdi quan
hé gitta R va tap sinh S:

R={wsw:weW,seS}

Ta dinh nghia d¢ dai tuyét doi® clia mot phan tit w € W, ky hieu 1a (g(w), 12
do dai nhé nhat khi viét w thanh mot tich ciia cac phan t thuoc R. Ta c6 cong

thtic tuong tu cho do dai tuyet déi va bac

Zq"W ﬁ1+d—1
i=1

weW

Trong phan nay, ta sé gia thiét W 1a mot nhém sinh tot', titc 1a W c6 thé dugc
sinh bdi n phép phan xa. Cac nhém Coxeter déu théa man yéu cau nay, va tinh
chat k¥ thuat ndy nham dam bao cho khai niém s6 Coxeter h duge xac dinh duy

nhat (va bang d,,).

9absolute length
10ell-generated
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Gia st ¢ 1a mot phan t chinh quy cia W ¢6 bac h. Mot phan tit chinh

quy véi bac h nhu vay ton tai nho tinh chat sinh tét. Dat
NC(W) = {w € W: Lp(w) + Lr(w™tec) = n},

Do R on dinh duéi tac dong W-lien hop nén nhém xyclic C sinh béi ¢ tac dong
len tap hop NC(W) qua phép lién hgp: néu w € NC(W) thi cwe™ € NC(W). Ta

dinh nghia s6 W-¢-Catalan:

Két qua sau day la mot tong quat hoé ciia truong hop W = %, & trén.

Dinh 1y 0.0.10. Bo ba (NC(W), C,Cat(W,q)) cé biéu hién CSP.

Fuss-Catalan

Céc s6 Catalan c6 thé duge xay dung mot cach tong quat hon, goi la cac

s6 Fuss-Catalan Cat™ — ! = ((mzl)n

). S6 Fuss-Catalan dém sb cac cach phan
chia mot (mn + 2)-da giac déu thanh cac (m +2)-da giac déu, véi g-phien ban va
CSP tuong tu nhu trén.

C& hai vi du trén déu da dudc tong quéat héa cho trusng hgp cac nhém
phan xa hitu han truyén théng nhu cac nhom Coxeter. Trong truong hop W 1a
nhém déi xing ¥, ta thu dugc ham ¢-Catalan nhu & trén. Ta c6 thé dinh nghia

sO W-Fuss-Catalan 1a

Catm () = T 22 df )
i=1 ¢

va s6 ¢ — W-Fuss Catalan 1a

5 [mh + di)
Cat™ (W, q) = [m—q'
( E [di]q
Cac két qua tuong tir cling da duge thiét 1ap cho bo s6 W-Fuss-Catalan va phién
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ban ¢ ctia chiing.

Ham sinh Cat(WV,q)

Mot cau hoi dit ra 1a ham sinh Cat(W, ¢) 1a chudi Hilbert cia dai s6 nao?
Cau tra 15i dén tit Iy thuyét bicu dién ctia dai s6 Cherednik hitu ti'! - mot huéng
nghién ctu trong hinh hoc va dai s6 khong giao hoan va Iy thuyét nit.

Nam 1994, Haiman [13] mo ta quan he gitta khong gian céc bat bién ctia
nhom déi xing c6 tén goi la diéu hoa dudng chéo!? va 1y thuyét bieu dién cia
dai s6 Cherednik hitu ti. Nam 2003, Gordon [10] cung véi Berest, Etingof va
Ginzburg [3] d& md rong két qua ctia Haiman cho toan bo cac nhém Coxeter.
Sau d6 Gordon va Griffeth [11] da chi ra mdi lien hé gitta bieu dién ctia RCA
clia cac nhém phan xa phiic véi cac s6 Fuss Catalan va ¢-Fuss Catalan noéi dén
G trén.

Ho chitng minh rang v6i moi nhém Coxeter bat kha quy W tac dong len
vanh da thic Clay, ..., ,], ton tai cic da thitc thuan nhat 6;,...,60, € S bac h+1

théa man cac tinh chat sau day:

e (A1,...,60,) lap thanh mot hé tham s6 thuan nhat cho S. Néi cach khac,

vanh thuong ctia S bdi idéan © = (6y,...,60,) hitu han chiéu trén C.

e C-khong gian vécto sinh béi 64, ..., 6, 1a W-0on dinh, va dang cau véi W-biéu

dién trén V.
e Hilb((S/(©)",q) = Cat(W, q).

Mic dit vay, viéc xay dung cac da thitc thuan nhat 6; khong hé don gian va phai

xét ting truong hop.

1Rational Cherednik algebra - RCA
12diagonal harmonics

26



Khoéng gian dé

Khi lam viéc v6i cac nhém phan xa (thuc hodc phiic), ngudi ta thuong
mong muon cac két qud dude ching minh khong phai phu thudc vao viec xét
tung truong hop trong phan loai ctia Shephard va Todd. Nam 2015, Armstrong,
Reiner va Rhoades [1] da dua ra mot chiing minh khac cho két qua ctia Bessis
va Reiner thong qua mo hinh mdéi cho NC(W), 1y cAm hting tit mot doi tugng
t6 hop 1a khong gian da's.

Gia st ¢c6 n xe 6 t06 va c6 n vi tri dd xe duge danh sb tit 1 dén n. Cac xe 6
t6 xép hang dé vao bén db. Tai thai diém thit ¢, chiée xe thit i mong mudn duge
dd 6 vi tri f(i) néu c6 thé dude, con néu khong thi né sé dé & vi trf j dau tien con
trong sau f(i), do d6 j > f(i). Néu tat ca cac xe déu d6 duge theo mong mudn
ctia minh thi f dude goi 1d mot ham dé 4 c6 do dai n. Néi cac khac, f: [n] — [n]
12 mot ham dé néu va chi néu [{z: f(x) < i}| > i v6i moi 1 < i < n. Tap hop
tat cd cac ham do6 c6 do dai n, ky hiéu 1a Park,, dudc trang bi mot tac dong ti
nhién ctia nhém doi xing X, bdi cong thitc (o f)(i) = f(o~1(3)).

Néu W 1a mot nhom Weyl (mot ho nhém Coxeter dac biet), véi ludi
nghiem Q va sb Coxeter h, Haiman [13] da xay dung W-khong gian dd chinh tac
13 biéu dién hoan vi ctia W trén thuong Q/(h+1)Q. Cac phan t1t clia Q/(h+1)Q
vi thé duge goi 1a cac W-ham db.

Armstrong, Reiner va Rhoades [1] da xay dung 2 W-khong gian d6 mdi,
goi 12 cac khong gian dd khong tréo'® Park)© va khong gian dé dai s6'6 Park%l,g
cho tat ca cdc nhom Coxeter. Cac khong gian nay ngoai tdc dong ctia W con
c6 them tac dong ctia nhom con xyclic C' ctia W sinh bdi mot phan tit Coxeter,

va trong trudng hop nhém tinh thé!”, ching déu ding cau véi W-khong gian dd

Bparking space

Mparking function
5noncrossing parking space
163]gebraic parking space
17crystallography
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chinh tac.
Khong gian dd dai s6 Park%g dugce xay dung nhu mot bién dang clia vanh

thuong C[V]/(©):
Park%g =Clb1,...,0,)/(01 —x1,...,0, — xp).

6 do © = (6y,...,60,) la mot he tham s6 thuan nhat bac h + 1 trong C[V] nhu
trong dinh ly ctia Gordon [10] va Berest - Etingof - Ginzburg [3] néi trén. V' 1a
khong gian sinh bdi cac nghiém don ag, ..., a, cia W. Xay dung nay khong phu

thuoc vao lya chon hé tham so.

Nhém G = GL,(F,) mudn lam nhém Coxeter

Ta da biét tit dinh 1y ctia Dickson rang vanh bat bién S¢ 1a mot dai sd
da thitc sinh bdi cac bat bién Dickson @, ;, 0 < i < n—1 v6i bac 16n nhat ¢" — 1.
Nhu vay G = GL,,(F,) ciing la mot nhém phan xa. Tuy khong phai 1a mot nhém
phan xa thyc (nhém Coxeter), nhung né c6 nhic¢u tinh chat va thé hien kha
tuong tu. Vi thé c6 thé dit cau hoi vé tuong tu clia cac két qua trén cho G. Néu
dat
O=(01,....00) = ,...,20)

thi ching déu thuan nhat bac (¢" — 1) + 1, 1ap thanh mot hé tham s6 cho S va
khong gian sinh béi chiing dang cau v6i khong gian sinh béi z1, . . ., x,. Nhu vay,
khi tim kiém phién ban tuong tu ctia Cat(W,¢) tit nhom Coxeter ¢ dién sang
cho nhém GL,,(F,), ta thu dugc vanh da thic modulo liy thita Frobenius Q,,(n).

Phién bén dai s6 clia khong gian dd phan bac Q,,(n) 1a F,-khong gian sinh
béi F2.. Khi so sanh s6 chiéu ciia cac khong gian bat bién dudi tac dong cua
cac nhom con parabolic ctia hai phién ban phan bac va khong phan bac, Lewis,
Reiner va Stanton [19] da dé xuit mot chudi cic gia thuyét vé chudi Hilbert ctia

cac vanh bat bién nay thong qua cac hé s6 nhi thitc tong quat (g,t), 1a phién
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ban phan bac ctia cic ¢-hé s6 nhi thitc § tren.
Dé phat bicu gia thuyét ciia Lewis, Reiner va Stanton [19], ching ta gidi

thiéu them mot s6 ky hiéu va dinh nghia.

Dinh nghia 0.0.11. Cho n va / 1a cic s6 nguyén duong.

e Mot hop thanh '® o clia n thanh ¢ phan 1a mot diy o = (a1, as2,..., ) cac
s6 nguyeén duong sao cho Zle a; = n.

e Mot hgp thanh yéu ' B ctia n thanh ¢ phan l1a mot day 8 = (81, f2, - .., )
cac s6 nguyén khong am sao cho Zle Bi = n.

Ky hieu g < a co nghiala 8; < a; véimoii=1,... 1.

V6i hop thanh yéu 8 = (81, f), dat B; = Y0, 6 va

Bl =0, B;. Gia
st a = (ay,...,ar) 1a mot hop thanh clia s6 nguyén duong &, theo [28], (¢,t)-he

s6 nhi thitc tong quét ctia k bdi a duge cho béi cong thiic

k [T (1 - tqk_qj)

o t H§:1 H?Z:l (1 . thi_in*j) )

q,

trong d6 A; = 23:1 ;.

Lewis, Reiner va Stanton [19] da dé xuat mot chudi céc gia thuyét ve
chudi Hilbert ctia khong gian vécto phan bac cac bat bién Q,, (n) dudi tac dong
clia cdc nhom con parabolic ciia nhém tuyén tinh tong quat GL, nhu sau:

Gia thuyét 1.4.1 (Gia thuyét 1.1 [19]). Chudi Hilbert-Poincaré ciia F,-khong
gian vécto phan bic cta cdc GL,-bdat bién Q, (n)GL" la chuoi lay thiua Cy, (1)

xzdc dinh bdi cong thic

min{n,m}
Hilb (Qu () t) = Con ()= 3t 0= |
k=0 k

q,t

18
1

composition
9weak composition
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Gia thuyét 1.4.2 (Gia thuyét Parabolic 1.5 [19]). Cho n la s6 nguyén duong,
a=(a1,...,00) la mot hgp thanh cia n va goi P, la nhom con parabolic cia GL,,.
Chudi Hilbert-Poincaré cia Fy-khong gian vécto phan bac cia cdc Po-bat bién
Om (n)F 1o chudi liy thita Cy, (t) zdc dinh bdi cong thic

m

Hilb <Qm(n)P°‘,t) Cam()= Y elmad) |

B<a,|Bl<m B,m —|B] »

6 do e(m,a,8) =S (i — Bi) (¢ — ¢5) va By = b1+ ...+ Bi.

Chang han, khi m >n =2 va a = (1,1) thi P, 1a nhém con Borel ctia GLy
va B € {(0,0),(0,1),(1,0),(1,1)}. Theo gid thuyét thi chudi Hilbert-Poincaré ctia
Qpn (n)™ 1a

R e A e (1—t"71) (1 =177

2071 g1 78
+ 1 —¢ta1 + 1 —ta-1 + (1 —ta1) (1_tq2—q)

Lewis, Reiner vd Stanton da ching minh cho gid thuyét ctia ho trong
truong hop m = 1, n bat ky. Trong cong trinh [12], Goyal thu dugc mot s6 két
qua vé gid thuyét Parabolic déi véi nhém Borel trong truong hop m = n = 2
va xay dung dugc mot s6 bat bién cho truong hop m = 2 va n bat ky. Goyal
da xay dung mot cach cu thé mot s6 cac ho bat bién "dic biet", khong phai la
céc da thitc bat bién thong thuong. Mot phién ban ciia gid thuyét Parabolic da
dugce nghien cttu bdi Drescher va Shepler nghién citu trong [8]. Gan day, Taiwang
Deng trong cong trinh [6] da x4dc dinh duge cdc bat bién va d6i bat bién cia
vanh da thitc rat gon, ting dung vao nghién ctiu cac 16p xoan trong déi dong

diéu ctia nhom SLs (Z).

Cac ket qua chinh cua luan an

Van dé trung tam ciia luan an la xac dinh cau trac ctia vanh bat bién

modular trén vanh da thitic modulo lfiy thita Frobenius - mot doéi tuong cé cau
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tric phiic tap hon so v6i trudng hop vanh da thic thong thuong. Céach tiép can
chii dao ctia chiing toi 1a két hop gitta viec xay dung cac cong cu tinh toan mdi
(toan tit §) va ki thuat toan tit chuyén (transfer) dé gidi quyét bai toan vé co
sd tuyén tinh va xac dinh chudi Hilbert-Poincaré.

Luan an tap trung nghién cttu vé co sé tuyén tinh clia cac vanh bat bién
Qn (n) dudi tac dong ciia nhom tuyén tinh tong quat va nhém con parabolic, dac
biét 14 nhém con Borel. Dong thoi, ching toi ciing chiing minh cac gid thuyét
clia Lewis, Reiner va Stanton [19] vé chudi Hilbert-Poincaré ctia vanh bat bién
trong truong hop nhém con Borel va cac nhém con Parabolic khac ctia nhém
tuyén tinh tong quéat va moi lien hé véi dai s6 Steenrod. Cac két qua chinh dat

dude bao gom:

e Xay dung hé B,,(1") dya trén toan tit § va cac ham hitu ty Yy (7; J), tt do
chitng minh hé nay 14 mot co s tuyén tinh ctia vanh bat bién Q,,(n)B~.
Tu do, ching t6i chiing minh thanh cong giad thuyét ctia Lewis - Reiner -

Stanton [19] vé chudi Hilbert-Poincaré ctia vanh bat bién Q,,(n)B".

e Dua ra gia thuyét va xac dinh co s6 tuyén tinh cho khong gian bat bién

Pa va nhém tuyén tinh tong quét

ing v6i cac nhéom con Parabolic Q,,(n)
Q,n(n)Sr . Va chitng minh tinh ding din clia cac gia thuyét vé co sé tuyén
tinh cho truong hgp hang khong vuct qua 3 thong qua ky thuat toan tu

chuyén (transfer).
e Nghién ctu loc F,x v ching minh ciu tric modun cta né trén dai s6
Dickson va dai s6 Steenrod cho cac truong hgp hang thap.
Cau trac caa luan an

Ngoai phan Mé dau, Két luan va Tai lieu tham khdo, luan an dugc bd

cuc thanh 3 chuong:
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Chuong 1: Kién thic chuan bi. Chuong nay hé théng héa céac khai
niém nén tang ve Iy thuyét bat bién modular va dai s6 Steenrod. Noi dung trong
tam bao gom: dai s6 Steenrod, hé s6 nhi thitc (¢,t) va cac két qua co ban cia
Lewis - Reiner - Stanton lién quan dén vanh bat bién. Day la co sé Iy thuyét
xuyén sudt cho cac két qua nghién ctu 6 cac chuong sau.

Chuong 2: Bat bién ctia vanh da thiic modulo lity thita Frobenius
dudi tac dong ctia nhoém con Borel. Chuong nay trinh bay cac két qué cong
bé tai bai bao thit nhat. Ching t6i dinh nghia toan ti § nhu mot bién thé cia
ham Schur [20] va khao sat cac tinh chat clia n6. T d6, ching toi xay dyng ham
hitu ty Y;(7; J) va chitng minh tinh da thiic, tinh bat bién duéi cac diéu kién xac
dinh. Bang phuong phap quy nap, ching toi thiét 1ap he B,,(1") va chiing minh
day chinh 1a co s6 tuyén tinh ctia vanh bat bién duéi tac dong ctia nhém Borel
Q.n(n)Br. Két qua nay cho phép ching t6i khang dinh tinh ding dan cia gia
thuyét Lewis - Reiner - Stanton [19].

Chuong 3: Bat bién ctia vanh da thitc modulo liiy thita Frobenius
duéi tac dong ctia cac nhém con parabolic hang thap. Chuong nay dua
trén cac két qua 6 bai bao thit hai, tap trung vao viéc mé rong nghién citu cho
khong gian bat bién Q,,(n)P=.

Dau tieén, thong qua viéc phan tich tap don thitc Dickson AT, chiing toi
dua ra uéc luong chin trén cho tong s6 chiéu ctia cac khong gian con bat bién,
gitip don gidn hoéa viéc chitng minh tinh co sé bang cach dua vé chitng minh tinh
hé sinh.

Tiép theo, bang cach st dung toan ti chuyén tit vanh bat bién ctia nhém
con Borel lén cac nhém con Parabolic va nhém GL,,, chting t6i lan lugt xay dung
va thu gon cac he sinh cho truong hop hang 2 va hang 3. Két qua cho thay cac
hé sinh nay trung khép véi gid thuyét dé ra.

Cubi cung, ching toi khdo sit bo loc F, ) xay dung tit hé co sd tuyén
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tinh, ching minh JF, ;. ¢6 cau tric modun trén dai s6 Dickson va dai s6 Steenrod

d6i v6i cac truong hop hang n < 3.
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Chuong 1

Kién thitc chuan bi

Trong chuong nay, ching toi trinh bay mot s6 kién thic chuan bi c6 lien

quan dén cac noi dung chinh & cac chuong tiép theo ctia luan an.

1.1. Ly thuyét bat bién modular
1.1.1. Gi6i thieu

Mot két qua co ban khing dinh ring moi da thic déi xting déu biéu dién
duge (mot cach duy nhat) dudi dang ham da thiic theo cac da thiic ddi xting co
ban [25]. Cu thé, néu ta xét tac dong tu nhién clia nhém déi xiing ¥, trén dai
s6 da thitc K [z1,...,2,] (v6i K 1a mot truong tiuy ¥), ta thu duge dang cau dai

Z

SO

Klyi,...,yn] — Kla1,...,zp)™ ={f € K[z1,...,22] | VYo € Sy, o (f) = [}

Yi — €.
Trong d6, e; 1a da thiic ddi xting so cap thit 4, duge dinh nghia bdi

€1 =21+ +xp; e2= E TiTj; .7 €p =XT1 - Tp.
1<i<j<n



Dé thay trong truong hop trén, nhém ¥, tdc dong len K [z1,...,z,] bang cic
ding cau K-dai s6 phan bac. Ly thuyét bat bién ctia nhém hitu han quan tam
dén bai toan tong quét sau day. Cho G 1a mot nhém con ctia nhém tuyén tinh
tong quat GL, (K), G tac dong lén khong gian cac da thitc thuan nhat bac 1
(sinh béi x1,...,2,), do d6 tac dong 1én K [z1,...,z,]) mot cach tu nhién.

Nguoi ta quan tam dén cac cau héi sau day.

e Tim mot he sinh (theo nghia K-dai $6) fi,..., fm cho K [z, ... ,xn]G, tic

la ta c6 toan cau

G
Ky, ym] = Klzr, @)™, v fi

e Gia st f1,..., fm 1l& mot hé sinh cta K[xl,...,xn]G, tim quan hé dai s6

gitta cac phan tit sinh f; (cdc da thic g1,...,9¢ € K[y1,...,ym] sao cho

gl(fl?"'afm):”':gk(fla"wfm):())?tﬁc lé‘ta Cé déng Céu
Kyt tml [0 gm) K o1, 20 i fi

e Cho mot da thic bat bién f € K [z1,...,2,]%, mo ta f dudi dang ham da
thitc theo cac phan tit sinh, tic 14 tim da thic g € K [y1,...,ym] sao cho
f=g(f1,- s fm)

Két qua sau day dua ra 10i giai cho cac cau héi da néu, trong mot truong

hop cu thé. Can luu ¥ rang tinh ding din ctia két qua nay khong phu thudc vao
dic s6 cla truong.
Dinh 1y 1.1.1 (Ménh dé 4.5.5 [25]). Gid st G la mot nhém con hiu han cila
GLy, (Fy), va F,[V]€ la vanh cic da thic bat bién dudi tac dong tuyén tinh tu
nhién cia G trén khong gian vécto V. = F7. Néu ton tai cdc phan ti bat bién
fi, s fo €FV]C sao cho:

i) Cdc da thic fi,..., f, doc lap dai so trén F,,
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ii) Tich cdc bac thoa man deg(fy1) - deg(f2)---deg(fn) = |G|,

thi Fq[V]G la mot vanh da thic tu do trén cdc phan tid sinh f;,1 <i < n, tic la:

FoVI¢ =Fylfr,. ., ful:

Dinh 1y nay cho phép xac dinh cau tric khong gian bat bién trong nhiéu
truong hop quan trong, dién hinh nhu khi xét bat bién Dickson ctia nhém tuyén
tinh tong quat GL, (F,) v bat bién tam gidc trén ctia nhém con Borel sé dugde

trinh bay & phan tiép theo.

1.1.2. Bat bién Dickson

Trong ly thuyét bat bién modular trén truong hitu han, hai déi tuong co
ban va tiéu biéu la bat bién Dickson va bat bién Mii. Cac bat bién nay khong
chi thé hién nhing dac trung dién hinh trong Iy thuyét bat bién ma con dong
vai tro nén tang cho viéc xay dung cac bat bién clia cic nhém con parabolic
trong Q,,(n). Trong phan nay, ching toi sé trinh bay cac khai niém, cong thric
va tinh chat co ban ciia bat bién Dickson.

Gia sttn > 1 va S = Fylzy,...,7,) 1a vanh da thic ¢6 he s6 trén trudng
hitu han F,. Nhém tuyén tinh tong quat GL, = GL, (F,) tdc dong lén S bing
cach thay thé tuyén tinh. Khi dong nhat nhém tuyén tinh tong quat GL, véi
nhém céac ti dang cau tuyén tinh ctia khong gian vécto V = Fy(z1,...,z,), ta
thu duge mot tac dong ctia nhém GL,, lén dai s6 da thic S.

Dai s6 con SG gom cac da thiic trong S bat bién dudi tac dong ciia GL,,,
dugce xac dinh lan dau tien béi L. Dickson vao nhitng nam dau thé ky 20 [7]. Cu

thé, Dickson chiing minh dugc ring

SCln — T [Qnos - -, Q).

Trong d6 Q,; v6i 0 <i <n—1 la cac da thic clia cac bién zy,...,z,, xac dinh

36



bdi ding thiic sau

n—1
Qn (t) — H (t -+ V1T + e+ U’I’an) — tq" + Z (_1>7’L—Z Qn’itql'
1=0

v=(v1,...,vn ) EFP

Céc da thic Qn; (v6i 0 < i < n — 1) dude goi la bat bién Dickson, va dai s6
Dy, = FylQno; -, Qna—1] dudc goi la dai so bat bién Dickson ctia nhém GLy,
hay gon 1a dai s6 Dickson ctia GL,,.

Ta c6 két qua sau day.
Bo dé 1.1.2. Céc da thitc Q, () la bt bién dudi tic dong ciia GL, (F,), do do
moi da thiic hé $6 Qni(v1,...,2n) cling la bat bién doi vdi GL, (Fy).
Chiing minh. Xét mot phan tit bat ky g € GL, (F,). Ap dung phép bién ddi g
len céc bién z1, ..., x, trong biéu thic dinh nghia Q, (), ta c6

g-Qn(t) = H (t+v12h + -+ vaaly)

vely

trong d6 (2,...,20) = g-(x1,...,2,) VA v = (v1,...,v,) chay qua tat ca cac vécto
trong F?. Vi g 1a mot phép bién doi tuyén tinh khé nghich trén khong gian F2,
anh xa v = g-v la mot song anh trén tap Fy. Do do, tap cac dang tuyén tinh
vz} + -+ + vpal, khi v chay qua tat cd cac vécto trung véi tap cac dang tuyén
tinh ayz1 + - -+ + apz, khi (ag, ..., a,) chay qua [Fy. Vi vay,

Q'Qn(t): H (t+a1$1+"'+(ln$n):Qn(t)'

(a1,...,an)€F?

Do g- Qn (t) = Qy, (), ddng nhét céc he s6 clia t7 hai vé, ta suy ra

G- Qni(x1,...,2p) = Qni(x1,...,2p)

v6i moi i. N6i cach khac, mdi da thic Qn, (z1,...,2,) 12 mot phan ti cla

Fylz1,. .., 2, 0 (Fa), ]
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Tiép theo, ta chiing minh tinh doc lap dai s6 ctia tap céc bat bién Dickson
Qn.i (0 <i<n—1). Dé chitng minh ring cac bat bién Dickson Q,,; (0 <i <n—1)

1a cac tap doc lap dai so, ta st dung két qua sau.

Bo dé 1.1.3. Gid st f1,...,fn € Fylz1,...,2n) la mot bo cac da thic sao cho

Fylz1, ..., 2] la nguyén trén By[fi, ..., fal, the fi,..., fa la doc lap dai so.

Chitng minh. Vi Fylz1,...,2,) 1& nguyen trén F,[f1,..., fo] nén sé chiéu Krull
clia hai dai s6 nay 14 bang nhau. M#t khac theo 1y thuyét vé so chiéu Krull, ta
¢6 s6 chieu Krull ctia vanh da thic Fyfz1,...,2,] 1a n, nén s6 chiéu Krull cia
F,lf1,- .., fn] ciing bang n. Cling theo két qua tir Iy thuyét vé s6 chiéu Krull, néu
f1,..., fn la khong doc lap dai s6 thi sb chieu Krull ctia Fy[fy, ..., f,] bang véi bac

siéu viet ctia Fy(f1,..., fn) (truong con cia trudng cac phan thic Fy(z1, ..., z,)
sinh béi fi,..., f,) trén F,, bac siéu viet nay nho hon hodc bang (n — 1), mau
thuan v6i nhan xét trén. Do vay, f1,..., [, 1a doc lap dai so. O

Bo dé 1.1.4. Tap cdc bat bién Dickson Qni (0<i<n-—1) latap doc lap da:

.Q>\

S

Chatng minh. Ap dung B6 dé 1.1.3 dé chiing minh tinh doc lap dai sé clia cac
bat bién Dickson nhu sau. Véi mdi i € {1,...,n}, dat W; 1a F,-khong gian vécto
sinh béi x1,..., 2, ta quy udc them Wy = {0}. Khi d6 xét da thiic bién ¢ sau

n

f6 =TT ¢+ => (0" Qus

veW, 1=0

ta thay rang f(¢) 1a mot da thic monic trong Fy[Qno,- .., Qnn-1][t] V& nhan
r1,...,xy la nghiem. Vi vay z1,...,2, la nguyén trén Fy[Qn0,...,Qnn-1], nén
Fyl21,...,2n) 12 nguyen trén Fy[Qno,...,Qnn_1]. Theo Bé dé 1.1.3, ta suy ra
rang {Qno,- -, Qnn-1} 12 mot tap doc 1ap dai sb. O

Tit d6, chitng ta c6 két qua sau.
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Dinh 1y 1.1.5 ([7]). Vanh bat bién SS la dai s6 da thic

SGLn = Fq[‘rh s ’xn]GLn = Fq[Qn,O; anl’ Tt Qn,n71]~

Chaing minh. Trudc hét, theo B dé 1.1.2, cac da thite Dickson Q,,;,0 <i<n—1

la cac bat bién doi véi tac dong clia nhém tuyén tinh tong quat GL, va ¢ bac
deg (Qni) = q" — q".

Vi vay,

—_

n—

n—1
[ dee(@ni) =] (¢ — ) = IGLa.
1=0 )

=0
Hon nita, theo Bd dé 1.1.4 thi tap Qup,. .., Qun-1 12 doc lap dai s6. Do d6, theo

Dinh 1y 1.1.1, ta suy ra diéu phai chiing minh. O

1.1.3. Bat bién Miii

Trong 1y thuyét bat bién modular, bat bién Mui 1a mot 16p bat bién co
ban quan trong, dugc xay dung tit tac dong ctua p-nhom con Sylow U, 1én vanh
da thic S = F 1,22, ...,2,]. Nhing bat bién nay dong vai trd nén ting trong
nghién ctu cac khong gian dong dieu modular, dai s6 Steenrod, va ly thuyét
dong luan trong to po dai s6. Trong phan nay, ching toi sé trinh bay cac khai
niém, cong thic va tinh chat co ban ciia bat bién Mui, lam co s6 cho xay dung

bat bién dudi tac dong ctia nhoém tam giac trén (nhoém Borel) By,.

Dinh nghia 1.1.6. V6i méi ¢ = 1,...,n, cidc da thic V; duge dinh nghia nhuw
sau

‘/i — H (:ci+)\i,1xi,1 + ~~-—|—)\1I1).
Aty Ai—1€Fy

Dé chi ra tinh doc lap dai s6 ctia cac bat bién Mui, trude hét ta ching

minh bo dé sau.
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Bo6 dé 1.1.7. Cdc bat bién Dickson Qu,...,Qnn-1 thuoc Fy-dai so6 sinh bdi
vt vt

Chiing minh. Ta ching minh khang dinh trén bing quy nap theo n. V6i n =1,
ta c6 Qo = 22" = V7! nén khéng dinh da cho 1a hién nhién dang. Gia sit ta
da chiing minh duge khang dinh da cho tng véi n > 1 nao do, ta sé chiing minh
khang dinh da cho 1a ding véi n+1, ttc 18 Qui10,- -, Qnitn 12 cdc phan tit ndm

trong Fy-dai s6 sinh bai V7', ... V2. Véi méi i € {0,...,n}, ta c6 ding thic

Quiri = Qg + Vi Quis
(6 day Qnn =1 va quy uée @, —1 = 0). Theo gid thiét quy nap, ta c6
Q;]%Z‘fl S ]FQ[‘/lq_l’ et Vg_l] VE\l Q’I’L,i S ]Fq[vlq_lv et V#_l]'

Vi vay, Qui1g € Fo[Vih o Vv )] = Fo[vyi ', ... V2 ). Do d6, menh dé

ding véi (n+ 1). Theo nguyéen 1§ quy nap, ta c6 duge dieu can chting minh. [

Dinh 1y 1.1.8 (Dinh ly 3 [22]). Vanh cdc bat bién cia S dudi tac dong cia

nhém Borel B, la dai so6 da thic
SB = F vt vt vl

Ching minh. Ta c6

vV, = H (i + Ni—1Ti—1 + -+ \xp)
Ay hio1€F,
) 1—2 )
1— —1— J
= ol Y )T Qe
=0
Vi vay, 1
1—2 -
-1 i—1 i—1— J
Vit = (93 +) (-1 ]Qlldx?>
=0
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V6i moi g € B, tadc dong ctia ¢ nhu sau

g~xi:aixi+2aijxj, Qj, Qjj qu,ai;«éO.
j<i
Vi vay,
g(Fq<SL’1, ce ,QZZ',1>) = Fq<$1, PN ,J,‘Z',1>.

Nén theo tinh chat ctia bat bién Dickson thi

9(Qi-15) = Qi—14, Vj€{0,...,i—2}

Do d6, mdi da thitc Dickson Q;_;; bat bién véi i — 1 bién dau tién nén ta c6

i—2 -t
_1 i—1 —1—4 J
g-Vi" = (aiﬂf? + Y (=17 Qi jaa! )

J=0

- q—]_
o1 [ g - i~1-j 7
= (@) |z ) (1) Qi

Do d6, V7,1 <4 < 1 1a bat bién dusi tac dong clia B,. Mat khac, mdi bat bién

V; ¢6 bac deg (V;) = ¢*~! nén deg (Vf‘l) =(q—1)¢" L. Vi vay, ta co

deg <V1q_1> codeg (VY = (¢—1)-(¢—1)q--(¢—1)¢""
n(n—1)

= (@=1D"q 7

= |Bn‘

Mit khac, theo B dé 1.1.7, ta thay rang Fy[Qno,- .., Qnn_1] 12 mot dai s6 con
cla Fq[qu_l, LV ma Fylz1,..., 2, 1a nguyén trén Fy[Qno, ..., Qnn-1], nén
F 1. .., 2, ciing 1a nguyen trén F [V ... V2. Theo B8 dé 1.1.3, ta suy ra
rang {qu_l, ., V71 1a mot tap doc lap dai s6. Do d6, 4p dung Dinh 1y 1.1.1,

ta suy ra dicu phai ching minh. O
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Goi U, 1a nhém tam gidc trén c6 cac phan t thuoc duong chéo chinh 1a
1 (unipotent upper triangular group), khi d6 U, p-nhém con Sylow ctia GL,,. Ta
c6 thé kiém tra dugc cac da thic Vj, 1 < i < n la cac U,-bat bién va dudc goi la

bat bién Miui. Lap luan tuong tu Dinh Iy 1.1.8, ta c¢6 két qua sau.

Ménh dé 1.1.9 (Dinh ly 6 [22]). Vanh cdc bat bién cia S dudi tdc dong ciia

nhém U, la dai so da thic
SUn =, [Vi, Va, ..., Vi,
Chi y 1.1.10. Theo Bo dé 6.1.1 [25], ta c6

_ 191 q
Qk—l—l,s - Vk+1 Qk,s + Qk,s—l'
Do dé, ta c6 cac két qua sau veé lién hé gitta bat bién Dickson va bat bién Mii.
q—1
o V' " =010
g—1 _ q
o V) = Q2,1 — QLO'

-1
b ng = Q372 - Qg,l-

—1
d Vr? = Qn,n—l - ng—l,n—Q'

Vi vay, ta c6 thé chi ra vanh cac bat bién ctia S duéi tac dong ciia nhém Borel

B,, 1a dai s6 da thiic
SBr = TF,[Q1.0,Q21, - - -, Qun—1]-

1.2. Dai s6 Steenrod

Dai s6 Steenrod xuat hién nhu mot cong cu quan trong trong to po dai

s6 va c¢6 nhitng ting dung sau rong trong ly thuyét bat bién. V6i nén tang ti
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dong cau Frobenius va cac phép toan Steenrod, dai s6 nay cung cap mot cach
tiép can dé nghién ctu cac 16p dong diéu trong khong gian to po va 1y thuyét
dai s6 clia cac nhém hitu han. Trong phan nay, ching toi dia theo cach trinh
bay clia Larry Smith [31] dé gidi thiéu cac tinh chat co ban clia dai s6 Steenrod,
bao gom cac phép toan, cac quan hé Adem va vai tro clia né trong 1y thuyét bat

bién.
1.2.1. Toan t& Steenrod va Pai s6 Steenrod

Gia st F 1a truong Galois c6 ¢ = p® phan ti v V 1a mot F-khong gian
vectd hitu han chiéu. Khi d6, ky hi¢u F[V] := S(V) 1a F-dai s6 d6i xiing sinh bdi

V. N6i cach khéac, néu dimp V = n va {21, 22,...,2,} 1a mot co s6 clia V' thi ta c6
F[V]| 2 Flxy,xe, ..., 2],

ttic 1a vanh da thitc nhiéu bién trén F. Theo quy uéc, cac phan tit ctia V C F[V]
duge gan bac bang 1, do d6 F[V] 1a mot dai sd phan bac.
Dinh nghia
P (&) : F[V] — F[V][[¢]]
theo cac quy tic
i) P (¢) 1a mot anh xa F-tuyén tinh,
ii) P(¢) (v) =v+vi chov eV,
iii) P (&) (u-w) =P (&) (u) - P (§) (w) v6i u,w € F[V],
V) P (o)1) = 1.
Ta xem P (£) nhu 14 mot dong cau vanh c¢6 bac 0 bang cach cho ¢ bac
1 — q. Bang cach tach ra cidc thanh phan thuan nhat, ta c6 cic anh xa F-tuyén

tinh
P F[V] — F[V]
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thda man

P(E)(f) = ZP (f) €.

V6i ¢ = 2, cac phép toan nay thuong dugce ky hicu béi Sq’ (f).
Mic du dinh nghia cua P(€) phu thudc vao khong gian vects V', nhung dé
thay rang P(£) 1a mot anh xa tu nhién d6i véi cic anh xa tuyén tinh ¢ : V/ — V",

tue la ta ¢o

trong do ¢* 1a dong cau dai s6 sinh ra bdi .

Chu y 1.2.1. Tinh ty nhién 6 day c6 nghia la cac toan tit Steenrod khong phu
thuoc vao viéc Iga chon co s6 ctia V, ma chi phu thudce vao cau tric F-khong

gian vecto cua V.

Dinh nghia 1.2.2 (Toan tit Steenrod). Cac toan tit P* duge goi la cac todn
i lug thita mit gon Steenrod trén F, khi ¢ = 2, toan ti S¢* dudce goi 1a todan tu

Steenrod binh phuong. Toan tit P va S¢* duge goi chung 1a todn ti Steenrod.

Chu y 1.2.3. Toan tit Steenrod 13 4nh xa F-tuyén tinh va ngoai ra thod méan

, u? néu i = deg (u)
P (u) =
0 néui> deg(u)

va dudce goi 1a diéu kien bat on dinh.

Cong thic Cartan
Mot trong nhitng tinh chat quan trong nhat ctia cic toan tit Steenrod 1a ching
tuan theo cong thic Cartan. Cong thitc nay mo ta cach toan tit Steenrod tac

dong lén tich ctia hai phan ti trong d6i dong didu. Cu thé, néu u va v 13 hai
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phan t1t trong F[V], thi toan tit P’ sé phan phdi len tich u - v theo cong thiic

PF(u-v) = Z P (u)- P (v), VEk>0.
i+j=k

Xét mot phan tit z c6 bac 1 trong F[V] = Flay, 29, ..., 1,], tiic 1a
r=a1x] +agra + -+ apty, a; €F.

Khi d6, véi moi s6 mil j > 0, ta c6 cong thiic

Pl () = T\ . i+ita-1)
Pai s6 Steenrod

Néu p : G — GL, (F) 1a mot biéu dién ctia mot nhom hitu han, thi cdc toan tit
Steenrod va tac dong ctia G trén F[V] giao hoan v6i nhau. Do d6, F[V]¢ dugc
anh xa vao chinh né béi tat ca cac toan tit Steenrod. Diéu nay cé thé dude si
dung dé tao ra céc bat bién méi tit cac bat bién da biét. Vi du, néu G giit bat
dong mot dang bac hai nhu Q = 2y € Fz,y], va F = Fy, thi G ciing giit bat dong
dang bac ba Sq¢' (Q) = 2%y + zy?, va dang bac nam S¢?Sq¢' (Q) = zy + xy*.

R6 rang cac toan tit Steenrod cé tinh chat két hop, va cac t6 hop cia

ching théa mén mot sé6 dong nhat thic, chang han nhu
plpl = op?,
diéu nay c6 thé chiing minh bing quy nap theo chiéu ctia V va st dung céc két
qua da biét.
Xét ham ti F[—] tit pham tru cac khong gian vécto trén F sang pham tru

cac dai s6 phan bac giao hoan trén F. Dinh nghia vé tit dong cau ciia F[—] dugc

trinh bay nhu sau.
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Dinh nghia 1.2.4. Xét ham tit
F[—]: Vectp — Algy,

tit pham trit cac khong gian vécto trén F sang pham trit cac dai sé6 phan bac
giao hoan trén [F.

Mot tu dong cau ctia F[—] 1a mot ho cac 4nh xa tuyén tinh phan bac
Fv: F[V] — F[V], V € Obj(Vecty),

sao cho véi moi anh xa tuyén tinh ¢ : V; — V5 thi ta c6 biéu do giao hoan sau.

fV1

FVi] —— F[V1]

o] 2

fV2
Khi fyy = P* v6i k > 0, thi tit tinh chat clia toan tit Steenrod, ta thay

rang P* 1a mot tur dong cau ciia F[—].

Dinh nghia 1.2.5 (Dai s6 Steenrod). Dai so Steenrod trén truong F, ky hiéu
la A, 1a dai s6 con clia dai s6 phan bac ctia cac ty dong cau ctia ham tit F[—] ti
khong gian vécto sang cac dai s6 phan bac giao hoan trén F dugdc sinh béi cac

toan tit Steenrod.

Quan hé Adem

Mot he day du cac quan hé gitta cic toan tit Steenrod trén truong cé dac so
nguyeén t6 da dude xay dyng bang sit két hgp gifta cdc phuong phap dai s6 va to
po. Cac quan hé nay dudgc goi 1a quan hé Adem.

e Khi ¢ = 2 thi
4]

Z‘ y ._k:_]. ,[/ y
Sq Sq]zz<ji_2k )Sq“ "Sq",
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v6i moi ¢, j > 0 sao cho 7 < 27.

o Khi ¢ # 2 thi

(2] ,
pipi _ Z (— 1)t ((q -1 —Fk) - 1) piti-kph

 — qk
k=0 v

vl moi i,j > 0 sao cho i < g¢j, trong d6 [a/b] 1a phan nguyen cua a/b.

Pon thitc chap nhan dudc
Cho mot day I = (iy,ia,...,iy), ta viet P = Papiz... P Cac phép lip clia cic

phép toan Steenrod nay dugc goi la cac don thic co ban.

Dinh nghia 1.2.6 ([31]). Mot don thitc co ban duge goi 1a chap nhan duge néu

is > Qis+1 VOl Mol s > 1.

C6 mot toan anh tit dai s6 két hop tut do duge sinh bdi céc toan tit Steenrod
{Pi|i eN } modulo idéan sinh bdi cac quan hé Adem sang dai s6 Steenrod. Thujc
ra, anh xa nay 1a dang cau, va do dé cac quan hé Adem la mot tap hgp day du

cac quan hé xac dinh cho dai s6 Steenrod. Cu thé,

Meénh dé 1.2.7 (He qua 3.3 [31]). Cdc don thitc chap nhan duoc tao thanh mot

F-co sd ciia dai so Steenrod A.

1.2.2. Ung dung ctia Dai s6 Steenrod trong Ly thuyét Bat bién

Mot trong nhitng tng dung chinh ctia dai s6 Steenrod la trong ly thuyét
bat bién, cic toan tit Steenrod déng vai trd quan trong trong viéc tinh toan cac
idean bat bién duéi tdc dong ctia cdc nhom hitu han. Diéu nay dic biét quan
trong trong truong hop dac trung ciia truong cd s 1a mot s6 nguyen to, khi dé6
cac idean nguyen t6 c6 thé duge mo ta thong qua céc toan tit Steenrod.

Cu the, khi lam viéc trén mot trusng c6 dic s6 p, cac toan ti Steenrod

Pt (v6i p > 2) va S¢* (v6i p = 2) dong vai tro quan trong trong viéc nghién citu
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cac da thic bat bién dudi tac dong clia mot nhém hitu han. Cac toan tit nay
khong chi hd trg trong viéc phan tich cau tric ciia vanh da thitc ma con cung
cap cong cu dé khao sat cac idéan on dinh duéi tac dong ciia ching.

Mot trong nhitng phuong phap co ban dé xay dung cac bat bién tit cac
da thiic cho trude 1a sit dung dong cAu chuyén (transfer). Y tudng chinh 1a lay
trung binh moét da thic theo toan bo quy dao ctia nhém G, tir d6 thu duge mot
phan t1t luon bat bién dudi tac dong ciia G. Khai niém nay dugc mo ta trong

dinh nghia sau.

Dinh nghia 1.2.8 (Ddng cau chuyén). Dong cau chuyén la dnh xa
Y F[v] — F[V]¢
duge dinh nghia bdi

TO(f) = D g-f,  feFV]

geG

Chu y 1.2.9. Dong cau chuyén c6 thé duge hiéu nhu phép “lay trung binh theo
quy dao” ctia nhém, nho d6 tit moi da thitc f € F[V] ta luon thu duge mot bat
bién trong F[V]9. Cong cu nay dac biet hitu ich trong viéc xay dung bat bién
tuong minh; hon nita, do cac toan tit Steenrod giao hoan véi tac dong cua G,
nén viec két hop Tr® véi cac toan tit P? (hoic S¢* khi ¢ = 2) cho phép tao ra
nhiéu bat bién bac cao hon tit cdc bat bién co ban. Chang han, néu G = Z/2 téc
dong len Fy[z,y] bang cach hoan vi z va y, thi Tv%(z) = z + y € Falz, y]¢ 1 mot
bat bién tuyén tinh, tit d6 c6 the tiép tuc 4p dung cac toan tit Steenrod dé sinh

ra bat bién bac cao hon.

Dé minh hoa cu thé cho vai tro ctia dong cau chuyéen két hgp véi céc toan

tit Steenrod, ta xét truong hop hang 2 duge Goyal [12] nghién ctu duéi day.
Vi du 1.2.10. Trong trudng hgp hang 2, Goyal [12] da xay dung ho céc bat
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bién

Y, 0<k< qq __1q7
ctia khong gian Q,,(2)%2, duge cho béi
Yp = Z xf(q_l) ij(q_l).
¢+j:q;n_]q+k
ksij< i

Cu thé, v6i k=0 ta c6

m_ m_q—(q—1) g—1 -1 _¢"—q—(g—1 m_
yo = q—l—x(f a—(q )xg 4ot ad xg a—(q )+xg q

va biéu dién duge bang dinh thic

Twong tu, v6i k=1 ta co

m_q g—1 m_g—(g—1) 2(g—1 -1 ¢qm—
y1=x(f qxg +35‘12 q—(q )%(q )+__.+$? 24"

va ciing c6 thé viét dudi dang

I T2

" q-1 _q

Il T 1’2 €T

Y1 =
r1 X2

T do suy ra

m m

Loyg = xlxg —mzm(f
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Ap dung toan ti P! cho hai vé, ta dudc

m m

P'(Layo) = P (z12§ — o] ).
Theo cong thiic Cartan, cing véi viec PL(z? ) = PL(zd ) = 0 va
PY(Ly) = Pl (128 — 2929) = 0,

suy ra

m m

LoPl(yo) = Pl(x1) 2§ — PHao)al =alal —ala?l

Do do

Pl(yo) = y1.

1.3. Hé s6 nhi thic

Hé s6 nhi thic 14 mot khai niem trung tam cta to hop va sé hoc, khong
chi phan anh céc dic trung dém c6 dién nhu sb tap con hay sé phan hoach, ma
con xuat hién sau sic trong hinh hoc dai s6 va biéu dién cdc nhém dai s6 tuyén
tinh. Trong muc nay, ching to6i gidi thiéu ba loai hé sd nhi thic quan trong ¢-he
s6 nhi thiic, (¢,t)-hé s6 nhi thitc, v (¢, t)-da hé s6 nhi thitc, duge phat trién
nhim md rong khai niém co6 dién va lam phong phit théem noi dung t6 hop dai
so lién quan.

Dic biet, hé sé nhi thitc dang (¢,t) déng vai tro then chét trong viec mo
ta cac chudi Hilbert-Poincaré lien quan dén khong gian bat bién duéi tac dong
clia cac nhém con parabolic ciia GL,. Két qua noi bat trong huéng tiép can
nay la gia thuyét ciia Lewis-Reiner-Stanton, phat biéu moi lien hé gitta chudi
Hilbert-Poincaré ctia cac khong gian bat bién véi to hgp cac hé s6 (¢, t)-nhi thiic

va (¢, t)-da nhi thiic sé duge trinh bay trong phan sau.
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1.3.1. ¢-hé s nhi thiic

Dinh nghia 1.3.1 (Dinh nghia 1.1 [28]). ¢-hé s6 nhi thitc clia cip s6 nguyén k

va n sao cho 0 < k < n va he s6 bat dinh ¢ dude xac dinh bdi cong thic

6do (q), =(1-q) (1=¢*) - (1—q).

Chii y 1.3.2. i) Theo Cong thitc 1.2 [9] thi ¢-hé s6 nhi thiic 14 da thiic an g

v6i hé s6 nguyén khong am

Z qinv(w)’

n
k wGka
q

vOi Q1 1a tap hop cac tit w = (wi,...,wy) € {0,1}" gom k s6 1 va n — k 8O
0 va inv (w) la s6 cac nghich thé trong w, tiic 1a cdp (4,7) véi 1 <i<j<n

sao cho w; =1 va w; = 0.

Z Z n Z .
ii) Khi ¢ la lay thita ctia mot s6 nguyén to thi la s0 cac F,-khong gian
k
q

con k-chiéu trong khong gian vécto n-chiéu FJ.

1.3.2. (¢,t)~hé s6 nhi thiic

Khi lam viéc véi cac vanh phan bac trén truong F,, ching ta can luu git
thong tin vé bac cling nhu vé s6 chiéu tai bac tuong ting, vi thé (¢,t)-hé s6 nhi
thitc xuat hien mot cach tu nhién. Khi cho gi6i han t — 1, ching ta sé thu lai
duge phién ban ¢ dém s6 phan tit cia mot tap hop lien quan t6i tac dong cia
GL,(F,). Con khi cho ¢ — 1, ta sé& thu duge chudi Hilbert, theo bién ¢, ctia mot

khong gian vécto phan bac lien quan t6i biéu dién ctia nhom déi xing %,,.
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Néu n 1a mot s6 nguyen khong am, ta dinh nghia (¢, t)-giai thita ctia n béi
cong thiec:

nlge = (1 — 17N —10"0) . (100",

Dinh nghia 1.3.3 (Dinh nghia 1.1 [28]). (g,t)-hé s6 nhi thitc clia cip s6 nguyén

k va n sao cho 0 < k < n va hé s6 bat dinh ¢ dugc xac dinh bdi cong thiic

n _ n!qﬂg
k k'Q7t (n - k)lq,tqk ’
q,t
Noi cach khac,
nl (A=) (1 gy (1=
el (=) (L =gy (1=t et

q,t
Tit cac cong trinh ctia Dickson cho bat bién ctia nhém tuyén tinh tong quét va
két qua ciia Hewett, Kuhn-Mitchell cho bat bién ciia cdc nhém con parabolic,

(¢,t)-hé s6 nhi thitc trén c6 thé duge mo ta bdi cong thiic lien quan dén bat bién:

n|  Hilt(S™, 1)
I Hilb(SC t)’
q,t

6 d6 G = GL,(F,) va P; la nhém con parabolic cuc dai ciia G tuong tng véi hop

thanh (k,n — k).

Cha y 1.3.4 (Cong thiic 1.3 [28]). Néu ¢ la s6 nguyen duong 16n hon 1 thi he
s6 nhi thiic (¢,t) 13 mot da thic theo t v6i cac he s6 khong am. Khi d6, dé thay

rang né chinh 1a ¢-hé s6 nhi thic trong hai truong hop

limy g = va limg 1 =

k k El 1 k
q7t q q,t‘rl t

52



1.3.3. (q,t)—da hé sé nhi thiic

Dinh nghia 1.3.5 (Dinh nghia 1.6 [28]). Cho a = (a1,...,q) VA ar+... 4+ =n
12 mot hop thanh cta n, (g,t)-da hé s6 nhi thiic clia n va o duge xac dinh béi

cong thic

0 [T (1- )
of T IDS (1=t

q;t

{
) v6i AZ‘ = E .
k=1

Vi du 1.3.6. Khi n =6 va a = (2,3,1) thi

6 (1— 4" =) (1 — ¢ =9) ... (1 — 07
(2,3,1) (1 — 1@ 1)(1 — 19 ~4)(1 — 1~ (1 — t4°~) (1 — 14" ~4")(1 — t4°~7")
3]

(1=’ 1)1 — 0" =4y ... (1 — 0" 4")
(P D)1~ )1 — 1) (1 — () (L — 7 7)

Mot trong nhitng ng dung noi bat ciia (g, t)-hé sé nhi thiic 14 kha nang
biéu dién tudng minh céc chudi Hilbert-Poincaré ciia cac khong gian bat bién
duéi tac dong clia nhém con parabolic ctia nhom tong quat tuyén tinh. Cu thé,
cong trinh ciia Lewis-Reiner-Stanton [19] da chi ra rang chudi Hilbert-Poincaré
clia khong gian vécto phan bac tuong ting v6i khong gian bat bién Q,,(n) c6 the
dugc mo ta thong qua to hop cac (¢, t)-hé s6 nhi thic.

Tiép theo, chiing toi trinh bay chi tiét ctia gid thuyét Lewis-Reiner-
Stanton, cling véi cac cong thitc minh hoa va vi du cu thé cho truong hop

nhém con parabolic.

23



1.4. Gia thuyét ctia Lewis - Reiner - Stanton vé chudi
Hilbert-Poincaré ctia khéng gian bat bién Q,, (n)

duédi tac dong cuia nhém con parabolic

Gia thuyét ctia Lewis - Reiner - Stanton duge hinh thanh dya trén céc
tinh chat ctia s6 ¢-Catalan va s6 ¢-Fuss Catalan, lien két chudi Hilbert-Poincaré
v6i cac khong gian bat bién trong 1y thuyét biéu dién ctia cac dai s6 Cherednik
hitu ty vd cac nhom phan xa phitc. Mot s6 két qua so bo lien quan dén hai gia
thuyét nay da dugce tim ra, vi du nhu trong cac cong trinh ctia Drescher-Shepler
8], Goyal [12] va bai bdo [19]. Tuy nhién, cAch ma cac dbi tugng to hgp xuat
hién trong chudi nay van con la mot diéu bi an va chua dude giai thich day du.

Goi a = (aq,...,ap) la mot hgp thanh ctia n va ky hiéu P, 1a nhém con
parabolic tuong tng trong GL,(F,), ttic la nhém cac ma tran khoi tam gidc trén

c6 kich thuée khéi theo o

( 3\
/An Ap - Auﬂ\
P, = . *1. Ay eGLy(F,) b
\ \ 0 -~ 0 Ay )

Lewis, Reiner va Stanton [19] da dé xuat mot loat cac gia thuyét vé chudi
Hilbert-Poincaré cia khong gian bat bién Q,, (n) véi m bat k¥ va hop thanh o
bat ky ctia n dya trén he s6 nhi thitc (¢,t) duge gidi thieu trong [28].

Dua trén cac quan sat thuc nghiém va mo hinh to hop lién quan dén céc
hé s6 (¢, t)-nhi thiic, Lewis, Reiner va Stanton da phét biéu hai gid thuyét quan
trong mo ta cau truc ctia chudi Hilbert-Poincaré clia cac khong gian bat bién
Q. (n) dudi tac dong ciia nhom tong quét tuyén tinh va cdc nhém con parabolic

cua no.
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Gia thuyét dau tien lien quan dén truong hgp nhém tuyén tinh tong quat
GL,, trong khi gia thuyét thi hai mé rong sang trudng hgp tong quat hon véi
cac nhéom con parabolic tuong tng vdi cac hgp thanh a ctia n. C& hai gia thuyét
déu st dung (¢,t)-hé s6 nhi thiic va (¢,t)-da hé s6 nhi thiic nhu cong cu td hop
then chét dé mo ta ham sinh phan bac tuong tng v6i khong gian bat bién.

Chiting t6i trinh bay phét biéu tudng minh cla hai gia thuyét néu trén

cling véi cong thitc cu thé cho timg truong hop.

Gia thuyét 1.4.1 (Gia thuyét 1.1 [19]). Chudi Hilbert-Poincaré cia F,-khong
gian vécto phan bac ciia cac GL-bat bién Qy, (n)GL la chuoi luy thiua C, ., (t) zdc

dinh boi cong thic

min{n,m}
m k m
Hilb (Qu () 1) = Cum () = > 00" =0")
k=0 k

q,t

Gia thuyét 1.4.2 (Gia thuyét Parabolic 1.5 [19]). Cho n la 6 nguyén duong,
a = (a1,...,qp) la mot hop thanh cia n va goi Py la nhom con parabolic tuong
tng cia GLy, (Fy). Chuoi Hilbert-Poincaré cia Fy-khong gian vécto phan bac cia
cdc Py-bat bién Q,, ()™ la chudi lay thita Cy,y, (t) zdc dinh bdi cong thic

m

Hilb <Qm(n)P°‘,t):Ca7m = 3 semad) |

B<a|Bl<m Bm—181] .

¢ 6 e(m,a,B) = Yiy (as = B;) (¢ — ™) v Bi =B+ + .

Vidu 1.4.3. Khim >n =2 va a = (1,1) thi P, 1&a nhém con Borel By ctia
GLy (F,) va 8 € {(0,0),(0,1),(1,0),(1,1)}. Theo gia thuyét thi chudi Hilbert-
Poincaré ctia Q,, (n)®? 1a

1 —ta-1 + 1 —¢ta-1 + (1—ta1) (1 — thq) '

t2(qm*1) + 14
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Chuong 2

BAat bién ctua vanh da thic modulo
lay thiwra Frobenius duédi tac dong

cua nhom con Borel

Trong chuong nay ching toi gidi thiéu toan tit 6, mot bién thé ciia ham
Schur theo Macdonald [20], 1ay cam hitng tir cach xay dung cac da thiic Dickson.
Toan t nay cho phép tao ra céc bat bién bac cao tit cic bat bién bac thap da
biét, md rong kha nang xay dung bat bién ctia vanh da thitc Q,,(n) dudi tac
dong ctia nhém con Borel.

Trén co s toan tit §, ching toi dinh nghia cdc ham hitu ty Y (I; J) gan véi
hai day I,J cho trudc. Bing viéc phan tich cac tinh chat clia 6, ching toi chi
ra rang cac ham Y (7;J) 1a da thic vA hon nita cdc da thiic nay bat bién dudi
tac dong ctia nhém con Borel B,,. Day 1a budc trung gian quan trong dé két noi
gitta viéc xay dung toan tit § va viéc hinh thanh cac hé co s6 ctia khong gian bat
bién O, (n)"".

Tiép theo, ching toi xay dung hé B,,(1") theo phuong phap quy nap,
trong d6 bao ham cac da thic Y (I;J) v6i I,J théa man nhimg dieu kién xac
dinh. Chung toi chiing minh rang hé B,,(1") tao thanh mot co sé tuyén tinh cla
khong gian bat bién Q,,(n)Bn.

Cudi ciing, dura trén co sé nay, ching toi xac dinh chudi Hilbert-Poincaré
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clia Qp(n)B vd chitng minh gid thuyét ctia Lewis-Reiner-Stanton [19] trong

truong hop nhoém con Borel.

2.1. Toan t& § va mot sbé tinh chat

V6i moi 1 < k < n, ta dinh nghia

i—1
Ly =Ly (x1,22,...,71) = det (xq )
J 1<i,j<k

va
Vk:V<-T1,l'2,...,£IZ'k) = H ()\1951+)\21’2+"‘+)\k—1$k—1+$k)-
Al,)\z,...,)\kfle]Fq
Ta c6 Vi, = va biéu dién
k—1
V(iL‘l,l'Q,...,xk, Xq + E ka .ZCl,.l’Q,...,$k)Xq,

trong d6 Qy; 1a cac da thitc bat bién Dickson. Vi sé mii cia X trong biéu thic
nay la cac lity thita clia ¢, nén V (21,22, ..., 25, X) thoa man diéu kien "tuyén

tinh"
V(xy,22,...,xp,aX +bY) =dV (z1,29,...,25, X) + bV (21,29,...,2,Y),

v6i moi a,b € Fy. V6i I = (i1 <ia < ... <) la tap con ctua [n] = {1,2,...,n}, ta
ky hiéu
L(I)=L(zi, iy, -, Ti,) -

Véi hai tap con I, J cta [n], ta dinh nghia

=[[v i),
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Vi V (i) =V (x4,,2jy, - - -, Tjp, xi) n€W J = (j1,J2,...,jk). Ta quy uée V (J,d) =
1. Cha § rang thit ty cac phan t1t trong I va J khong anh hudéng dén gia tri cia
V (J,I). Ngoai ra, néu INJ # @, thi V(J, 1) = 0.

Nhu da trinh bay ¢ phan trude, dé xay dung céc bat bién hang cao tit
cac bat bién hang thap, ta can mot cong cu toan hoc cho phép thao tac co kiem
soat trén cau tric da thic. Toan tit § dudi day duge dinh nghia nham thyc hién

muc tiéu do.

Dinh nghia 2.1.1. Cho a, b, ¢ 1a ba sd nguyén duong sao cho 1 < a < ¢+ 1, dinh

nghia toan tu d,, xac dinh bdi cong thic
(5a;b : ]Fq [xl, R ,JZC] — ]Fq (xl, ce ,:L‘C_H) s

sao cho v6i f € Fy[x1,..., 2. thi

X1 Tq
x‘f xd
a—2 a—2
xf xd
¢ pi ¢ ~
i f(r1, 22, Ter1) - xa f(@1,.. 0, Tay o Tet1)
6a;b (f) =

1 ... Xg

x% Ta

a—1 a—1

] )

Vi du 2.1.2. 1) Ta ¢co 51;m(QiO) _ l‘(llm_lxg(q_l)~
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ii) Ta c6, khi s < [m], thi

X1 1)
m ~1 m -1
x‘{ x;(q ) x% Ii(q )
S _
dom(Q1) =
xr1 T2
q .4
Ty To
q"—1_s(g—1) q"—-1_s(g—1)
_ Ty I — Ly Ty
o q—1 q—1
Ty — X
_q"—q, s(g-1) q"—q—(q—1)_(s+1)(¢—1) s(g=1)_ q™—q
= I To +$1 To —I—...+x1 Ty
= ys (Theo cach xay dung ctia Goyal [12]).
Twong tu,
X1 ) Ty X2
q,.q"-1  _q" q"-1
q R _ J—
52;m(Q1,0) = s =0
Tl T2 Tl X2
q ..a q .4
Ty To Ty Xy
Hay,
X1 1)
q", q"—1+q-1 _q" q"—1+q-1
[m]q—l—l xl xZ IQ 'Tl qm_l qm_l 2
02:m Ql,O = = —x Ty = —07(1).
Tl T2
q .q
Ty Ty

Céc truong hop khac thi 62, (Q5 ) 1a tam thuong.
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iii) Ta c6, khi m > 2 thi

T L2 3
q q q

! Qa1(wo,x3) 28 Qoi(w1,23) 21 Qo1(z1,22)

3:m(Q2,1) =
1 9 T3
r] ah g
o0 2y ol
1 i) T3
T
27 28 e 0,2,m]
- Ls ~ 0,1, 2] = S0.1m-2)-
Twong tu,
I 9 T3
l‘(fm@z,o(m,xa) xngZ,O(l'l,QB) l'ngzo(Sm,xz)
03;m(Q20) =
1 X9 T3
24 28 ol
¥] g
P S
LA T 5
B Ls T 0,127 Chime2
Dac biét,
d3;m(1) = [[(3,11,77;”3] = 5(0,0,m—2)-

O day, cac k¢ hieu Sy v6i A = (0,1,m—2), (1,1,m—2), (0,0, m — 2) dudc hiéu
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theo Bién thé 7 ctia ham Schur duge Macdonald xay dung [20]. Trong do6,

q 9" 49"
A (L’2 $3

b b b
[a’v b7 C] = LU(% xg SL’g

q° q° q°
Ty Ty I3

va
< s+ 1,042
(ryst) = [O, 1, 2] :
iv) Truong hgp dac biét, khi f =1 thi
X1 Lq
L
P T
b b
Ty - Ta 0,1,...,a—2,b
5a;b (1) = = [ }
0,1,...,a—1]
| Tq
] xq
$({a71 l.a(kl

VA vay, 64(1) = Sy v6i A= (0,...,0,b—a+1). Dic biét, 5o, = M -

Qa.a—1 va ta ky hiéu

D, = (Sa,a = Qa,a—l-

Cac nhan xét don gian sau day gitip lam ro cach thic tac dong cua toan

tit §, cting nhu anh hudng ctia né dén bac clia cac da thic lien quan.
Nhan xét 2.1.3. i) Néu d,,(f) 1a da thic thi tac dong clia toan d, lén da
thitc f lam ting bac ctia f lén ¢® — ¢*~! don vi, cu thé

deg(da(f)) = deg(f) +¢" = ¢" .
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Dic biet, khi a =1 thi oy (f (21, .., 2e) = 2 ' f (22,

>$C+1) .

ii) Khi b ¢ dinh, dé cho gon ta viét 6,11 thay vi §,,15. Khai trién theo hang

cudi cung dinh thic trén ti s6 clia 6,41 (f (21,29, ..

cta d,+1(f) nhu sau,

,Tg)) =

01 (f (21,22, . ..

.,x3)) cho ta biéu dién

1 1+5 ¢ ~ ~
B i(—l)wr +]x;]-f(xl,...,xj,...,ka)L(xl,...,xj,...,ackH)
T L($1,...,$T+1)
j=1
r+1 qb -~
B o f (T, Ty, Thet)
jle(xl,...,@, Ty, Tj)
iii) Tiép tuc, ta co
5r+1 (f ($17$27 73:]43)) -
r+1 q° r+2 gt ~
_ Z ij x; f(xl,...,:z:i,..., .,LIZ]H_Q)
j:1V(x1, T S Tpgl, Tf) 4 V(xl,...,@,...,fj,...,x,«+2,xi)
Z#J
i T“ﬂxq L(x1,. .., Tjy ooy Tpg1)
N i1 L(ﬁl,...,[BH_l)
+2 b ~ o~
Xr xqf(xl,...,:L’i,...,xj,...,xk+2)
V(:L’l,...,@,...,@,...,errg,xi)
Z#J
+2 ~ ~ —~
— TZ Z (—1)T+1+ZL(ZL‘1,...,:L"l,...,Ir+1)V(...,l‘i,...,$j, , )
L
i,j:‘l lG{’i,j} (:Elv ; x?"-l—l)
i#j \l€[r+1]
y qu;] (T1, e Ty Ty ooy Thet2)
V(@1 T ooy Ty ooy T2, L) V(@0 oo Ty ooy Ty ey Ty, L)

Trong d6, néul € [r+ 1] ma [ #i val# j thi

V(.Z'l,...,xi’...,xj,...,xr+2,xl) = 0.
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Do do,

j{: ()™ Ly, T e ))V (1, Ty Ty Ty, T) =

S
le[r+1]
r+1
14 ~ ~ ~
= (—1)T+ +L(xl,...,xl,...,wr+1)V($1,...,mi,...,xj,...,xr+2,xl).
=1
Mat khac,
V(ml,...,.%/'\Z',...,:L/‘}',...,.Z'TJFQ,:L‘Z):
T
= (_1)7"—5qu Qns(l’l,,,,7@’...,@,..-71'7'4—2)-
5=0
Hon nita,
. .
s 0 khi s<r
141 -~ ’
S (=) Ly, ) = .
=1 L(zy,...,2p41) khi s=r.
Vi vay,
1+1 ~ ~ ~
Z (—1)74+ + L(.:Cl,...,xl,...7.rr+1)V($1,...7.fCi’...,xj,...,x7-+2,xl) =
le{ij}
le[r+1]
=L(z1,...,2r41).
Neén ta c6
2wl flan, o E )
521(f(x1 . o) = T; xjfxl,...,xz...,x],...,ka
9 )t ~ A~ .
r+ ’ ijzlV(aﬁl,...,xi...,$j,...,xr+2;$i,xj)
i#]

Téng quat hon, ching t6i moé ta tac dong lap ctia toan ti §, qua dé cho
phép biéu dién mot cach tusng minh 7 1(f) theo céc tap con ctia tap chi sb

va cac 4nh xa Frobenius tuong tng. Noi dung nay dude phat biéu cu thé trong
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ménh dé sau.

Meénh dé 2.1.4. Vdi f la ham hitu tyf ¢é v’ an, ' > r, h la mot s6 nguyén duong.
Khi do, ta co

j b
Oy () (w1, w9, @) Z f( )

IC[r+h]
[I|=h

<

d dé I la phan bu cia I trong [r+ h], ¢ la anh xa Frobenius, khi I = (i1 < iy <
o< ih) thi

f(I> :f(xlv"‘afi\u"'7@7"'Jx’r’-i-hax’r’-i-h-i-lu"'?x?"'-l—h)'

Chiing minh. Ta ching minh quy nap theo h. Theo Nhan xét 2.1.3 (i) thi
ménh dé dang khi h = 1. Theo gia thiét quy nap ta c6

041 (57}}+1 (f) =

. b ~
SR <_1)T+1+‘7‘r;}'L<x17"'7xj7"'7x1"+1> h ~
- Z 7 Sy () (@1, Ty Tprg1)
=1 r+1

) § (_1)T+1+j3;;1,b[,(x1,...,f\j,---axr—&-l) Z M
=1 Lrs1 ! drﬂ*}j\{j} VL)
Il=

véi I 1a phan bu ctia I trong [r+h+1]\{j}. Nhan thay rang, mdi tap con J ¢6 do
dai h+1cta [r+h+1] déuco dang J = TU{j} v6i1 < j <r+1,I C[r+h+1]\{j}
va |I| = h. Do d6, bicu thiic trén tré thanh

5h+1 (f) — Z Z (—1)T+1+jL (xl,--.,;ﬁ},-..,mr+l) ) f(j) (pb(J)

r+1 T .
JC[r+h+1] jeJN[r+1] Lr1 V(J,J\{j})
| J|=h+1
_ Z Z (_1)T+1+jL (a:lu e 7:6\]'7 sy l"r'—i—l) V(j)J) . (j)fb(‘])
JC[r+h+1] jeJN[r+1] Lyt V(J,J)

| J|=h+1

& d6, J 1a phan bii clia J trong [r 4+ h + 1]. Do d6, dé chi ra didu phai chiing
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minh, ta chi can chi ra

Z (_1)T+1+jL(x17"'7@7"'7£T+1)V(77j) :LT+17
jeJN[r+1]

voi mdi j € [r+1]\ J va j € J thi V (J,j) = 0. Do d6, vé trai ctia déng thic tren
c6 thé ma rong cho toan bo j chay trén [r 4+ 1]. Vi vay, ta can phai chiing minh

r+1

Z(—l)THHL(xl,...,@,...,er)V (7,5) = L1
j=1

Tuy nhién, tit phuong trinh co ban

r—1

V(T5) =2l +) (=) "2l Qri (7)
i=0

va khai trién Laplace

r41 .

: N ; L1 yi=7r

Z(—1)T+1+]L(a:l,...,xj,...,xr+1)x? = " :

J=1 0 ,i<r
Ta suy ra dang thtc trén la ding. Vi vay, ta c6 diéu phai ching minh. ]

Tiép theo, ta xac dinh tac dong lip clia toan ti 6,41. Chu ¥ rang ta co

ding thtc sau

V<x17-"al‘57y) = (_1)S_iyquS,’i (mlv"wxs)-
=0
Khi d6, véi cac an yi,. ..,y ta cb
h
Hv(xlw"JxS’yj): Z ﬁT(xla"'axS)‘aT(y17"'7yh)7
Jj=1 TeT (h,s)

v6i T thudc tap hitu han

T (h,s) ={(to,t1,...,ts) |to+...+ts=h,t; >0,i=1,...,s}.
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Br(an, o as) = (D)= Qg - Ql

ar (y1,...,ys) 12 tdng cac don thiic ctia v, . .., y;, v6i cac sd mil 14 liiy thita cia g
sao cho ¢’ xuat hién ¢; 1an v6i i = 0,...,s. Do do, ar (y1,...,ys) 12 ham da tuyén
tinh, d6i xting va chia hét cho tich y; - --y;,. Déc biét, khi h = 0 thi tap 7 (h, s)
chi gom mot phan tit sao cho t; =0 véii = 1,...,s. Do d6, trong trudng hop nay
thi ap = pr = 1.

Tiép theo, chiing toi xay dung bicu thitc tong quat cho tac dong ctia toan
tit 6 dya trén cau tric ciia cac da thic Dickson. Diéu nay gitp hinh thic hoa

qué trinh biéu dién tac dong lap ctia toan tit 4.

Dinh nghia 2.1.5. Véi m&i ham hitu ty g gdm + > an va T € T (s, h) ta xac

dinh
g (I)ar (1)
AT;T (g) = Z L»
v (T,
IC[r+h)|I|=h
6 do ar (I) = ar (v, ..., x;,) khi I = (25, < ... <x;,). I 1a phan bu ctia I trong
[+ h] va

9(7> :9(351:---,52'\1,---7@»---737r+h>37r+h+1,---,l’r/+h) .

Vi du sau minh hoa mét truong hgp dac biét cta dinh nghia trén, trong

do6 tac dong lap cta toan tu ¢ chinh la truong hop riéng cia toan tit A,.7(g).

Vidu 2.1.6. V6is=bvart=(m=0,...,7.1 =0,7s = h), theo Ménh dé 2.1.4,
ta co

AT,T (g) = 57]}+1 (g) .

Tiép theo, ching toi dua ra mot két qua ki thuat, giap lam ro cach toan
tit 6 tac dong lén cac biéu thic dai s6. Két qua nay sé déng vai tro quan trong

trong viéc thiét 1ap co sd tuyén tinh cho khong gian cac bat bién & cac phan sau.
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Ménh dé 2.1.7. Cho r, s,k la cic s6 nguyén duong sao cho r < s+ k. Gid st

f(x1,...,29) va g(x1,...,2) la cac ham hiu ty voi v’ > r,s" > s. Khi do,

o1 (9-051(N) = D Awr(9) 3 (Brf).
TeT (s,h)

Chiing minh. Ta xét truong hop s = s. Khi s’ > s, ta chi can sip xép lai cac an

mot cach thich hgp va lap luan tuong tu.

T) @b (1 _
571}+1(9'5§+1(f)): Z g‘(/>(;0](>) 5S+1(f)(],T+h+1,...,s+k+h)
IC[r+h) ’
u| h
-y Zf F}/‘]” ) eI = [s+h4 K\
IC[r+h] V( \
\I|=h |J\ 5

: TURSTUEITI.
HC[SZ-F;’L—HC][CL%;_}_]FL]V(a ) V(H,H) ( ’ )’
|H|=h+k  |I|=h

v6i H=1UJ, r+h<s+k+h.

Néu I ¢ H thi HNI # @nen V (H,I) = 0. Do d6, diéu kien I € H[r+h]

c6 thé thay bang I C [r+ h]. Vi vay,

5r+1 (9 : 5§+1 (f>) = Z Z ) V (ﬁ’ H) v (ﬁ’[

HC[s+h+k] IC[ r—|—h]
|H|=h+k |I|=h

Sy Y T (1) fr(H) f(H) ¢ (H)
T€T (h,s) HC[s+h+k] IC[r+h] 4 (H’ H)
|H|=h+k |I|=h

\_/

Theo Dinh nghia 2.1.5, ta c6:
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Mit khéc, theo Ménh dé 2.1.4, ta c6:

ORLAURAU LYY

V <ﬁ’ H) s+1
HC[s+h+k]
\H|=h-+k

Tu do, ta suy ra
o (9051 (N) = D Aur(9)dif (Brf).
TeT (s,h)

Vay, ta c6 diéu phai chitng minh. O

2.2. Xay dung hé B, (1)

Trong phan nay, ching toi xay dung mot hé cac phan tit tao nén co
sd tuyén tinh cho khong gian bat bién Q,, (n)®" trong trudng hop nhém con
parabolic dic biet P, = B,,. Trudce hét, ching toi dinh nghia céc biéu thiic dang

Y, (I; J) dong vai tro co ban trong qué trinh xay dung hé co sé.

Dinh nghia 2.2.1. V6i hai day I = (iy,...,i;) v& J = (j1,...,jx) cac sd nguyén
khong am, dinh nghia ham hitu ty

Y, (I;J) = (5% (D{l(;;z;b (D%é,..g;ck;b (Dik) )) 7

3 d6 Dy = daa (1) VA O, (I; J) = Yosy (0,150, J), titc 1a

Yy (1;J) = 5;1;b+1 (D%15§2;b+1 (Dgf o '512:11;b+1 (D{:«H) )) :

Tiép theo, ching t6i xay dung tap hgp By, (17) gom cac phan tit duge tao
thanh tit cac biéu thiic Y;, (I; J) nhu trén, bang cach sit dung phuong phap quy
nap.

Dinh nghia 2.2.2. Véin > 1 va m > 0, tap hop B, (1*) dudc xac dinh bang

cach quy nap nhu sau.
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i) By (1™) = {1} v6i moi n > 1.

i) By (1) = {D§ | a < [m],}, v6i moi m > 0.
iii) Bp(1") = {61m(Y) | Y € Bu(1" )} {D{®(Y) | a < [m]g, Y € Bp1 (1" 1)}
0 do, [a), = L=

Tt dinh nghia trén, ching t6i moé ta cu thé hon cau tric clia tap hop

B, (1") thong qua phan hoach rdi rac thanh cic 16p con B~ (17) nhu sau.

Ménh dé 2.2.3. B,, (1) la hop roi rac lemnm—H) BE (1), & dé cdac tap hop
BE (1™) la tap hop chita tat cd cac phan ti Yy, (I,J) ma hai day I = (iy,. .., i)

va J = (j1,...,Jx) théa man cdc dieu kién

1+ +i,=n—k,

j1<[m]q,...,jkf1<[m—k+2]q,jk§[m—k—l—1]q.

Chiing minh. Ta ching minh quy nap theo n. V6i n = 1 thi hai day I = (i1) va
J = (j1) théa man diéu kien
i1=1—1=0.
j1<[m—1+1];= [m]q'
Khi do,
min(n,m+1)
Ba( = || BLOM=BL(" = {Dfla<m],}.
k=1
Vi vay, ménh dé dung véi n = 1. Gi& stt ménh dé dung véi n — 1. Khi do,
min(n—1,m+1)
Bu(" )= || 8L,
k=1

O do, Bk, (171 chita cac da thitc Y (I;) v6i I = (ir,..., i) va J = (ji,. .., jr)
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thda man

H+--+ipg=n—1-k,

j1< [m]qa"'ajkfl < [m_k+2]Q7]k§[m_k+1]q

Khi do, 61, (Bf, (1"71)) 1a tap hop cac Y (1;J) v6i I = (i,...,i) va J =

(j17 cee a.]k) théa méan

it =n—k,
2'121,

Jr<[m],, .. jk—1 <[m—k+2]gjx < [m—k+1
Tiép theo, D{® (By—1 (1"7!)) v6i a < [m], 1a tap hgp gom céc phan tit
D§® (Bp1 (1"71)) = {DI@Y (1;0) | Y (1) € By (1"71) },
voi I = (if,...,i_,) va J = (j],...,j,_;) thoa man diéu kien

-/

Jp<im=1g....5 1 <[m—-1—(k—=1)+1]g=[m—k+1],.

Cu the,
Y (I;J) = 5{1;7”_1 (D{152;m1 (D%Q O L1 (Dikll) .. ))
va
QY (I;J) = 04, (Dgid&m <D§é - (DQM) )) _
Khi do,

DIBY (I;.J) = &0, (Df(sgm (Dgi(sg;m (Dgf B (DQ’“) ))) —y (1,7,
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sao cho I' = (0,4),...,4_;) va J' = (a,5],...,j;_;) thoa man

0+ +--+i_, =n—F,

a<[ml,j; <[m—1g....jp_; <[m—k+1]g

Vay, ta c6 diéu phai chitng minh. O

2.3. Tinh da thuc cua Y

Trong phan nay, ching toi sé chitng minh rang ho cac ham hitu ty Y;, (1, J)
thuic chat 1a cac da thitc. Truée khi di vao chiing minh chinh, ching toi thiét lap
mot s6 khai niém trung gian va két qua hd trg nham mo ta chinh xac tac dong
clia cac toan tu trong dinh nghia ctua Y, (I, J).

Dau tién, ching t6i mé rong khai niém tac dong ctia toan tit 6 thong qua
viec dinh nghia mot tich chdp hai ham hitu t¥, cho phép biéu dién cac tac dong

lap clia toan t § dudi dang dai s6 thuan tién hon.
Dinh nghia 2.3.1. V6i hai ham httu ty f (x1,...,2,) va g(x1,...,xp), tich chap

cua f va g duge dinh nghia béi cong thic

_ f (1) g(J)
foom 2 Tl
TUJ=[r+h) ) I|=rJ|=h

Tiép theo, ching toi minh hoa cach ma cac toan tit nhu 67’} 1 va Apr co

thé duge bieu dién thong qua tich chap qua cac vi du sau.

Vi du 2.3.2. i) Theo Ménh dé 2.1.4, ta c6

£ (I) b (D)
5’?—{-1 (f) (x1,$2,...,xr/+h): Z V(T’I)
IC[r+h],|r|=h
Vi vay,
5f+1 (f) (1, 22,...,2pyp) = f @ 902-
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0 dé, ¢y, 1a 4nh xa lity thita Frobenius véi h an.

ii) Theo Dinh nghia 2.1.5, ta c6

g (I) ar (1)
Anr(9) = Z _
IC[r+h],|I|=h v ( ’ )
V1 vay,

Arr(9) = gear.

Tt hai vi du trén, ta thay ring nhiéu bi¢u thiic hinh thanh trong dinh
nghia ctia Y déu c6 thé biéu dién thong qua céc tich chap gita cac ham hitu ty.
Trong ménh dé tiép theo, ching to6i dua ra cac dieu kien cu thé ctia f va ¢ dé

dam bao rang tich chap gitta hai da thic nhu vay 1a da thiic.

Ménh dé 2.3.3. Néu da thic f (z1,...,xs) la GLg-bat bién va g (x1,...,x5_s) la
da thite doi zitng, da tuyén tinh va chia hét cho xi---x,_g thi f e g la da thic

trong Fylxq, ..., zx).

Chatng minh. V6i méi I C [k], dat V (I, J) l1a tich clia cac nhan tit tuyén tinh c6
dang

xj"‘z/\ixia je ek,
el

Dé chiing minh réng f e g la da thic trong F[z1, ..., x;], ta s& chi ra ring bat ky
nhan t tuyén tinh nhu trén déu khong xuat hién trong f e g sau khi quy dong
mau s6 chung va thu gon. Hon nita, do tinh déi xting nén khong méat tinh tong

quat, ta sé chiing minh diéu nay véi dang tuyén tinh

W= Tar1 +ANT1+ -+ Aaq,
6 d6a < s, vatat cd cac A; # 0 v6i moi 1 < i < a. Tanhan thay réng, V (1,1) chia

w néu va chi néu I chita {1,...,/@'\,...,a—|—1} nhung khong chia i v6i 1 <i < a+1.
Nhu vay, I c6 dang I = [a + 1]\ {i} U K véi K C [k] sao cho |K| = s —a va
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[a +1] N K = @. Nhu vay, ta chi can xét cac tong clia f e g 1ing véi cac tap con

S N (i} UK) g (R [a+ 1] U {i})
|K|Za; \{Z}UK&D (la+ 1\ {i} UK K \[a+1])° (2.1)
[a+1INK=2

Mat khac, ta co

1 _ L(a+1)/{i}UK)
V(la+1/{it UK {i})  L(la+1]/{i} UK U{i})

Do d6, bang cach sap xép lai cac cot theo thit tir va luu ¥ rang cic phan ti ciia

K déu 16n hon a + 1, ta c6

(1) "L(la+1UK) i<a
L(la+1]/{i} UK U{i}) = :
(-1 “L(la+1UK) i=a+1

Do d6, thita s6 nay ¢ cac mau s6 trong cong thiic (2.1) chitaw (boi 1), trong khi d6
cac thanh phan V (fa + 1]/ {i} U K, K/[a + 1]) khong chita w v6i moi 1 < i < a+1.

Vi vay, ¢ dinh K thi céc hang t1t trong cong thiic 2.1 duge biéu dién thanh

1
L(atUK)
[i (1) f(la+1)/{i}UK) g (K/[a +1JU {i}) L([a+1]/{i} U K)+
— V (la+1]/{i} UK, K/[a+1])
(-1 f([@UK) g (K/la+1]U{a+1}) L([a] UK)
V([a]UK,F/[a—l—l}) '

Do d6, ta chi can chi ra ring véi mdi K cb dinh thi tong

i (-1 f(la+1]/{i} UK) g (K/la+ 1] U{i}) L([a+1]/{i} U K)+
V (la+1]/{i} UK, K/[a+ 1])
(-1 f([@UK)g (K/la+1]U{a+1}) L([a]UK)
V (la] UK, K/[a+1])

=1

(2.2)

triet tieu khi w = 0. That vay, mdi 1 < i < a thi x; déu xuat hién khong tam
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thuong trong w va f 14 GL,-bat bién nén ta c6
Flla+ 1/}, K) = f (] UK), v6imoi 1<i<a
Mat khac, ta cling ¢6

(~1)* " NL([JUK) i<a,
L(la+1]/{i}UK) =

L([a]UK) i=a+1,

va

V(la+1/{i}UK,K/[a+1]) =V ([a] UK,K/[a+1]) .

Do dé, tong trong cong thitc (2.2) duge rit gon thanh

flAUK)L([]JUK) [x~, — | B
UK, K/[a+1]) (;Azg(K/[aJrl]U{z})+g(K/[a+1]u{a+1})>'

Vi g vira d6i xiing, da tuyén tinh va ¢ chia hét cho x1 - - - x,_, nén ta co

> Nig (K/la+11U{i}) + g (K/la+1U{a+1}) =g (K/la+1]U{w}) =0.
=1

Do d6, ta c6 dieu phai ching minh. O
Cubi ciing, chiing t6i 4p dung ménh dé trén dé ching minh ring céc biéu

thiic Y, (1, J) thyc sy 1a da thitc. Két qua nay dugc trinh bay trong hé qua quan

trong sau.

Heé qua 2.3.4. Vdi hai day I va J thi Y, (I, J) dugc zac dinh trong Dinh nghia
2.2.1 la da thic.

Chiing minh. Theo dinh nghia Y, (1, J), ta co

Y27 ([; J) = (51;b (D{lég;b (l)%2 e 5k;b (Dik) e )) .

Ta sé chi ra ring, néu thay mdi DJ* bdi mot da thitc u, ma ug 13 GLe_1-bat bién
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véi @ — 1 bién dau tién thi Y (I,J) van la da thic. Dau tién ta xét truong hop
don gian nhat Y = & (ux). Truong hop 4, = 0 thi hién nhién ta c6 diéu phai

chiing minh. Khi i, > 0, ta viét u;, duéi dang
Uk = Z fT (3317 s 7'1']671) gr (xka Th41, - - ) )
T
G do fr (Z‘l, ,:L‘k;_l) la GLk_l—bét blén Khi doé
6}? (Uk) = Z(;[i;k (f?‘) “gr (xk‘-l—ikwrk-‘rl-‘r’ik? .- ) .
T

3 do,
S (fr) = fol

nén theo Ménh dé 2.3.3 thi 5,1’“ (fr) la da thic. Do d6, Y la da thic. Ta quy nap
theo k. St dung Ménh deé 2.1.7 ta c6

i (ws857 (o (- (53 m)) ) ) =
= Z As—1r (us) 52:_+1is+1 (BTU5+1528.:§ (u8+2 ( .. (5;: (Uk)) .. ))) )

TeT (s,is)

Vi mdi frusi1 déu la cac bat bién véi s an dau tien nén mdi phan ti
‘s+'s ‘S s .
52—#1Z +1 <6TU5+162_:2 (u5+2 ( .. ((ka (Uk)) . ))) :

déu la cac da thic theo gia thiét quy nap. Theo Ménh dé 2.3.3 thi A1 (us)

ciing la da thic. Vi vay,

o (w5t (s (- (08 () ---)) )

1a da thitc. Do d6, ta c6 dieu phai chitng minh. O
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2.4. Tinh bat bién cia Y

Trong phan nay, ching toi sé ching minh ring cic da thic Y, (I;J)
duge xay dung tit cac toan tit § va cac da thic Dickson 1a bat bién modulo
(x‘fm, . ,x%m> dudi tac dong ctia nhém con Borel B,. Trude tién ching toi sé
gi6i thieu khai niem mot 16p da thic méi duge goi 1a (k,m)-bat bién, dong vai

tro trung gian quan trong trong lap luan quy nap.

Dinh nghia 2.4.1. Da thtc f (z1,...,2x) € Fylz1, ..., 25 dude goi la (k,m)-bat

bién néu n6 théa man cac dieu kién sau day.

i) f(\at, ... exy) = f (21, 2p) v6i moi \; € F. N6i cach khac, f bat bién

dudi tac dong ctia nhéom con ma tran duong chéo chinh.

) f(@lseen @iy ey g) = f (21, 2p) + (xgm) Vi moi 1<i<j<
k.

m m

Chu § 2.4.2. Néu f la (k,m)-bat bién thi f 1a Bj-bat bién modulo («f ... 2] ).

Menh dé duéi day cho thdy rdng toan tit &, bao toan tinh (k,m)-bat
bién trong truong hop tac dong clia toan tit ., bdo toan tinh da thitc. Két qua
nay déng vai tro then chét cho phép ta a4p dung lap luan quy nap trong phan

con lai.

Ménh dé 2.4.3. Vdir <k-+1, f(x1,...,21) la (k,m)-bat bién va 6. (f) la da
thite. Khi d6, 8y la (k + 1,m)-bdt bién.

76



Chitng minh. Goi N 1a t s cla

1 Ty
r—2 r—2
2 o
x(f f(‘i.\lwaa"'vxk‘-i-l) :Cg f(xlw"?@?"'?xk-I—l)
Opsm (f) =
... Ty
—1 —1
x%’f wr’f’

V6i moéi 1 <i<j<k+1, taxét toan tit o sao cho

T+ x; néu | = j,
o (z1) =

7 néu [ # j.

Do 8 (f) 12 da thidc nén o (6., (f)) cing la da thie. Mac khac, L, bat bién
duéi tic dong clia toan tit ¢ nén o N — N chia hét cho L,.

Khi j < r, cot thit j ctia dinh thic ¢ N 14 tong ctia hai cot

q qT—Q qm ~ T
[xj,xj,...,xj T f($1,...,xj,...,xk+1)]
va
r—2 m T
[mi,xg,...,xg ] f(l'l,...,@,...,xk+1>i|

Do d6, oN — N la tong clia hai dinh thic. Trong do6, dinh thitc thi nhat co
(r — 1) dong dau tién giéng (r — 1) dong dau tién ctia dinh thic N va dong cudi
cung dugc xac dinh theo cong thitc duéi day

.I?m[f(.l?l,...,l/’\l,...,xj+$i,...,xk+1)—f(l'l,...,.'E\l,...,.fj,...,xk_t,_l)] khll#]a
0 Khil—=j<r

~

Cac hieu f(z1,...,71, ..., 25+ @iy .., xp41) — f(z1,...,20, ..., 2j,...,2511) chia

hét cho 27" vi f 1a mot (k,m)-bat bién. Do d6 tit ca cac s6 hang & dong cudi
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ciing cia dinh thic nay déu chia hét cho 27 . Ngoai ra, cot thit i cac s6 hang
déu chita x; nén dinh thitc nay chia hét cho :v,'me.

Dinh thtc thi hai thi cot thi ¢ va cot thit j c¢6 » — 1 s6 hang dau tién giong
nhau. Sau khi rit gon bing cach lay cot thi j trit cot thit 7 va khai trién theo

cot thit j thi dinh thic nay c6 gia tri la

m

q AN
x; [f(xl,...,xi7...,xj7...,xk+1)
_f(xl,...,xi,...,xj—i—xi,...,xk_i_l)}L,«_l(xl,...,xj,...,xk+1).
—~ . ~ . 2 N ~ . P m+1
Do L,_i (z1,...,%;,...,7k11) chida z; nén dinh thic nay cting chia hét cho «7 +

Khi j > r thi khai trién ¢ N — N chi ¢6 dinh thic thi nhat, ching minh tuong
tu oN — N ciing chia hét cho x?mH.

Vi vay, ta da chi ra rang trong ca hai truong hop thi o N — N deéu chia hét cho
ca 7 "1 va L,. Vi vay, oN — N chia hét cho 27" T'L,. Do d6, ménh dé da dugc

chiing minh. O

Bang cach ap dung Ménh dé trén theo phuong phap quy nap, chiing toi
thu dugc hé qua sau, khang dinh rang Yin(I; J) la mot da thiic.

Hé qua 2.4.4. Moi da thic Yy, (I;J) la B,,-bat bién modulo (x‘fm, . ,x%m).

Chiing minh. Ta c6

Vo (130) = b1t (D 05 (D40 (D2) ) )

vi DJf la (k,m)-bit bien va o, (Df) Ta da thite nen theo Menh d& 2.4.3 thi
5,i’§m (fo 1a (kK + iz, m)-bat bién. Tiép tuc lap luan tuong tu nhu trén, ta co6
Yy, (I;J) 1 (k + iy + - - - + i, m)-bat bién. Nhung k + iy + --- + i, = n, nén ta c6
Yy, (I; J) 1a (n,m)-bat bién. Do d6, ta c6 diéu phai chiing minh. O
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2.5. Co sé tuyén tinh ctia khong gian bat bién Q,, (n)B”

Trong phan nay, ching toi sé thiét 1ap mot co sé tuong minh cho khong
gian F,-vécto cac B,-bat bién trong Q,,(n). Cu thé, ching toi chiing minh ring
tap hop By, (1") gom cac da thiic Y;,(I;J) tao thanh mot co sd tuyén tinh cta
khong gian nay.

Truong hop co s6 n = 1 1a hién nhién. Do d6, ta c6 thé gid st n > 2 va

tién hanh lap luan quy nap theo s6 bién. Dé thuan tieén, ky hieu B(zg, ..., z,)

. 10
duge dung dé chi anh ctia bao ham b — tit nhém Borel B,,_1 vao GL,,.
0 b

Gia st F(x1,...,2,) 1a mot da thic B,-bat bién trong Q,,(n). Do céc sb
mii xuat hién trong F déu la boi ctia ¢ — 1, ta c¢6 thé khai trién F theo bién
va phan tich s6 hang c6 bac thap nhat. Truong hop s6 mil clia z1 bang ¢™ — 1

sé duge xtt Iy dau tien thong qua bo dé sau.

B8 dé& 2.5.1. Vdim >0,n>2 vd F(x1,...,00) = 27 'f(z,...,2,) la By-bit

bién ciia Qum (n) thi f (za,.. ., n) B (s, .. ., 2n)-bét bién modulo (a;g’”, . ,x,%m>.

1 0
Chiing minh. V6imoio € B (za,...,1,), dat o’ = € Bp.Do F (z1,...,2,) =
0 o

27" 7V f (22, ., z,) 12 B,-bit bién ciia Q, (n) nén ta c6

o' F(x1,...,200) = F(x1,...,7,) = xcllm_lf(xg,...,xn) (mod (x(fm,...,x%m)) )
Mat khac,

m—1
o'F(z1,...,an) = ozl 7 f(ze,...,xy)
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Vi vay,
of (x2,...,xn) = f(x2,...,2n) (mod (xgm7,,,7x%m)>.

Do d6, f (z,...,2n) 1 B (2s,...,2n)-bat bién modulo (mgm, . ,a;;f["). 0

Trudng hop khi sé mit clia z; nhd hon ¢ — 1 v6i m > 1 thi ta bicu dién

F duéi dang
F (ZEl, cee 7'Tn) - ‘rgq_l)if (I27 cee 7x7l> + xgq_l)(ﬂ—l)fl (I‘h L2, ... 7xTL) .

Tiép theo, ching toi xét truong hop s6 mii clia x1 trong da thic F(zy,...,z,)
nhé hon ¢™ — 1. Khi d6, F ¢6 thé dugc khai trién theo z; v6i s6 hang bac thap
nhat 1a xgq_l)if(xz, -, &p) V61 i < [m],. D€ hiéu r6 hon cau tric cia thanh phan
f(zo,...,z,) trong khai trién nay, ching toi dua ra bo dé sau, cho thay f 1a liy

thita bac ¢ ctia mot da thitc bat bién ¢ hang thap hon.

B6 dé 2.5.2. Da thic f (xy,...,x,) trong biéu dién trén la liy thia vdi s6 mi
bang q ciia da thiic g (s, ..., x,) nao dé. Hon niia, g (z2,...,2,) la B (2e,. .., 2,)-

m—1 m—1

bat bién modulo (xg o, )

Chitng minh. Trudc hét, ta ching minh rang f 1a liiy thita bac ¢ cia mot da
thitc ¢ nao d6. That vay, khi nhan F véi x({m_q—(q_m, ta thu dugc mot phan ti

B,,-bat bién modulo I,,, c6 dang
Fr=al 1 (a )ZF:x(f Uf (zo, ... apn) 4+ af lf’(arl,ajg,...,a:n).

Ta biéu dién f (zo,...,2,) dudi dang t6 hgp tuyén tinh ctia cac don thiic 27/ =

x%"" el Vi mbi 2 < k < n, ta sé chi ra j; chia hét cho ¢ véi moi J. That vay,

vi F' 1a B,,-bat bién modulo I,,, nén
Fl(zy,...;xp+a1,...,20) — F' (21,..., 74, ...,7) =0 (mod I,).

Ro rang, s6 hang 27 ' [f'(z1,...,2p +z1,...20) — f' (21, .., 2k, ... 2,)] chia hét



cho 27" nen no triet tieu trong vanh thuong Q,, (n).
Mzt khac, s6 hang x(fm_q [f (z2, ...,z +21,...2n) — [ (z2,..., 2k, ... 2,)] 12t hop

tuyén tinh clia cac bicu thic c6 dang

d(J) = x‘fqu {:1:922 oo (g —|—£L’1)jk . x{,&" — SL’%Q ) x{f .. :z:fl”]
Jk . . ‘
s=1

Mat khéac, néu J # J' thi d(J) va d(J') khong c¢6 thanh phan chung khong tam
thuong. Tt d6 suy ra, v6i moi J thi d(J) =0 (mod I,,). S6 mil clia z1 trong cac

biéu thiic trén 14 ¢™ — ¢+ s. Vi vay, bing cach dong nhat thiic ta suy ra
(M) _o
s
v6i moi 1 < s < g — 1. Do d6, jj, chia hét cho ¢ v6i moi k& va moi J. Vi vay,

[z, ... mp) =g (xa,...,20)".

Tiép theo, v6i moi o € B (xa,...,x,) dat

, 1 0
0 o
Ta co
F'o= a8 7f (zg,...,2p) + 2 _lf’(xl,xg,...,xn)
= af Tf (zg,...,xp) + 2 _1f”(a:2,...,xn) (mod I,).
Do do,
oJF = x(fm_qaf(ajg,...,:cn)+x(11m_10f”(:172,...,xn) (mod I,,)
= 2] Yog(xy,... xn)? + 2] _1Uf”($2=~-7xn) (mod I, ).
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Vi F’ 1a B,,-bat bién nén

odF'=F' (mod I).
T do suy ra

7= " (mod I,) vdi moi o € By, (w2,...,2,).

og(xa,...,xn)" =g (xe,... ,zp)

V1 vay,

m—1

m—1
og(z2,...,xn) =g (x2,...,2Tn) (mod (a:g e, xd ))

Vay, ta suy ra g (os,...,2,) 12 B(zg, .. ., 2n)-bat bién modulo (xqm‘l, . ,xg’"‘l).

Tit cau tric dac biet ctia f(zo,...,x,) trong Bé dé 2.5.2, chiing toi khai
thac thém moi lien he gitta cac toan tit &, va phép nang liy thita trong trudng
hop f 1a lity thita bac ¢ ctia mot da thic g. Bo dé sau mé ta tac dong ciia toan
tlt 6 trén cac da thitc nhu vay khi thay thé bién dau tién bang 0, dong thoi cung
cap cong cu quan trong cho phép xac dinh cach toan ti ® tic dong lén cac phan

tlt trong B,—1(1"71).

B6 dé 2.5.3. Néu da thic f (x1, 2, ..., 2.) théa man

F0,29,...,20) =g (x2,...,2:)7,

V& a1 541 (f) 10 da thie thi Suq1p41 () (0,22, ..., wer1) = (dap (9) (22, ..., wes1)) ™.
Vi vay, néuY € By (1"71) th

DY (0,79,...,0n) =Y (w2,...,2,)".
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Ching minh. Theo dinh nghia toan tit § ta co

| Ta+1
q q
Ty Tat1
a—1 a—1
q
Ty Lat1
b+1 b+1
q A~ q —_—
i f(@1,72,. . Ter1) o Tay (ml,...,xa+1,...,m0+1)
dat1p41 (f) =
T1 oo Tg41
q q
R
q* q*
N
Vi vay,
at+1 g™ -~
T [z, . x5, ..., Tep)

Sarprn (f) = = |
a+1;0+1 <f) V(xlj...,l'j,.--,ma—f—l:a:j)

Theo gia thiét thi f(0,29,...,2.) = g (22,...,2.)%, hon nita v6i j = 2,...,c+1 thi
(

V(0,22,...,%,...,2qr1,25) =V (T2,...,Zj, ..., Tay1,7;)7 , NEN ta co
+1 b+1 o~
5 (£) (0 ) 7 SO T Te)
+1b+ T2 Tetl) = 2
a ) ) e o V(07...,Z’j, -;Ia+17xj>
41 b+1 —~
. \ I;I' g(xz,...,xj,...,xcﬂ)q
j:2 L/(xZ;---7i%,---7$a+17mj)q
+1 b -~ q
B a gj?.g(xg,...,l’j,...,xc—f—l)
V(@2 T TatT5)

= (0u (9) (w2, we41))"

Tiép tuc, theo dinh nghia thi Dy, = Okt+1:k+1 (1) = Qpy1,,- Hon nita, theo Bo dé
6.1.1 [25] thi Qpa1,s = VI Qs + Q. VI vay, ta co

Qrrp (T1, 29, xpp1) = Vi (2, g, 20 4 Qriet (02, -, 2p1)?
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Do do,

Diy1(0,22,...,2541) = Qig1k(0,72,...,2541)
= Qk,k—l (x2a S 7xk+1)q
= Dy (z2,...,2111)".

Tir do,
Dpi1(0,29,. .. 2p01)* = Di(x2,...,2801)"".

Mat khac, véi hai day I = (i1,...,ix) va J = (j1,...,jr) cac s6 nguyeén khong am,

ta co
Y})(I; J) = 51171) (D{lé;%b (D%Q . 61??8) (Dik) . )) :
Vi (1) = 03y (D300 (DF -0 (DF51) ) )

Vi vay, ap dung két qua trén lién tiép ta suy ra
DY (0,29,...,20) =Y (w2,...,2,)7.

[]

Tt cac bo dé tren, ching toi thu dudce két qua tong quat sau, khang dinh
rang tap B,,(1") tao thanh mot co s6 clia khong gian cac B,-bat bién trong
Qm(n).

Dinh ly 2.5.4. Hé¢ By, (17) la mot co sé cia Fy-khong gian vécto cac By,-bat bién

Oy (n)Br.

Chitng minh. Truée hét, véi n = 1, ¢6 thé chimg minh réing Q,, (1)® 1a mot
[F,-khong gian vécto véi co sé {Di‘ | a < [m] q}. Ta sé st dung phuong phap quy

nap theo n dé thiét lap hai tinh chat sau déi véi he B, (1), cu thé la
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i) Ching minh By, (1™) la hé sinh cia Fy-khong gian vécto. Oy, (n)B"

Gié stt da thitc thuan nhit F 1a B,-bat bién ctia O, (n)®" vd F va c6 dang
F(z,...,z,) = xgq_l)if (x2,...,xp) + xgq_l)(iﬂ)f' (x1,29,...,2n).

Trc la :)sgq_l)if (x2,...,7,) 14 s6 hang theo z1 c6 bac nhé nhat ctia F. Khi

F(zy,...,zn) =2 (o, 1)

la B,-bat bién. Vi vay, theo B6 dé 2.5.1 f(x1,...,2,—1) 1& B,_1-bat bién.
Khi d6, theo gia thiét quy nap f (z1,...,2,—1) thuoc khong gian con ciia
Qm(n — 1)B»—1 sinh béi B, (1”_1). Vi vay, F thuoc khong gian con cuia
Qum(n)B» sinh béi {610 (V) | Y € By, (1"71) }.

Nguoc lai, véi i < [m], theo B6 dé 2.5.2 thi

f(za, ... ,mp) =g (xo,...,2,)!

6 d6, g (z2,...,2n) € Om—1 (n — 1)®*. Theo gia thiét quy nap, g (z2, ..., z,)

c6 thé bicu dién duéi dang

g(z2,...,zp) :Zq/Y(xg,...,xn)
1,J
VoL Y (22,...,2n) € Bmo1 (1"71). Dit
F =F— ZCYD@Y,

1,0

ta c6 bac clia z1 clia s6 hang c6 bac nho nhat theo z; trong F’ 16n hon bac
clla x1 clia sO hang c¢6 bac nhé nhat theo x; trong F. Do doé, lap lai lap

luan trén v6i F' thi ta c6 dieu phéi ching minh.
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ii) Chiing minh By, (1) la hé doc lap tuyén tinh cia F,-khong gian vécto
Oy (n)Pr.
Truée hét, tap hop thit nhat {51;m (Y)Y € By, (1”*1)} 13 doc lap tuyén
tinh theo gia thiét quy nap.
Tiép theo, v6i tap hop thit hai {D{®Y |V € By1 (1"7) ,a < [m]q}, theo
Bo6 dé 2.5.3 ta c6

DD (V) = 28T VY (2, .. 2)1

+ don thtic ¢6 bac cua x; 16n hon a(q — 1).
Do d6, néu YoyeyD{®(Y) =0 (mod (a:%m, o ,a:%m>) thi

ZCyY<:IZ'2, ...,xn):O (mOd (ngm,---,fﬂ%m))-

%
Theo gia thiét quy nap thi cy 13 triét tieu. Do do, ta c6 diéu phai chiing

minh.

Vi du 2.5.5. i) V6i m >0, khong gian Q,, (1)®* dugc sinh béi he

(1) D}, a<[m],

ii) Véi m > 1, khong gian Q,, (2)®* dugc sinh béi he

(1) 1m (DY), a < [ml,,

(2) D$DY,  a<[m],, b<[m—1,

q Y

iii) V6i m > 2, khong gian Q,, (3)* dugc sinh béi he

(1) 51;m51;m (D(ll) ) a S [m]qa

(2) Oum (DSDS), a<[m],, b<[m— 1],

q?
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(3) D§dpm (DY), a<[m],, b<[m— 1],

q )

(4) D%DZQ)DZg? a<[m] b<[m_1]CI7 Cg[m_2]Q‘

q )
Hé qua 2.5.6. Vi thit tu tw dién thi ti nhé nhat cia Y, (I;J) la

k 1

s— s—1 . s—
I qum‘q gt 0 a1

Z.1+"'+7:571+S Zl++ls+8_]- i1+"'+7:,5+5.
s=1

2.6. Chubi Hilbert-Poincaré ciia khéng gian bat bién
Qn (n)Bn

Sau khi da thiét 1ap co s6 tuyén tinh cho khong gian bat bién Q,,(n)Bx,
ching t6i khdo sat chudi Hilbert-Poincaré tuong tng. Tt do, chung toi ching
minh Gia thuyét Parabolic 1.5 ctia Lewis, Reiner va Stanton [19] d6i véi truong
hop nhém con Borel ctia GL,,.

Theo giad thuyét trén, chudi Hilbert-Poincaré ctia khong gian bat bién
QO (n)Br duge cho bdi mot bieu thiic td hop tuong minh Fom(t), xay dung tu
cac he s6 nhi thitc (¢,¢) va mot ham s6 mi e(m, 17, 8). Trude khi di vao ching
minh chinh, chiing t6i c6 mot s6 nhan xét va bo dé ki thuat cho thay cau tric
quy nap ctia ham F), ,,(t) phtt hop véi cach xay dung tap Bp,(1") trong phan
trude.

Chubi Hilbert-Poincaré clia khong gian bt bién Q,, (n)®* 1a ham F,, (t)

ducc xac dinh nhu sau

Fam ()= ) !9 ,

B<1m |Bl<m B,m — 0]
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" ()
gom—ip)| ML (e )
q

3t

Tru6c hét, ta c6 nhan xét sau vé tinh chat ctia (¢, t)-hé s6 nhi thitc va e (m, 17, 5)

dudc suy ra trie tiép tit dinh nghia ciia ching.
Nhan xét 2.6.1. V6i 8 = (1, 5o, ... Bn) = (1, ), ta c6

i) gelm1"6) — (tq)e(m—l»l"*ﬁ’)

Y

m m_y m—1

.o - 1_tq -

ii) ) =T | e
m — |B] g,m 15|

q q

it 4
Tiép theo, ching t6i chi ra chat don gidn sau vé ham F,,, (t). Két qua

nay cho thay ham F,,, (t) ¢6 tinh chat quy nap tuong tu nhu tap B, (17).

Bé dé 2.6.2. Ta c6

1—a"1

Fom (t) =17 _1Fn—1,m (t) + a1

Fp1m-1(19).

Ching minh. Ta c6

Fam(t)= 3 ten) |7

B<1" m — |B|
|8]<m q

_ Z te(mﬂ"ﬁ) p + Z te(mﬂ”,ﬁ) B

p=(0,5)<1" m—18l] . s=ag<r m — |f|
1B|<m @ |B1<m 4

R

t

(tach theo phan tit dau ciia 8 1a 0 hoac 1)

/ m_1
— g1 E e(m,1"71.3") s - q
=1 t / + 1 anl,mfl(t )
gr<1m! m=I#]
|8'|<m ’

(4p dung Nhan xét 2.6.1 cho s6 hang thit hai)
1—¢a" 1

m—1
= Fn—l,m<t> + 11

Fn—l,m—l (tq)-
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Do dé, ta c6 dieéu phai chiing minh. O

Dua vao két qua trén, ta c6 thé ching minh dudge Gia thuyét 1.5 cia
Lewis, Reiner va Stanton [19] cho trudng hop nhém con Borel clia nhém tuyén

tinh tong quét.

Dinh 1y 2.6.3. Chudi Hilbert-Poincaré ciia khong gian bt bién Q, (n)°" la
Fom (). Vay gid thuyét 1.5 clia Lewis - Reiner - Stanton [19] ding cho truong

hop nhom con Borel.

Chiing minh. Trude hét, véi n = 1 thi Fy-co s6 ctia Q,, (1) 1a
Bult) = {D=af o< m), } = {18730, g

Do d6, chudi Hibert ciia Q,, (1)°" 1a

m 1—¢d"
q—1 2(g=1) 4 ... -1 _ q
1+t 4t S

m__

V=P (t).

Vay, ménh dé dung véi n = 1. Hon nita, hé co s6 B, (1) dugce xac dinh mot cach

quy nap nhu sau
B (1) = {010 (") |V € B (") }_{ D12 (V) | @ < [m], .Y € By (1"71) .

Do d6, theo Bo dé 2.6.2 vé tinh chat quy nap ctia Fy, ,, (¢) thi ta suy ra diéu phai
ching minh. ]

M&i s6 hang trong tong dinh nghia F, () déu tuong tng v6i cdc phan
tlt trong co s6 By, (1) clia khong gian bat bién Q,,(n)B». Nhan xét sau mo ta ro

cau tric clia cac phan tit Yy, (I,J) tuong ting véi ting chi s6 ctia 3.

Nhan xét 2.6.4. V6i 8 = (B1,...,5,) 1a day cac s6 nguyen khong am sao cho

Z m ~
B| < m thi s6 hang t¢(m1'8) ctia Fy, p, () 1a chudi Hilbert-

ﬁam_ ’6’ q

b < 1" va

)t
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Poincaré cuia khong gian con cua Q,, (n)B” sinh bdi cac phan tit Y, (I, J) ma cip

(I,J) théa man cac diéu kien
(1) Bi=16cacvitriig+---+is+svéil1<s<k-—1,
(2) Khis =k, i+ +ip+k = nthi ji = [m—k-+1], va B, = 1 néu ji < [m—k+1],,

(3) Bi =0 trong céac truong hop khac.
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KET LUAN CHUONG 2

Trong chuwong nay, chiing t6i trinh bay cac néi dung sau day.

e Xay dung toan tit § (Dinh nghia 2.1.1) nhu mot bién thé ctia ham Schur
[20] va dua ra mot s6 tinh chat clia toan tit §, ddc biet 1a cong thiic tinh cac tac
dong lap clia toan tit 6 (Ménh dé 2.1.4) v& tong quat nd trong cac trusng hop
tong quat hon (Ménh dé 2.1.7).

e Dinh nghia ham hitu ty Y, (7; J) v6i hai day I, J cho trude (Dinh nghia
2.2.1). Stt dung cac két qua da biét vé toan tit § dé chitng minh cAc ham hitu ty
Y, (I;J) v6i I,J thdéa man cac diéu kién nhat dinh, va cac da thitc Y; (I;J) nay
ciing 1a cac da thic bat bién duéi tac dong ctia nhém B,, (He qua 2.3.4 va He
qua 2.4.4).

e Tiép theo, ching t6i xay dung hé B,, (1) theo cach quy nap theo n. Chi
ra rang hé By, (1) chita cac da thitc Y, (I;J) v6i I va J thoa man cac dieu kien
xac dinh (Menh dé 2.2.3).

e Cudi cuing, chiing t6i chitng minh hé B,, (1*) 1a co s6 clia khong gian bat
bién Q,, (n)°" (Dinh 1y 2.5.4) va chitng minh dugc gia thuyét ciia Lewis - Reiner
- Stanton [19] vé chudi Hilbert-Poincaré ciia khong gian bét bién Q,, (n)®* (Dinh
1§ 2.6.3).
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Chuong 3

Bat bién ctia vanh da thic modulo
lay thiwra Frobenius duédi tac dong
cua cac nhém con parabolic hang
thap

Gia thuyét Parabolic 1.5 clia Lewis, Reiner va Stanton [19] dua ra mot
cong thiic dy doan cho chudi Hilbert-Poincaré ctia khong gian bat bién Q,,(n)F«,
trong d6 P, 1a mot nhém con parabolic clia nhém tuyén tinh tong quat GL,.
Mic du gia thuyét nay cung cap thong tin ve sd chiéu ciia khong gian bat bién,
nhung né khong dua ra mo ta cu thé vé cau tric tuyén tinh va khong xéc dinh
mot hé co sé tuyén tinh tudng minh cho khong gian nay.

Duta trén gid thuyét vé chudi Hilbert-Poincaré, ching toi dé xuat mot gia
thuyét manh hon, khong chi xac dinh kich thuéc ctia khong gian bat bién ma
con cung cap mo ta tuong minh vé mot hé co s6 tuyén tinh cu thé ctia khong
gian Q,,(n)P?. Trong d6, cac toan tit dg.y, gilt vai tro trung tam nhu phép nang,
cho phép chuyén cac bat bién tit khong gian hang thap lén cac khong gian bat
bién c6 hang cao hon. Dong thoi, tap A™ déng vai trdo nhu mot “tap sinh” gom
cac bat bién co ban ¢ bac thap, tit d6 toan bo hé co s6 duge xay dung thong

qua su két hop véi cac toan 1 Gy,
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Gia thuyét tong quat clia chiing toi vé hé co sé tuyén tinh ctia khong gian
Qn(n)Pe duge trinh bay cu thé nhu sau.
Gia thuyét 3.0.1. Mot co sé cho khong gian bat bién QO (n)™* la tdp Bm ()

gom cdc phan tii c¢é dang
Ot (105 (o o105, (F) -+ ) ) L0 < s < min (a1, m)
Bi+1;m \/1%Byt-1;m I=19B+1;m \J1 VS s S mnlag, mj,
vii < a, |B| <m, Bi=p1+...+ 8 (quy udc By =0) va
fi c (I)Bi_lAgjiBFl C Agi_Bi'

0 day, A™ 1a mot tap con ciia dai s6 Dickson duge xay dung theo Dinh
nghia 3.1.1, con 4, la todn ti da dude xay dung trong Dinh nghia 2.1.1. Ham
Frobenius ® duge dinh nghia theo cac quy tac ®(Qr;) = Qri1+1 va duge ap
dung theo phép nhan. Véi truong hgp dac biét ciia nhém parabolic 1a nhom

tuyén tinh tong quat GL, tng v6i nhém P, o = (n), chiing toi ¢6 gia thuyét.

Gia thuyét 3.0.2. Tap hop B, (n) gom cdc phan ti cé dang

5?J:f;m(f), feA? 0<s<min(m,n)

GL

tao thanh mot co sd cho khong gian vécto Qy, (n) " trén F,.

Nhan xét 3.0.3. i) Theo [28] (cong thic 7.1), ta c6

q,t
Theo két qua trong Chuong 2 thi chudi Hilbert-Poincaré trong Gia thuyét

3.0.1 1a phu hop v6i Gid thuyét 1.4.1 v6i cac gia tri dau tién nhu o =
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(1),(1,1),.... Gia sit chuoi Hilbert-Poincaré tng véi By, (o) v6i o = (ag, . ..

1a
Com(t)y= Yt "o
ot s gom—s—191]
Khi d6, chudi Hilbert-Poincaré ctia B, (a) véi o/ = (a1, a9,...,q;) 1a
min(ay,m) m
Z t(qm_qs)(al_s) X
s=0 S
q;t
X QOS Z t@(m—S,O/,ﬂ/) m—s
Br<at,|B/|<m—s glim —s— 8] »

, )

6d6 B = (Ba,....0) <o = (as,...,qa;). Ap dung cong thic 7.1 (28] G tréen

N

va bién ddi ta thu duge, chudi Hilbert-Poincaré tng véi By, () 1a

m
Ca,m(t> _ Z re(m,a,B)

B<a,|B|<m B'm —|f] »

Do d6, chudi Hilbert-Poincaré trong Gia thuyét 3.0.1 14 phu hop véi Gia

thuyét 1.4.1.

X . . 2 2 N m N 2, 2 — N
ii) Dac biét, chudi Hilbert-Poincaré cia A7 1a va toan tu o7, ;. (f) lam

s+1m
S
q,t

tang bac ctia f 1én (n — s) (¢™ — ¢°) don vi. Vi vay, chudi Hilbert-Poincaré

m

tuong tng voi tap Bu(n) la SR fn=s)(@"=s") va n6 chinh 1a

S
q,t

Cr.m(t) trong Gia thuyét 1.4.2. Do d6, chudi Hilbert-Poincaré trong Gia

thuyét 3.0.2 1a phtt hop véi Gia thuyét 1.4.2.

Vi vay, co s6 ma ching t6i dé xuat c6 chudi Hilbert-Poincaré trung véi

chudi Hilbert-Poincaré trong giad thuyét ctia Lewis, Reiner va Staton. Do do6, gia

thuyét ctia chung toi phu hop véi hai gia thuyét duge dé xuat béi Lewis, Reiner
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va Stanton. Hon ntta, ching t6i ciing giai thich 1y do tai sao cac hang tit clua
chudi Hilbert-Poincaré lai xuat hién trong cic gia thuyét ban dau.

Trong chuong nay, ching toi xay dung co sé tuyén tinh va chiing minh Gia
thuyét 3.0.1 va Gid thuyét 3.0.2 ding v6i hang khong vuot qua 3. Tt d6, ching
toi suy ra Gia thuyét ctia Lewis, Reiner va Stanton (Gia thuyét 1.4.1 va 1.4.2)
cho khong gian bat bién ctia Q,,(n) duéi tac dong ctia cac nhém con parabolic,

trong truong hgp cac nhém nay c6 hang khong vugt qua 3.

3.1. Toan t 6 va tap A

Trong 1y thuyét bat bién trén truong hitu han, cidc da thic Dickson giit
vai tro trung tam trong viéc xay dung va mo ta cac khong gian bat bién dudi
tac dong ctia nhém tuyén tinh tong quat GL, va cdc nhém con parabolic ctia né.
Khong chi cung cap mot hé sinh cho khong gian bat bién, cac bat bién Dickson
con la nén tang cho viéc phat trién cac cau tric dai s6, dic biet 1a trong dinh
nghia va van dung cac toan ti § cing nhu tap A™, dong vai tro thiét yéu trong
viec xay dung cac co sd tuyén tinh cho cac khong gian bat bién.

Chiing t6i nhic lai mot s6 khai niém co ban lién quan dén cac da thrc

Dickson va dai s6 bat bién. V6i mdi sé nguyen duong k, ky hiéu V;, 13 tich

Vi(oy, ..., 2p) = H (g + Ax1 + -+ A1 Tp—1).
A€F,

Ta biét rang vanh gian bat bién SB» dudi tac dong ciia nhoém con Borel clia GL,
14 mot dai s6 da thic duge sinh bdi cac bat bién Viq_1 v6i 1 < i < n. Ngoai ra,

phuong trinh co ban theo X 1a
n—1 _
Vn+1 (xla e 73777/7X) = Xq + Z(_l)n_ZQﬂ,in ’
i=0

trong d6 cac da thiic Q; = Qni (1,...,7,) 12 bat bién dudi tac dong clia nhom
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GL,,. Theo Dickson [7], ta c6

Dn = SGLn = Fq[Qn,Oa ce 7Qn,n71]-

Céc da thitc nay c6 thé biéu dién tudng minh thong qua dinh thiic clia
cac liy thira Frobenius nhu sau

[71,...,7rn] = det (a:?rj)

Y
1<i,5<n

vol 0 <7 <n thi R
[0,... ...\ n]
L, ‘

Qn,i =

Dic biét Qnp = 1, Qno = Li ", vA Qni = 0 néu i < 0 hodc i > n. Mot s6 lien he

quan trong khéac la

Ly,=WVa... .V, Quni= Qq + anuv,g*l.

n—1,i—1

3.1.1. Toan tit § va vai tro két hop véi A

Tiép theo, chiing t6i trinh bay dinh nghia va tac dong clia toan tit §, cing
v6i cach thiic két hgp né véi cac don thiic trong A™ dé tao nén cac bat bién
parabolic. Noi dung nay sé lam sang t6 vai tro cia A7 nhu mot khoi xay dung
quan trong trong cau tric ciia khong gian bat bién.

Tru6e khi gidi thieu dinh nghia vé tap A™, ching toi nhic lai khai niem

don thitc Dickson c6 kiéu phan hoach.

Dinh nghia 3.1.1. V6i mot s6 nguyén duong s va phan hoach (A1, Ag,...,\s)

sao cho A\; > Ay > ... > Ay >0, mot don thic Dickson QS ;- --Q%, trong dai b
Dickson Dy duge goi la c6 kiéu (Ai,..., \s) néu timg phan tit e; thod man diéu
kién

q)\i _ q)\i+1 q/\i+1 _ q/\i+1>
e; € )
qg—1

qg—1
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voi 1l <i<s.

Nhan xét 3.1.2. Moi don thic Dickson 1a ¢-tuong thich v6i mot phan hoach
duy nhat (\1,...,\s) c¢6 do dai khong vuot qua s.

Dinh nghia 3.1.3 ([28], Dinh nghia 5.4). Khong gian con A™ ciia dai s6 Dickson

dugc xéc dinh la hgp roi rac ciia céc tap con Ay, y,) trong do6

e Moi phan hoach (A1, ..., )s) théa man dieu kien m — s > \y.
® Ay, 1a tap hop tat ca cac don thitc Dickson cé kiéu tuong tng.
e Néu s > m thi quy uéc A” = ().

Céac don thic Dickson trong AT véi s < min(m,n), cung v6i cac toan tit § dong
vai tro quan trong dé xay dung co sé clia khong gian bat bién. Ta goi mot don

thiic Dickson trong A™ 1a mot don thiic cot yéu.

Dé dang thay rang @A C A™, va ® bién mot don thiic kiéu (Mg, ..., As)
ctia D, thanh mot don thite kicu (A, ..., \s, 0) ctia Dgyq. Céc don thic Dickson
trong A™ déng vai tro 1a nhitng thanh phan “cot yéu” trong viéc xay dung cac
bat bién dudi tadc dong clia nhém GL,, va cdc nhém con parabolic clia né. Nhu
sé¢ dugc trinh bay trong phan tiép theo, khi két hop véi céc toan tit 6, cac don
thtic nay cho phép xac dinh tuong minh co s6 tuyén tinh ciia cac khong gian
bat bién parabolic.

Khi khao sat cau tric ctia tap A7, mot s6 don thitc Dickson khong thudc
tap nay van giit vai tro quan trong, diac biét trong viéc nghién citu tinh day du
hoac doc lap tuyén tinh ciia cic hé sinh bat bién. Cac don thiic nhu vay dudc
goi la don thic bién va duge dinh nghia nhu sau.

Dinh nghia 3.1.4. Ta goi cac don thic bién la cac don thic Dickson khong
nam trong A™ nhung c6 tinh chat "bien" thod man

q)\i _ q)\i+1 q)\i-i-l _ q)\i+1
e; € )
q—1

] )Véimoii#j,
q_
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qJ
qg—1

Aj+1 q)\j+1

v6i chi s6 j ¢6 dinh trude.

Theo Dinh nghia toan ti 6, néu f(z1,22) € Fylr1, 2] thi

I €9 I3
af 5 3
ol flxo,x3) ad f(xr,23) a3 f(a1,22)
o3(f) = I

Trong Chuong 2 chiing t6i da chiing minh téng quat hon ring d,(f) thong
thuong khong phai 1a da thiic, nhung trong nhiéu truong hop né khong nhitng
12 mot da thitc ma con 1a mot da thic bat bién ctia Q,,(s+ 1) dudi tac dong clia
nhom Borel B,y;. Ménh dé tiép theo, ching t6i dua mot phat biéu chinh xac
cho truong hgp riéng ciia toan tir 43 va trinh bay mot chitng minh "co ban" hon
vé tinh da thitc clia 03(f), dong thai sit dung két qua nay dé chi ra tinh GL3-bat
bién ctia 63(f) khi f 1a GLg-bat bién.

Meénh dé 3.1.5. Néu f la mot da thite GLa-bat bién thi 63(f) la mot da thic va
la. mot GLs-bat bién cia khong gian Qu(3).
Chitng minh. Dé chting minh ring d3(f) 1a mot da thitc va 1a GL3-bat bién, ta
thuc hién cac buée sau.

(1) Chtng minh tinh da thic cta ds(f).

Mau s6 Lz clia 63(f) 1a tich cac dang tuyén tinh. Do d6, dé chiing minh
rang 3(f) 1a mot da thiic, ta can chi ra rang tit s6 nay sé bang khong khi
c6 mot quan hé tuyén tinh khong tam thuong gitta cac bién xq, xo va 3.

Gia stt ta c6 dieu kién tuyén tinh

a1x1 + asxo + azxs = 0,
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trong d6 a1, ag, va a3 1a cac hang s6, khong dong thoi bang khong. Gia st

a3z # 0, khong giam tinh tong quat ta gid st a3 = —1. Khi do,
T3 = a1x2 + asTy.
T s6 cta 63(f) c6 dang
Lo(xa, xg)x({mf(xg, x3) — Lo(x1, xg)xgmf(xl, x3) + La(xq, xg)xgmf(xl, T2).
— Khi a1 v ay déu khac 0. Vi f 1a GLo-bat bién nén
f(r1,23) = f(21, 0122 + a2w2) = f(r1,72),

f(x2,x3) = f(x2, a172 + agw2) = f(x1,x2)

Lo(x1,23) = Lo(x1,a171 + agxe) = agLa(x1, x2),
Lo(x9,x3) = La(x2,a171 + asxs) = —aj Lo(z1, x2).

Do dé, khi 23 = a1z1 + asxo thi tid sO cla 53(f) tré thanh

Lo(wa, a3) 28 f(wa,x3) — La(wr, a3) 2 fla1,23) + La(wr, 2) 2 f(a1,22)

= (—alx(fm — agxgm + x%m> Lo(xy1,22) f(x1,22) = 0.
— Khi a; = 0 hoéc ag =0, Chéng han a; = 0. Khi do,
f(w2,23) = f(w2,ax2) = 0; f(w1,23) = f(71,a272) = f(71,72).

L2($1, xg) = CLLQ(.Z'l,.TQ) ’Ud L2(x2, :L‘g) = LQ(iL‘Q, agajg) =0.

Do d6, t1t s6 ctia 03(f) 1a

(—agxgm + l'gm) Lg(xl, $2)f(:C1, xg) =0.
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— Khi a; = az = 0 thi hién nhién ti& s6 clia 63(f) bang 0.

Vay tit s6 clia §(f) sé bang 0 néu ton tai mot quan hé tuyén tinh gitta z1, o
va 3. Diéu nay chi ra rang d3(f) 1a mot da thie.
(2) Chting minh tinh bat bién.

Trude hét, 63(f) 1a da thitc d6i xiing. Vi vay, dé chiing minh d3(f) 1a GLs-
bat bién clia Q,,(3) thi ta chi can chi ra d3(f) bat bién dbi véi phép bién

doi z1 — x1 + 29 Va git nguyén x, x3. Ta co,
L3(x1 + 22,22, x3) = L3(x1, 22, 23).

Vi vay, tit s6 ctia 03(f)(z1 + x2, 12, 13) — 93(f) (21, 72, 73) 14

1 + T2 ) s
q q q q
i xy x3

(of" +08") flazae) af flar+wa,a) 0§ f(o1+3,22)

A Z2 T3
| ¥ ¥
l'(f f(l'g,l'g) x% f(xla 1'3) 37% f(xla 172)

Sau khi thu gon ta thu ducgc

€1 ) xrs3
qTVL q q q
L2 Ty T T3l

f(xe,23) — f(w1 +22,23) f(x1+ 22, 23) — f(w1,23) O

Lap luan tuong tu bude 1, ta co6

‘i L2 3
q q q
xy o x3

f(wo,23) — f(wr + 22, 23) f(21 +22,23) — f(r1,23) O
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chia hét cho L3. Vi vay,

03(f) (w1 4 w2, 22, 23) — 03(f) (21, w2, 23) = 0

trong Q,,(3). Do do, d3(f) 1a mot da thiic va 1a GLs-bat bién trong khong

gian Q,,(3).
H

Chi y 3.1.6. Theo Ménh dé 4.1 [12] thi két qua trén dung cho trudng hop hang
2 v6i toan tit &9, trudng hop hang 1 duge suy ra mot cach dé dang tit dinh nghia

cua toan tt ;.

Vi du 3.1.7. Céc da thitc GL;-bat bién ¢6 dang f(z) = z°¢@~1) = @Q§ ;,s > 0. Do
do, 6> (Q3 ) 1a mot da thitc va la GLy-bat bién ctia Q,,(2). Ho bat bién &z (QF )
chinh 13 ho bat bién y, v6i s < [m] , ma Goyal xay dung trong [12]. Trong d6, ys

duge dinh nghia la

mt{”—qx;(q—l)+x%m—q—(q—1)xgs+1)(q—1)+___+$8(q—1) q"—q

Ys = 1 x5

Két qua nay van dang khi s > [m],. Tuy nhién, khi d6 céc bat bién bién nay la

tam thuong trong Q,, ngoai trit trusng hop s = [m], + 1, trong dé

T1 Z2

q" . q"=1+q-1 g™ q"—1+q-1

il x ra x
[m} “+1 1 2 2 1 g"—1 q"—1 2
%2 (QLOQ - =-—xp xy = —0i(1)
Ty X2
qa q
Ty Xy

Vi du 3.1.8. Doi véi s < [m],, o3 ( ‘io) 1A mot da thic GLs-bat bién c6 bac
2(¢™ — q) + s(q — 1) trong Q,,. Ho bat bién nay chinh 1a ho cac da thic a3 ma

Goyal da xay dung trong ([12], Hé qué 4.3), theo d6 thi cong thiic tudng minh
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cla am 3, 1a

_ 52 s _ i1(q—1) d2(q—1) i3(q—1)
am,3,s = 05 (QLo) = Ty Ty T3 .

.. 2(qm—q
u-i—m-&-wz%-i—s
am—q

5<1,02,i3 <%

Két qua nay van dtng cho truong hgp s > [m],. Tuy nhién, céc bat bién nay deu

la tam thuong, ngoai trit truong hop
[m]q+2 m_ m__ m_
63 (Ql,o ) = a9 lscg 13:% 1= 53(1).

3.1.2. Toan ti § va Dai s6 Dickson

V6i mdi hop thanh o ciia n, khong gian bat bién Q,,(n) = 13 mot modun
trén dai s6 Dickson D,,. Két qua sau day mo ta cach toan tit § tuong tac v6i dai

s6 Dickson trong truong hgp hang thap.
Meénh dé 3.1.9. Ta c6 cic diang thic sau trong Q.
(1) Qu08s(f) = 0 vdi moi J.
(2) Q2102(f) = 82 (Q1 f) vdi moi f € Dy.
(3) Qz.i03(f) = 03 (Q4,_1f) vdii=1 hodc 2 va moi f € Da.
(1) Q3283(f) = 53( 7 f) vdi moi f € Dy.
(5) Q3103(f) =0 vdi moi f € Ds.

Chatng minh. Ta sé chiing minh (3) cho truong hgp i = 1 va hai trudng hop cudi.
Viéc chitng minh (1), (2) dugc thyc hién dya vao dinh nghia toan tit 6, va bién

ddi dinh thic tuong tu trong chitng minh (3), (4) va (5).

e Chitng minh (3).
Xét hieu Q3103(f) — 63(Q% o f). Stt dung déng thic Qs1 = Vi~ Q21 + Q4.
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phan tt (3,1) trong hang cudi clia dinh thiic trong tit s6 c6 thé duge viét

don gian thanh
37% ng_l(xmfl?&301)@2,1(332,333).

Va(xo, w3, 11)La(2, 3) = L3(x2, 73, 71) = L3(21, 22, 73),

nén khai trién Laplace theo hang cudi ctia dinh thic trong ti sé cho thay
rang da thitc thu duge thuoc I,,, diéu nay dan dén né bang khong trong
Qm- Do do, ta thu dugce (3).

Chtng minh (4).
Xét Qs =V§ ™" +Q%,. Theo (1) va (2), trong Q, ta ¢6

Q3202 (62()) = 62 (Q4102(1)) -

Sit dung cong thic Q21 = V3" + QY va khai trién dinh thiic, ta thay hieu
52 (Q4,82(f)) — 63 ( 7 f) ¢6 thé duge viét dudi dang

m—1

2_g_1 m 2_g-1
Jan T wf@)Vy T (22, 23) —ah anf(x)Vy T ()
s La(z1,72)

2 g1 2_g—1
oVl T (g, w0) — a1 Vy T (w3, 21)

Lo(z1,x2)

+af 2d f(x3)-
Ta théy ring s6 hang dau tien 1a mot da thic va la boi clia 1 . S6 hang
thit hai thuoc idéan (m‘fm,xgm). Vay, (4) duge chitng minh.

Chtng minh (5).
Trong 9,,, ta co

Q3102(f) = b2 (Q3of) ,
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Q2002(f) = LY~ Nay, wa)ar f(x)a§ — L N (ar, w2)waf(aa)al
Lap luan tuong tu nhu chiing minh ciia (4) ta suy ra diéu phai chitng minh.

[]

3.2. Chin trén ctia tong sb chiéu ctia cac khong gian
con bat bién
Gia thuyét Parabolic dy doan rang chudi Hilbert-Poincaré cho khong gian
bat bién Q,,(n)Fe, trong d6 o 1a mot hgp thanh clia n, 14 da thic (hitu han)
Com(t) ¢6 cong thitc tudng minh duge nhic lai trong Gia thuyét 1.4.2. Dac biet,
gia tri clia Cpm(t) khi ¢ = 1 14 tong s6 chidu clia cac F,-khong gian vécto phan

bac Q,(n)Pe. Ching t6i chi ra két qua sau.

Meénh dé 3.2.1. Vdi méi m,n > 1 va hop thanh a bat ky cia n, tong so chiéu

ctia khong gian vécto phan bac Qu(n)Fe khong nhé hon Cem(1).
Chitng minh. Xét thuong dai s6 da thitc khong phan bac
R=Fq[z1,...,25]/ (:E(llm —xl,...,x%m —xn) )

Tac dong ctia GL,, len Fy 21, ..., z,] s& cAm sinh tac dong xubng thuong nay. Ta

c6 mot loc tu nhién
{0} =F 1 CFFCch C---C Fn(qm_l) =R,

trong d6 F; 14 4nh clia tap hop tat ca cac da thiic c6 bac khong vugt qua i dudi
phép chiéu chinh tac Fy[z1,...,2,] — R. Goi gtpR la khong gian vécto phan bac

lien két @~ Fi/Fi—1 va trang bi cho gtzR mot cau trac vanh ma phép nhéan
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duge xac dinh béi tich FF; — Fiij. Anh xa [F,~dai s6 chinh t&c
Fylz1,...,20] = R = gtpR, x;— 3 € F1/Fp,
cadm sinh mot dang cau F,-dai sb ctia cdc GL,-bat bién
Om(n) = grpR.

Mat khac, ap dung ham ti 1ay GL,,-bat bién trén mdi day khép ngan clia cic
GL,,-modun,

0— Fifl — FZ' — FZ‘/F¢,1 — O,
va tinh theo sb chiéu, ta thu dugc bat déng thic
dim (F) %" < dim (F;_1)®" + dim (F;/F;_1) %",

do do
dim REM < dim(gezR) M = dim Q,,, (n)%.

Dé tinh s6 chidu ciia R, ta md rong truong F, thanh mot truong F

chita Fym. Khi d6 anh xa danh gia
flz1,...,zp) — [(vl,...,vn) € Fym = f(v1,...,0n) € F} ,
cam sinh mot dang cau ciia cac F,-dai s6
IF ®]Fq R g Map (Fgm, IF) .

Déng cau nay ciing 14 GL,-tuong thich, trong dé6 GL,, tac dong lén vé phai thong
qua viéc nhiing GL,, (F,) C GL,, (F,=). Tit d6 suy ra ring ton tai dang cau

>GL

(For, R) " = Map (F}./GL,,F) .
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S6 chiéu clia (F ®p, R)M bing véi sb lugng clia cac quy dao clia tap Fi /GLy,.

min(m,n)

2 N 2 m m
Mat khéc, so lugng nay bang tong >~ , trong do la g-he

S S
q q

s6 nhi thitc bang s6 cac khong gian con ¢6 s chiéu ctia F,-khong gian vécto Fym.

Vay, ta da chi ra rang

dim]Fq RGL" = dim[gq (F AR, RGL")

min(m,n)
m
= Y = Cpn(1) < dim Qpp (n) S,
s=0 S

Lap luan trén van ding néu ta thay nhém tuyén tinh tong quat GL,, bing
nhém con parabolic P,. Vay, ménh dé da dudc ching minh.

[]

Tiép theo, ching toi c6 két qua sau vé chudi chudi Hilbert-Poincaré sinh

béi tap Bu(a).

Bo dé 3.2.2. Vdi méi hgp thanh o ciia n, chudi Hilbert-Poincaré ciia Fy-khong

gian vécto sinh bdi tap By (a) khong lon hon Cqm(t).

Chiing minh. Ta c6

m
Comlt) =Y e ,
B<a,|B|<m B,m— |/6|

trong do

e(m, o, ) = (o = Bi)(q" — ¢%)

= (= A)lg" g™+ a™ )_(ou = A" = g,
i>2

Ngoai ra, theo [28] (Cong thiic 7.1), ta c6 cong thiic cho (g,t)-da he sé nhi thiic
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B1

m m m

ﬁ?m_|5| 61 627"')/657m_|5|

q,t q,t q,t
Do d6, dit 8 = (Ba.....B) VA o = (as,....ar), khi d6 Cam(f) duge biéu dién
thanh

m

Z Har=p1)(g"—q™) X

B1<min(a,m) 61

q"

X Z pe(m=p1,8"0') m =

B<al,|B|<m—B B',m — p1— |6 »

So sanh cong thitc cudi cing nay véi dinh nghia quy nap ctia tap By, («),

va luu § rang toan tit 67177 nang bac thém (a1 —s)(¢™ —¢*), boi Frobenius nhan

bac them ¢ 1an, va chudi Hilbert-Poincaré ctia tap A™ chinh 1a " , ta suy
) . . q
ket qua can chiing minh bang quy nap. ]
Nhan xét 3.2.3. i) Gid st ta c6 thé xay dyng mot hé sinh cho khong gian
bat bién Q,,(n)F sao cho sau khi tinh toidn s6 chiéu thi chudi Hilbert-
Poincaré C, ,(t) ctia Qp(n)P'» khong 16n hon Cypm(t) (6 d6, f(t) < g(t) néu
g — f la mot da thitc véi cac he s6 khong am). Sau do6, vi c6 mot bat dang
thitc nguge lai €, (1) > Cam(1) khi xét tai ¢t =1, ta c6 the két luan rang
hai chudi nay 1a dong nhat vi ca hai déu 1 cac da thic c6 bac hitu han véi

hé s6 khong am. Do d6, hé sinh ctia ta thic chat 14 mot co sé cho Q,,(n)F=.

ii) Tt d6, ta c6 thé don gidn hoa cong viéc xac dinh co sd. Cu thé, dé ching
minh rang B,,(«) 13 mot co sé cia Q,,(n)P» thi ching chi can xac minh

rang né6 1a mot heé sinh 13 du.
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3.3. Co sé ctia khong gian bat bién cta Q,,(2) duéi
tac dong cua cac nhém con parabolic
Truong hop hang 2 thi nhém tuyén tinh tong quat GLy chi c6 hai nhém

con la chinh n6é va nhém Borel By. Khong gian bat bién duéi tac dong ciia nhém

con Borel By 1a truong hop rieng ctia Dinh 1y 2.5.4, theo d6 ta c¢6 két qua sau.
Hé qua 3.3.1. Hé gom 2 ho cdc phan ti lap thanh mot Fy-co sd clia Qpm(2)B?
(m>1).

(1) dum (DY) = b1m (QF) » @ < [m],.

(2) D{Dj = Q%,oQg,p a<[m],,b<[m—1]g.

Tiép theo, ching toi trinh bay mot nhan xét quan trong lien quan dén
quliqi qi—l

cac don thitc Dickson c¢6 dang @, "' Qy;' nam & "bien" ciia A, Két qua nay

rat quan trong trong viéc xac dinh hé sinh ctia khong gian bat bién Q,,(2)%2.

Meénh dé 3.3.2. Vii moi 0 <i<m—1, ta cé6 phép phan tich trong Qu(2)

qm—17q1 gt —1 -1

Q2,1q71 ngﬁl = 52(Qf’761 )+ don thiic cot yéu chia hét cho Qay.

Ching minh. Theo dinh nghia toan tit 0, ta co

T 9 x(f mg
. q” q'-1 g™ q-1 g ]
5 L Ty Ty Ty 1 Ty Iy [i,m]
2( Qo ) = N ~[o,1]°
T1 T T1 T9 ’
2 2l ! x
1 T2 )

Do do, o (Qﬁ&l) 14 mot GLa-bat bién ctiia S, vi vay né 1a da thitc Dickson. Khi

qm—171
—1

i = 0, don thic Dickson d2(1) phai chita @, ¢ 14 mot hang t1t don tam thuong

qul_l

Vi c& hai déu tré thanh z¢" 7 khi cho zy = 0. Do d6, da(1) — Q, 7 *  chia hét
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cho Q2. Hon nita, dé thay rang trong cac don thiic Dickson ¢6 bac ¢™ — ¢ thi

qmll

o1 la don thiic Dickson duy nhat khong cot yéu. Vay, ta co
e -1 . . .
da(1) = Q27f‘1 + don thic cot yeu chia héet cho Q2.
Tong quét hon, st dung céc phép bién doi dinh thic ta c6 dang thic
% (Qﬂol ) Q30" (i)

Do do,

52 (QEBI) QQ 1q 1q Qz(; +(fQ20)q on s

v6i f 1a mot da thic Dickson nao d6. Mot don thitc Dickson xuat hién trong

hang tit thit hai clia tong & trén c6 dang QiQ Qi

m—1

co ip < qq—*i do do Q o 1 don thite ¢t yéu. Vay, ta c6 diéu phai ching

minh. O]

Trong [12] (Ménh dé 4.1), Goyal da xay dung mot ho céc da thiic bat bién
dudi tac dong clia nhém GLy trong khong gian Q,,(2). Tap hop cac da thiic bat
bién nay dugc ky hieu 1a vy, v6i k' tit 0 dén q;i—*lq. Thuyc ra, ho bat bién nay
chinh 14 ho GLa-bat bién d2(AT") ma ching t6i xay dung. Két qua sau day cia

GL2

chiing t6i vé co sG cho khong gian bat bién Q,,(2)%2 1 tong quat két quai cia

Goyal, chiing t6i chi ra F-co sé khong gian bat bién Q,,(2)%L2.
Meénh dé 3.3.3. Tap hop Bn(2), bao gom 3 ho phan ti

(1) () =t af",

(2) 62(AT),

(3) Ay

lap thanh mot Fy-co sd ciua khong gian con bat bien Q,,(2)C=.
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Chiing minh. Theo Nhan xét 3.2.3, dé chiing minh B,,(2) 1& mot co sé cia
Q. (2)%12 ) ta chi can chitng minh ring tap B,,(2) 13 mot hé sinh ciia Q,,(2)%=.

Dé chiing minh, ta thuc hién theo hai buéc.

i) Thit nhat, xét 4nh xa chuyén
52 0 Qn(2) — Qn(2)91

tit khong gian bat bién Q,,(2)B? len khong gian bat bién Q,,(2)¢2. Ta sé

chiing minh anh ctia hé sinh ctia Q,,(2)®2 14 tap B’, bao gom 3 ho phan ti

(3) Ds.

That vay, theo F,-co s6 By,(1,1) cho khong gian bat bién dudi tac dong cia
nhoém con Borel bao gom hai ho phan tit

(1) 01 (Df) =61 (QFp)» a<[m],

(2) DID} = Qf4Q%,, a<[ml,,b<[m—1].

Theo Vi du 3.1.7, véi a = [m], thi & (D}) = af ~'a§ ' = 6}(¢) 1a GLy-bat
bién nén véi ho thit nhat thi ta chi can xac dinh anh ctia anh xa chuyén

véi truong hop s6 mii ctia D; nhé hon a = [m) g Ou dung khai trién clia dy

theo dinh nghia, ta c6 dang thic trong Q,,

m_1 s(g—1
q xS(q )

2l = sy (1) - sy (Q5h),

v6i moi 0 < s < [m],. Vi 82(Qf y) da la mot GLp-bat bién, nén anh ciia anh

xa chuyén téc dong len ho dau tien la

TGt (") = (gt (o) i, (015).
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ii)

Ro6 rang, TrGL2 (:cgsﬂ)(ql)) lai 1a mot da thitc Dickson trong D,. Theo
Meénh dé 3.1.9, tich clia 2(1) v6i mot da thitc Dickson 1a bing khong hoac
1a mot phan tit khac trong ho §2(AT). Do do, ta co

) 1
TrGL (171 %(q )) (Qs+1)
hoac
TerB;QL2 (x%mlzg(q_1)> =0.

Déi v6i ho thi hai thi
TSl (Q10@Q%1) = Q4TS (Q4,) € De.

Hon nita, TrGLZ (xgsﬂ)(ql)) 1a mot toan cau. Vi vay, B’ 1a mot hé sinh cho

Qm(2)GL2.

Tiép theo, ta chitng minh ring dé sinh ra khong gian bat bién Q,,(2)C¢L2,
c6 thé thay thé dai sé Dickson Do trong ho thit ba ctia B’ bang khong gian
con nho hon A7

Gia stt phan ching ring Q4 ,Q%, khong nim trong khong gian B,,(2), va
gid stt them rang day la don thic nhé nhat trong theo thi ty grevlex co

tinh chat nay. Vi Q5 = 0 néu k > [m — 1],, nén ta chi can xét truong

hop is < q";j;1 = [m —1],. Goi i <m — 1 la sd nguyen duy nhat sao cho

[i]qy < ig < [i +1],. Khi d6, diéu nay suy ra ring iy > g" 1_ . Theo Ménh

dé 3.3.2, ta suy ra

QB Q% — Qo T Qry ‘”52<Q1 )

la tong ctia cac don thiic Dickson cé bac theo thit tu grevlex nhé hon (iy, is).

Va it nhat mot don thic trong dé lai khong thuoc B,,(2) diéu nay 1a mau
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thudn véi gid thiét phan ching vé thi tu tit dien nguge phan bac nhd nhat

cia (iy,42). Vay, ta c¢6 diéu phai ching minh.

[]

3.4. Co sé cuia khong gian bat bién cta Q,,(3) duéi

tac dong cua cac nhém con parabolic

Truong hgp hang 3 thi nhém tuyén tinh tong quat GL3 c6 bén nhém con
gom nhom Borel By = P(11,1), nhém con parabolic P(, 1), nhém con parabolic
P(12) va nhom tuyén tinh tong quat GLs = P(3). Khong gian bat bién dudi tac
dong ctia nhéom con Borel Bs la trucng hop riéng ctia Dinh 1y 2.5.4, theo do6 ta

c6 ket qua sau.

Hé qua 3.4.1. Hé gom 4 ho phan ti sau tao thanh mot Fy-co sd cia Q. (3)Bs
(m >2).

(1) 61 (D}) = &% (Qf ), a < [m],
(2) 61 (D{Dy) =61 (Q1@5,), a<[ml,,b<[m—1],.
(3) D{oz (D}) = Q102 (Q51), a<[ml,,b<[m—1],.

(4) DDYDG = Q1 @41Q50. 0 < [mly.b< [m—1]g.c < [m—2),.

3.4.1. DBbi v6i nhém con parabolic P )

Trong phan nay, chiing t6i phéat bicu va chiing minh Gia thuyét 3.0.1 cho

truong hop nhém con parabolic P 1.

Ménh dé 3.4.2. Tap hop Bn(2,1) bao gom 6 nhom dudi day tao thanh mot

F,-co sd cho khong gian bat bién Q,,(3)Fev.

(1) Q41Q% Q5. (i1,i2) € A, i < [m —2],.
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(2) Q31Q%03(1), (i1,i2) € AL,

(3) 62 (Q10@%1) » i < [mly, i < [m— 1.
(4) 82 (Q102(1)) , i1 < [m],.

(5) 61 (01(Q1)) » i < [m], -

(6) 61 (51(51(1)).

Chiing minh. Cac ho (1) va (2) la cac don thitc Dickson nén r6 rang la P(Q’l)—bét
bién. Theo He qua 2.4.4 thi cac ho (3),(4),(5) va (6) 14 Bs-bat bién. Hon nita,
cac ho nay la cac da thic déi xting theo hai an dau tién nén suy ra tat ca céc
phan tit trong 6 nhom tren la Py y-bat bién. Do d6, dé ching minh ménh de
nay, ta chi can chting minh rang B,,(2,1) 1& mot hé sinh cho Qm(3)P@D.

Gia stt f 1a mot da thiic khac khong trong Q,,(3)Fen. Néu coi f 1 mot
da thiic theo an 3, thi hé s6 ciia né la GLy-bat bién doi v6i hai an a1, 2. Theo
Meénh dé 3.3.3 thi cdc hé sd nay thudc mot trong cac truong hop

m—1 m—1

(1) 01(02(1)) = 2] 2§
(2) d2(AT),

(3) Ay

~120" 71 thi phan tit tuong ting

Néu mot trong céc hé sb nay 6 dang z¢
sé thuoc vao hai nhém cudi cling trong danh sach. Bang cach trit di néu can, gia
st rang phan ti nay khong xuat hién trong f.

Do d6, gid sit rang bac clia 1 trong f nho hon ¢™ — 1 (va do d6 bac cta
9 ciing nhd hon ¢™ — 1 béi tinh d6i xting cia f véi hai an dau tien). Tiép theo,

c6 theé coi f 1a Bs-bat bién nén f 1a mot to hop tuyén tinh clia cac da thitc thuoc

hai loai cudi ciing trong danh sich cac bat bién Borel trong He qua 3.4.1. Dac
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biét, bac z3 clia f phai chia hét cho ¢ — ¢, ta c6 biéu dién f dudi dang

f _ Sng(qil)faq + xé“‘l*”(‘l*l)faqil 4+

trong d6 f; = fi(v1,72) € Qm(2)%2. Néu f,, chiia b (QtLO) v6i mot s6 t > 0, thi
ta c6 thé thay f béi f trit cho mot da thic thich hgp trong nhém thi ba hoac
thit tu trong danh séch 6 ho trén. Do do6, ta c6 thé gid st f,, thuoc AJ. Nhung
diéu nay c6 nghia la don thiic bac cao nhat 1a mot tong khong tam thudng ciia
mot da thic Bz-bat bién c¢6 dang xﬁ(q 2 g2 %32 Dac biet, diéu nay cho thay a
chia hét cho ¢, gid sit a = bg. Sau d6, thay f bang cach da thitc f trit cho mot
t6 hop tuyén tinh thich hgp ctia hai nhém dau tién ctia B,,(2,1), ta sé thu dudc
mot da thitc Py q)-bat bién c6 bac x3 nhé hon da thitc ban dau. Quy nap theo
bac clia x3 ta suy ra tap B,,(2,1) la hé sinh clia khong gian bat bién Q,,(3)Fev.

Tu d6, theo Nhan xét 3.2.3 ta suy ra diéu phai chiing minh. O

Nhan xét 3.4.3. Ta c6 thé ching minh ring B,,(2,1) 1a doc lap tuyén tinh tryc
tiép nhu sau. Xem cac phan tit clia B,,(2,1) nhu 1a cac da thiic theo an z3. Bing
cach tinh toan tryc tiép, ta thu két qua dudi day theo hé sd ciia bac cao nhat

theo z3 ctia 6 ho trong B,,(2,1).

Bm(2, 1) Bac theo an 3 Heé s6
(1) 3 2 i(q3 - qz) <q" - q2 QQ 1 Z2207 (ilv Z'2) € AE”
21 20 (1) q" - ¢ Q21 20,(21,22)6AgI

(2) @
(3) 9

2 (Q1

)

ili*—q) <q™—q

5(Q1), i < [,

(4) 2 ( ) q" —q 52(@?0) i < [m]q
(5 1 (51 Ql 0 ) Z(q — 1) <qgm—-1 ;Clm 133%7”71
(6) 01 (01(d1(1))) gt —1 Il —1$gm—1

Tt bang trén, ta thay hé s6 clia bac cao nhat clia x3 14 doc lap tuyén tinh. T

do, suy ra rang cac da thiic trong B,,(2,1) 1a doc lap tuyén tinh.
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3.4.2. D6i v6i nhém con parabolic P,
Trong phan nay, chiing t6i phéat bicu va ching minh Gia thuyét 3.0.1 cho

truong hop nhém con parabolic P 9.
Ménh dé 3.4.4. Tap hop By(1,2) bao gom 6 ho dudi day tao thanh mot co sé
cho khong gian con bat bién Q,,(3)Fa2.

(1) QQ42Q%,, i <[ml,, (ir,iz) € AP

(2) Qs (QB)) . i <lml,, o< [m—1l,

(3) ijofh (02(1)), J1 <[m],.

(4) 01 (Q41Q%,), (ir,i2) € AT

(5) 51 (2(Q40) 1 < I,

(6) 01(01(01(1))) -
Chitng minh. Ta sé chting minh B,,(1,2) 14 mot he sinh bang phuong phap quy
nap lii theo bac nhé nhat clia z1. Biéu dién f dudi dang

f= i(g—1) (i+1)(qg—1)

=ay gi(zo,23) + 3 Git1(x2,23) + - -

Khi do, tat ca cac da thiic he sb g; trong biéu dién trén déu la céc da thiic
GLy-bét bién theo z va z5. Néui(g—1) = ¢™ — 1, thi 29" g(z, ) 1 mot td hop
tuyén tinh ctia cac da thitc tit 3 nhom cudi trong By, (1,2). Ta c6 thé thay da thiic
f bang da thitc f trit di cc ho nay. Vi vay, c6 thé gid st rang i(q — 1) < ¢" —q.

Vi f ciing la Bs-bat bién nén f 1a té hop tuyén tinh ciia céc da thic ho 3
va 4 thuoc F,-co s8 clia khong gian bat bién Q,,(3)Bs theo He qua 3.4.1. Cu thé, f
14 to hop tuyén tinh cia cac da thiic c6 dang x{l(q_l)ég ( %2,1) hodc Q‘il,o ‘;271 g{?z

Mic khéc, bac nho nhat ciia z; trong cac da thic nay lan lugt 1a

gilg=1) q"—q_j2q(g=1) , ~ ji(q—1)_J2q(q—1) ryjsq

115



Trong ca hai truong hop, sé6 mil clia z2 va 3 trong hé s6 ctia bac nhé nhat
clia 1 chia hét cho ¢(q —1).

Vay, gi(r2,23) 1a mot da thitc ma trong d6 tat ca s mii clia z3 v 23 déu
chia hét cho ¢(q¢—1). Hon nita, g; € Q,,(2)%"2 (22, 23) nén né phai 1a mot lity thita
bac ¢ cia mdt da thic thuoe Q,,—1(2) theo an zo, 3.

Mt khac, cac hang tit ¢c6 bac thap nhat theo z1 ciia 3 ho dau tién trong

Bn(1,2) la

i1(g—1 i i YR —
Lo a7V QR (w2, 23)QE (w2, 23)] %, VG (i1,i2) € AR,

2. 201D [52%_1 ( {f())]q, VGi jo < [m — 1],
3. x{l(q_l) [m%ml_lxgml_l]q.

Do d6, 29V g, (29, 25) 12 da thiic ¢6 bac theo z; nhé nhat trong khong
gian tuyén tinh sinh béi B,,(1,2). Vi vay, bang cach trit di tit f mot t6 hgp tuyén
tinh thich hgp cta cac da thiic trong B,,(1,2), ta c¢6 thé thu dugc mot da thiic
bat bién P(; 5y khéc, trong dé bac thap nhat theo z; 16n hon thuc sy bac thap
nhat theo z; trong f. Bing phuong phap quy nap, ta suy ra tap hop B, (1,2) 1a
mot heé sinh ctia khong gian con bat bién Q,,(3)Y¢». Tt d6, theo Nhan xét 3.2.3

ta c6 duge dieu can ching minh. O

Nhan xét 3.4.5. Tuong tu nhu doéi v6i nhém parabolic P 1), ta cling co the
chting minh tryc tiép rang B,,(1,2) 1a doc 1ap tuyén tinh. That vay, cdc phan ti
sinh cua B,,(1,2) co thé ducgc phan biét theo hé s6 clia hang tit chia bac nhd

nhét ctia z;. Cu theé, cac he s6 tuong ting nhu duge trinh bay trong bang sau.
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Bin(1,2) Bac theo an z; Hé s6
(1) JfoQileig Jilg—1) < g™ =1 | QyY(xa, x3)Q54 (w2, w3), (i1, iz) € Ay
(2) ( ) Alg=1) < g™ = 1| bom1(Q)(x2,23), 52 < [m — 1]
(3) Q1402 (52(1)) | jalg —1) < g™ —1 2§ Taf "
(4) 0 ( Qfo) q" =1 Q5 1 (w2, 3) Q% (w2, x3), (i1, i9) € A’
(5) 1 (o -1 52(Qfg) (w2, 23)1 < [,
(6) &1 (51(51(1 )) " —1 A

3.4.3. Dbi vdi nhém tuyén tinh tdong quat GLs

Trong phan nay, chiing toi sé chiing minh Gia thuyét 3.0.2 cho truong hop
nhom tuyén tinh tong quat hang 3. Cu thé, ching to6i sé chi ra B,,(3) 1a mot he
sinh clia Q,,(3)%53, tit d6 suy ra né ciing 1a mot co sé clia Q,,(3)%. Phuong
phap chiing minh dudc tién hanh tuong ty nhu trong truong hop hang 2. Ching
minh duge chia thanh ba buée. Dau tién, stt dung anh xa chuyén dé xay dung
mot hé sinh B’ 16n hon so véi hé sinh mong muén 1& B,,(3) ma trong B’ khong

han ché cac da thitc Dickson

= ot (ag) [T @ [ @2 [[ s

Sau do, ta chitng minh ring 03(Ds) thuoc trong khong gian sinh bdi

b (ag) [ 95 am [T os a8,

tiic 1a Dy c6 thé duge thay thé bang tap con nhé hon AJ. Cudi cling, ta ching
minh réng khi giéi han trong Q,,(3) thi dai s6 Dickson hang 3 thuoc khong gian
con sinh béi B,,(3). Diéu nay duge chiing minh bing cach chi ra ring tat ca cic
don thiic "bien" ctia AZ* déu thudce vao trong khong gian nay. Do d6, khong gian

con sinh bdi By, (3) 1a mot D3-modun con clia 9, (3)%M. Vi n6 chita AZ nén noé
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sé¢ chita toan bo D3. Trude hét, ta co két qua sau.

B6 dé 3.4.6. Tap B gom 4 ho phan ti sau la mot hé sinh cia Qp(3)C%.
(1) (AT = x({m_lxgm_lxgm_l.
() SHAT) = {0 < 5 < ]}
(3) 03(Da).

(4) Ds.

Chiing minh. Ta sit dung anh xa chuyéen tit P (1 9) Ién GL3. Trong sau ho ctia tap
B, (1,2) thi ho cudi cuing 1a GL3-bat bién. Theo Ménh dé 3.1.5 va cha § 3.1.6 thi
( ) va §3(1) cling 1a GL3-bat bién. Mat khac, TrGL3 (x{l(q 2 > thuoc D3 va

a boi clia @3, hon nita

(3,003 ( %ﬂ) = Q3003(1) = 0 trong Q.

Do d6, anh xa chuyén tac dong lén ho tht hai va thit ba cia B, (1,2) tao ra cac
GLg3-bat bién c6 dang d3 ( ) jo < [m — 1], va 63(1). Tiép tuc, ta xét anh cia
anh xa chuyén tac dong len ho thit tw 6y (Q% Q) = 29 ' Q¥ | (w2, 23) Q¥ (w2, 73).
Ta sé chi ra rang

Tr}(}(l,z)@l (QZQIJQZQQ,O)) = 53(@ QZQ—Fl)'

That vay, khai trién dinh theo dong cubi cling ta co

Q2,003 ( illQiQ ) — 83 ( ZQH)
x(f xg” Qg (2, 23)Q% o (w2, x3) (Va(wa, 21)7 ! — Va(zg, x3)77") La(g, z3)
(.T]_,Q:Q,.T?,)
vy ! (w1, 23) Q% o (w1, w3) (Valwy, w2) 7! = Va(z1,23)07") Lo(z1, 73)

L3(x1, z2,3)
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Hon ntta, ta co

Va(x1,22,23) = Va(xe,x3)? — Va(xe, x3)Va(zo, 1)1

= Va(xy,23)? — Va(xy, 23)Va(xy, 22) 7L,

nén biéu dién Qq,003 (Q%{l %) — (Q ”H) duge 1t gon thanh

(2,003 (le ) 03 (Q 22“)
ol a3Q5 (w2, 23) Q5 (w2, x3) Vi (wa, 21, 23)
L3($1,$2,fﬁ3)
g %Qg 1(961,$3)Q2o($1,$3)v3($1,132,x3)
L3(x1, 2, 23)
] 2505 (w2, v3) Q5 (w2, w3)  f 21Q5 (11, 23)Q5 (71, 73)
La(x1,22) Lo(x1,22)

z x2

o 2505, (v2,23) Q5 (w2, 23) 2§ 2{QY, (w1, 43)Q5 (w1, x3)

Lo(z1,x2)

- 52 (Ql OQQ 1 20)

Do do,
03 (Q Q”H) = (02,003 (QQlQ?,O) - 52(@1,0@%@%).

m—1

Tiép theo, ta xem (51 (Q;l’l(l‘z, :Eg)QZQ%O) = 1‘1 2, 1(1‘2, Ig)QZ;’O(:EQ, xg) nhu 1a mot

Bs-bat bién, va xét tac dong anh xa chuyen tir Bz lén Py ). Theo Ménh dé 3.3.3,
ta co

m_ _1
T]VCB;QL2 (=] lx;(q )) (QaH) —Yat+1(T1,T2).

Ta biéu dién Qg’l(l’z,l‘g)Q%O(ZEQ?l‘g) duéi dang

QY (w9, 13) Q%o (2, 73) Z/\ a, )z 20D baY)
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v6i A(a,b) € F,. Khi do,

P m_ " 5
TI“B(32,) (x(f 1 22’1(x2,x3)QZ270(:1:2,x3)) = _Z)\ a,b)5s Qa+1)

= —02 | Q10 Z A a, b)xtlt(q—l)xg(q—n
(a,b)

= 5 (Quo@Y, Q%)
_ (Q21 Z22(J)r1) Q2053(Q21 20)

Mat khdc, ta 6 Trp? | (Q2005(Q%, Q%)) = 0. Vay,
G i1 )iz 2
Trp,, ., (91(Q5,1 Q%)) = 05(Q5, Q5 )-

Cubi ciing, ta xét anh ciia &nh xa chuyén téc dong lén ho thit nam. Ta sé chi ra

rang néu j < [m], thi

gl (o477 52(QL )2 ) = 3 (@3)

That vay, xét x‘fm_l - 09 (Q{’()) (x2,r3) nhu mot Bz-bat bién va xét tac dong cia
anh xa chuyén tit B3 sang P 1y. Lai theo Ménh de 3.3.3, ta c6

Trg? (931 —lx;(q 1)) (Qa—i-l).
Do do,
P21 — m_ i(a—1)—a(qg—
Tr B( ) < 152(6210 V(2,3 ) Z (52 231,:62) :Ug g+j(a—1)—a(q l)‘

Tong nay chinh 1a 63 (Q]H) = am,3j+1 va no cing 1a GL3-bat bién (theo [12], He

qua 4.3). Theo tinh chat bac cau clia 4nh xa chuyén, ta suy ra diéu phai chiing
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minh. O]

Tiép theo, ta sé chi ra trong ho thtt 3 ctia B’ thi khong can toan bo Dy

ma chi can A 1a di. Trude hét, ta chitng minh Bo dé k§ thuat sau.
B6 dé 3.4.7. Cho s,t la cic so nguyén khong am va 0 < i < [m],. Khi do, trong

Om(3) ta cé dang thic

5oV IV syl ) =

;

0 khit>1vas>1,
x?m_lxgm_lxgqtﬂ_l)(q_l) khit>1wvas=1,
=9 (t+ 1)x‘fm_lxgm_lzvgqt+i_2)(q_l) khit>1 va s =0,
53 (Q1) khit=0vas<1,

03(Q1) — 2" el ST it =0 va s > 2.

Chaing minh. Theo Cha § 3.1.6 thi 62(f) 1a mot da thiic néu f 13 mot da thiic
B-bat bién theo an x;. Do d6, biéu thic 85 (1/18((1_1)1/;((1_1)62 ( Zi,o)) 14 mot da
thic.

e Khi ¢t > 1, theo dinh nghia toan tit d2 ta c6 ds (I/ls(q_l)X/;(q_l)(Sg( 3’0)> 14

qm i(g=1) g™ i(g—1)

1 m _ 1) 1 xr3
q" s(g—1)y,t(g—1)-1
] Ty T % (x1,x3)
Ty Tg Ty Ty

m _ 1\ 9 T3
1)y t(g—1)—1
—x‘f x;(q )‘/2((1 ) (wg,73)| o
24 xl(qfl) 2 xl(qfl)

2 I3 3 Lo
q™ (s+i)(g—1)+1y t(g—1)-1
" T2 Ty V5 (

3

21, 23) — ol SO DA M-
Lo(1, z2)
S(Q—l)x/g(q—l)—l(

q" g™ i(g—1)+1%
— Ty Ty T3

T2, x3)

21, 73) — x;(q—l)V;(q—l)—1<x27gj3)

Lo(z1,x2)
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Tt thiic clia s6 hang thit nhat trong tong trén 1a

2 g FHTDTHEDT  g) gD ) ),

Ta c6 ti thic la triét tieu khi z9 = cx; v6i ¢ € F,. Do do, phan thic

clia sO hang thi nhat 13 mot da thic. Vi vay, s6 hang dau tién trong

tong tren la triét tieu trong Q,,(3). Déi v6i s6 hang thit hai, khi s > 1

thi lap luan tuong ty nhu trén s6 hang nay la triét tieu trong 9,,(3). Khi
1

s =1vas =0 thi s6 hang nay lan luot la 29 ~ x%mflxgqtﬂ_l)(q_l) VA

(tg—1) - o] af et DD,

e Khit¢t=0,taco 52(‘/18((1_1)52( o) 1a

T2 €3
" i(g=1) g™ i(g—1)
_ , 1 m gg-1) T2 T3 T3 Ty
R <V5(q 1)5 i )_ o xs(q .
2\ 2((10) Lo(wy,m9) \ "1 72 Vo(zo, z3)
T T3
g i(g=1) g™ i(g—1)
g s(g-1) |*1 "3 3 N
— X s
2 1 Vo(x1, x3)
) x3
. - xgmxésﬂ')(q—l) xgmxésﬂ)(q—l)
= 7 X9
La(z1,29) \ 71 Lo(x2,x3)
Tl T3
- xi]’”xéﬁi)(q—l) xgmxgsﬂ)(q—l)
_x l‘ .
2 ™ Lo(x1,23)
. x?mxgmxg(q—l) x;(q—l) _ x;(q—l) - xi(q_l) _ x;(q—l) |
Lo (21, v2) xg_l — xg_l :):(f_l — asg_l

S6 hang thtt nhat chinh 1a 5%(@%1) S6 hang thtt hai 1a tam thuong khi
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s <1 (trong Q,,(3)) va khi s > 2 thi s6 hang thit hai 1a

qg"—1 ¢q"—1 (s—2+i)(¢—1)
—.Tl I’z 373 .

Vi vay, B dé dugc chitng minh.

[]

Tiép theo, ching t6i trinh bay mot két qua ki thuat hd trg viec mo ta

tuong minh cac phan tit trong khong gian bat bién.

Hé qua 3.4.8. Vdi g€ Dy vai >0, thi 63 (902 (QLp)) la to hop tuyén tinh ciia
cac ho sau.

i) 5%( ‘io), 0<s<[m],.

oy g™ =1 _q"—1_s(g—1)

i) o T ad Ty , 0<s<[m],.

Chiing minh. V6i g € Do, theo dinh nghia ctia toan tit d3 va d2 ta co

i(g=1)+1 i(g—1)+1 i(g—1)+1
Ty Ly Ty
x?m x%m xgm
b o () = 12020 7 sl of gl o
3 (902 =
! W L3(z1, 22, 73)
Mat khac,
L3<l’1,l’2,l’3) == V3($1,l‘27x3)L2(1’1’x2)

= (Va(wa,23)" " — Va(g, 21)7") Va(wa, w3) Lo(21, 72)

= (Va(wy, 23)7™" = Va(1, 29) " 1) Va(a1, 23) Lo(21, 22)
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Do d6, dinh thic trén dugce viét lai dudi dang

(=141 i(g—1)+1
xl(q )+ xl(q )+

2 3
1 " x5 73
—L2($1 ) x] woh(xy, 22, 23) AT
) )
(¢—1)+1 i(g—1)+1
1 3
- x'f x%
— x5 r1h(72,21,23) V(ar. 73) ,
)

9(372; 1:3) - 9(1727 l'l)
Vo(xg, x3)1~ 1t — Vo(z9, 21)07 1

h(x1, 72, 13) =
Do g € Dy nén g c6 thé biéu dién theo cac da thiic bat bién tam giac trén, gia si

g(x1, x2) Z vy (a- 1 t(q_l)(I1,$2)-

(s,t)eA

Trong d6, A ¢ N2, Khi do6

t—1
h(x1,x2,23) = Z SEQ(q 1 (Z ‘/2(@’&73)@—1—])((1 1)1/2(352 21)? jlg— 1)) ‘

(sit)€A, t>1 J=0

. s . L, Vo (o, J(g—1)
Nhan thay rang, neu j > 0, thi ca hai bieu thic xl TaVa(wz, 1)’ va
La(71, z2)

7

ad w1 Va(wy, w2)7 (@Y

Lo(z1, 22)
déng gép vao ¢(h). Suy ra ¢(h) duge rat gon thanh téng

déu bang 0 trong Q,,. Vi vay, cic hang tit nay trong h khong

PO G L L

(s,;t)eA, t>1

Mat khac, theo dinh nghia toan tit do thi ¢ chinh la

@(mg(qil)VZ(:lrz,x?))(t_l)( V) = <V o 1)‘/2( )(ql)(SQ(Qi’O))'

124



Do dé, theo Bo dé 3.4.7 thi

55(952(Q4 ) € Span {GF(AT), 53(Q10) a > 0}

Vay, ta c6 diéu phai chitng minh. O
Tt két qua trén, chung toi thu duge mo ta tuong minh vé hé sinh cia
khong gian con clia khong gian bat bién Q,,(3)%™, dugce trinh bay trong ménh
dé sau.
Bb6 dé 3.4.9. Khong gian con ctia Q,,(3)% dugc sinh bdi ba ho phan ti gom
(1) (AR,
(2) 63(AT),

(3) d3(AF)
chita khong gian con bat bién 63(Ds).
Chiing minh. Gia st f la mot don thitc Dickson trong Dy nhung khong phai la
cot yéu. Khi d6, no cé thé duge viét dusi dang

qul_qz

at—1
= =1 b
Q1" Qs @31Q%,

v6i mot s6 0 <i<m—1, 0 < a,b. Theo Ménh dé 3.3.2 ta co

m—1 qi+171

"¢ g'-1 i £ £ 2 T
Qo Q5 =02 (:Bq _1) + cac don thic cot yeu chia het cho Q7" .

Bing cach 1ap lai qua trinh nay (néu can), ta c6 thé viét f dudi dang tong ctia

cac don thitc cot yéu va cac da thiic Dickson dudi dang

1 a; ~bj . .
02 (:Eq ) QQﬁQQioa J =

q'—1

Vi vay, ta chi can xét &3(f) véi f = gbo <Q1"61>, trong d6 g € Dy va

0<:<m-—1.
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-1

Theo He qua 3.4.8, ta c6 03 <g52 (Qf&)) la t6 hop tuyén tinh clia cac

da thitc thuoc cac ho phan ti sau.
o 03 (AT,

m—1 m— 1
q q (q ) 0<s< [m]q

Vi 69 <Q1 0 ) mot da thitc Dickson thuc sy, nén o3 (gég(QE(‘})) 1a GL3-bat

m—1 m— .
bién clia Q,,(3). Hon nita, vi moi don thic dang 29 28 23 voi 0 <1 < [m)]

khong 14 GL3-bat bién theo ciia Q,,(3). Do do6, ta c6
52 (3920551 ) € soun {320 5300)}.

[]

Cudi ciing, ta sé thay thé toan bo dai s6 Dickson D3 béang cac tap hop
dugc tao ra tit cac toan tit ¢ tac dong len cac khong gian A™, cu thé 1a §3(AM),
52(AT), d5(AT) va AP Trude khi trinh bay két qua tong quét, ta xét mot so

truong hop cu thé sau.
B6 dé 3.4.10. Trong Qm(3) ta cd cdc ding thic sau.

(1) 6 <Q20> = (B3m_i(1))? Q30 , wdi moi i > 0. Dic biet,
<Q2 ) Q30 va 03 (QQ ) Q32 Qz ‘

(2) Q%o =0 trong Qm(3) vdi moi k > qn::l_l.

g™ 31

(3) 03 (ng_gQ;,g_l_ > Q31 Q3

(4) Trong truong hop tong qudt, vdi Ay > X3 >0 thi

?2-¢*3 M3 ?27A3 1 q/\S a*3-1
q—1 q—1 _ q—1 q—1
03 Q2,1 QQ,O - ‘53;m7/\3 Q2,1 Q3,0 :
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Ching minh. Ta c6

*2-¢*3 M3-1
—1 —1
03 QQ,lq Qz% =

x1 €2 3
q q q

q>\27q>\3 qk371 qA27q)\3 q)\371 qA2 7q)\3 q>\371
qm q—1 q—1 qm q—1 q—1 qm q—1 q—1
| Qo Q2 (z2,23) 5 2,1 @20 (z1,23) 3 Qs Qs

Ls(x1,22,23)

Khai trién Laplace theo hang cudi ctia dinh thiic trong ti s6 trén ta duge két

quéa sau
q" CIA?;%A& g3 qm qki%xg g3
e QQ,l <$2,$3>L2 (xg,l’g)—l'2 Q271 ($1,$3)L2 (5[;17333)
*2-¢*3 q>\3

Ag—A
m 27231

—A 4 - - - 4 - -~ -
=28 "Qu"" (z2,13)Lo(wa,w3) — 2§ Q" (w1,73)Ly(x1,73)

A3
27231

m—A3 4 - ——-
+ a3 Q2,1q71 (21, 72) Lo(71, 72)

M3l
Mat khac, Lg(zq,z0,23)7° —1 = Q%" - Tit d6 suy ra phan thic trén dugc viét
thanh

a3
€1 €2 €3
x s s
Ag—A3_1 A2—A3_1 A2—A3_ g
m—A3 qqf m—A3 qqf m—A3 q? Az—1
L1 Q2,1 (z2,73) x4 Q2,1 (z1,73) 3 Q2,1 « Qqq_1
3,0

L3(z1,x2,x3)

Aq
A2-As g a3 sy
—1 —1
= 53;m—>\3 Qz,lq Q3,(f)

Vay, dang thic (4) duge ching minh. Dang thitc (1) 1a truong hop riéng cta
(4) khi Aoy = A3 = 4. Dang thtic (3) la trudng hop rieng ctia ding thic (4) khi
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)\3 =m—2 va )\2 =m—3 va két h(_jp v6i déng thuc 53;3(622’1) = Q371. Cu61 cimg,

ta co
Q30 = L3(z1, 29, 23)77 ",
nén
k(q—1
le)f,o = L3(q )-
khi & > qn;__Ql_l thi k(g —1) > ¢™ +¢—2 > ¢™ 2. Ma mdi don thiic trong khai

trien cta Lg(x1, 72, x3) déu c¢6 mot an c6 s6 mil ¢> nén suy ra

Q5 = 0 trong Q(3),

qm—2_1

- Vay, dang thitc (2) duge chiing minh. O

vl moi k >

Két qua tiép theo déng vai tro tuong ting v6i Ménh dé 3.3.2 trong truong

hop c6 hang bang 3.
Meénh dé 3.4.11. Vi m > 2 thi ta ¢é cdc dang thic sau trong S.
i)

[0,1,m — 1]
0,1,2]

[0,2,m — 1]

53;m<@2,1) - [0 1 2]

53;m(1>

qm72_1

— Q&f’l + cac hang ti khdc,

trong dé cac hang ti khdc thuoc idéan (Qs,) cta Ds.
i) Voi0<l<m-—2,

[0,1,¢+1]
0,1,2]

[0,2,0+ 1]

03;m(Q2,1) — 010

53;m(1>
qm72_q2 qé—l

= Q35" Q31 + cdc hang ti khac,

bl

S

trong do cdc hang ti khdc thuoc idéan (Q3 i ,Q370> cua Ds.
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Ching minh. 1) Trudc hét, ta co

T L2 3
q q q

! Qa1(wo,x3) 28 Qoi(w1,23) 21 Qo1(z1,22)
O3;m(Q21) = I

q q
Ty Iy Ty

| m a3 0,2,m)
- L - oLz
Twong tu, ta co
0,1, m]

03.m (1) = .
sl =1 )
Do d6, vé trai clia dang thiic trong i) 1a GLs-bat bién ctia S, nén né la da

thiic ctia cac da thiic Dickson. Tiép theo, néu cho z3 = 0 thi n6 trd thanh

[Lm—1] [2m] [2,m—1] [1,m] _ [1,m — 1][2,m] — [2,m — 1][1,m)]
[1,2] 1,2] 1,2] 1,2] [1,2][1,2] ‘

Bién déi tit thiic ta thu duge

[1,m —1][2,m] — [2,m — 1][1,m]

2 2 2 2
q q q q q q q q
N L Ty 2y Ty L Ty Ty
- m—1 m—1 m - m—1 m—1 m m
q q q q q q q q
Ty Lo CARLD) 1 Lo Ty Ty

= [1,2][m — 1,m].

Vi vay, trong trudng hgp nay thi vé trai ctia dang thitc trong i) tré thanh

[172][m_ 17m] " —q _ =
1, 2][L, 2] = 0.1 =@

Mat khac, néu cho z3 = 0 thi Q3 trd thanh 0, Qs tré thanh Q4 , va Q32
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tré thanh Q2 ;. Vi vay, trong biéu dién clia vé trai trong dang thic i) qua

m—271

cac da thic Dickson thi phai chia Q357" . Thc 14, ta ¢6

[0,1,m — 1]
0,1,2]

[0,2,m — 1]

53;m<@2,1) - [0 1 2]

53;m(1>

= Q3 ' -+ cac hang tit khac.

Theo lap luan trén, khi z3 = 0 thi "cac hang tit khac" tré thanh 0 nén né

chia hét cho Q3.
ii) Vé trai ctia dang thiic trong i) duge viét dusi dang

0,1,¢+1] [0,2,m] [0,2,¢+1] [0,1,m]

0,1,2]  [0,1,2] 0,1,2] [0,1,2]°

Do d6, vé tréi trong i) 1a GL3-bat bién ctia S nén n6 la da thitc ciia cac da

thiic Dickson. Cho z3 = 0 va bién doi tuong ti 4), vé trai clia ii) trd thanh

1,0+1] [2,m] [2,0+1] [1,m] [(+1,m]

1,2 [12] [1,2] [1,2]  [L2]

Tiép tuc, bién doi ta co

[0+ 1,m] 0,m—¢—1)4""
1,2l [0, 1]
_om—1— 1]qz+1 =g
- [O, 1]qlf+1 : [07 1]
041 "t g

Som—e—1(1)T Quf" -

Om—£-1]

Lap luan tuong tu truong hop hang 3, cho zo = 0 thi do.,—¢—1(1) = o]

qm—[—liq

trd thanh @, "'  neén doy,—r—1(1) duge viét dudi dang

m—£—2_4

q
doum—r—1(1) = Q9"+ céc hang t1t khéc,
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ma cac sO hang khac chia hét cho Q2. Do d6, ta két luan vé trai bang

m72_ql qé—l

a9 -9 g2
Q35" Q47" + cac hang ti khac,

g1
trong d6 cac sé hang khac gom céc da thiic don Dickson chia hét cho Q4 4"

hoéc cho Q3.

O]

Hé qua 3.4.12. Gid st 0<(<m—2vam—3> X > X3 >0, ta ¢ dang thic
sau day trong S.
i)

¢ a=1 £ ‘1
(S3m—e-1(1))" S3m (QgZqu,ol) ~ (O3m—e-1(Q2,1))" S3im (Qf,ol

m—2_ ¢ a

q —q g —1

= Q3. Qgy" + cdc hang tit khdc,

q

414
trong do cac hang tu khdc thuoc idéan ( - )

ii) Tong qudt hon, ta cé

A

q>‘3—1 A3 q/\3—1
(530025 +1(1))" " G3im (Qg,f%fol > — (83202041 (Q21))" F3im <Q2’%1 )

m—2_ Xy IR R

q g2
=Q3,"" Q3" Q35" + cdc hang ti khac,

Pstl_g P2l As q>\3_1>

trong do cdc hang ti khdc thuoc idéan <Q3 o Qe Qs

Chiing minh. Két qua trén dugc suy ra tit Bo dé 3.4.10 va Meénh dé 3.4.11. That

vay, theo (4) Bb dé 3.4.10, ap dung cho trudng hgp Ao = £+ 1, A3 = £ ta c6

, dfl qul’qZ ¢b-1 q -1
1 —1 —1 -1
53;m Q%ng‘io = 53;m Q271q QQ%() = (53;771—6 (QZ,l)) Q3q7() .
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Tuong tu, theo (1) Bb dé 3.4.10 ta c6

a-1 ¢ gt
O3:m (Q;ﬁl) = (dsm—e(1)" Q4"
Do do, vé trai ctia i) trd thanh

¢ q % ¢ %
(O3m—e—1(1)" ( 03m (Q2.1)" Q5g" | = dsm—e—1 (Q2.1)7 d3m | @5

i ¢ gt

g1 ()" (O30 (Qo))" Quie” = (B3mt1 (Q2.))" (B3m—e(1)” Q"

¢ a1
03:m—t—1(1)03:m—r (Q2,1) — 03:m—r—1 (Q2,1) 3m—€(1))q Q3o

3
[0,1,m — ¢ —1] 0,2,m — ¢ — 1] a1

q
) N R 53;m_e(1>> Qsy’

(
(

Theo i) Ménh dé 3.4.11 cho trudng hop m — ¢ ta c6

[0,1,m —¢—1]
[0,1,2]

[0,2,m — ¢ —1]
[0,1,2]

53;m—€ (Q2,1) - 53;m—£(1)

= Qg 21" '+ céc hang tit khéc chia hét cho Q3.

T do, suy ra

(53;m—€—1(1>)q£ 03;m (QgZQ;()l) - (53?7”—4—1 (szl))qg O3im <Q;q,01 )

qm2 3 ql 1

=Q3,"" Q4" + cac hang tit khéc,

o S

ma cic hang tit khac chia hét cho Q3 0 Q = Q3 .0 . Vay i) da dugc ching
minh. Tiép theo, ta sé ching minh ). Tt (4) Bo dé 3.4.10 ta c6

q31

A3 A3 P*3-1
(530025 +1(1) " T3 (Q21Q2 ) — (83002041 (Q21))" G3im <Q2’qﬂ_1 )

A 1

= (53;>\2—>\3+1(1))q ’ (833m 2 (Q2,1))q Qg
— (0320 —2g+1 (QQ,l))qAS (63;m—A3(1))q Qgil

3 — 1
= (6300 -2a11(1)63m—2g (Q2,1) — O30, rgt1 (Q2,1) 53;m43(1))q Q3%
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Ap dung ii) Ménh dé 3.4.11 cho trudng hop m va ¢ 1an luot 1a m — A3 va Ay — s,

ta co

03: 00— Mg+1(1)03:m— 25 (Q2,1) — 030, rg+1(Q2,1)03:m -2, (1)

[Oa ]-7 /\2 - )\3] [07 27 >‘2 - /\3]
e —(5 ey — —5 o — 1
[O, 1’ 2] 3,m )\3 (Q2,1) [07 17 2] S,m )\3( )
m—2-X3 _ Xog—A3  A2-X3_j e

=Qyy Qy,"" + céc hang tit chia hét cho Qy; *'  hoac Q3.

(ZRVRNYGY) C (@2 San ) — (Bt Q)" G (Q;qoI )

dm2o A2 P23 sy

= Q32q ' @3 Q) + cac hang tu khac,

g 3 — 1 M3t
ma cac hang t khac chia hét cho QS Q = Q30" .~' hoac chia hét cho
g2+l A3 A3
Q31 ot Q3q0’1 . Vay, ta c6 dieu phai chting minh. ]

Hé qua 3.4.13. Cdc don thic Dickson ¢ bién ciua A sau cing thuoc trong

khong gian sinh bdi By, (3).

(1) Qyg "

g 2 q>‘3 qA371

(2) Quy " Qub7 vdim—33>\s.

—2_ )\ q)\27 A3 qA371

(3) Qszq v Q31 Q3 vdim—3>X> A3

m21

Chitng minh. Theo phan (1) ctia Bo dé 3.4.10 thi Qs thudc o3 (AF). Doi véi

hai ho con lai, ta sé chiing minh bang quy nap ngugc theo As.
Thay vay, néu A3 = m — 3 thi Ay = A\3 = m — 3. Khi d6, Céc don thiic bién
gm— 3 gm 31 gm— 3 _1

ctia ho (2) va (3) lan lugt 1a Q31 Q3 va Q32 Q3 2" . Theo (3) va (1) clia
Bo6 dé 3.4.10 ta c6

-3_,

q =
Q31 @39 (Qz 1 de’ ) ,



Vi vay, v6i A3 = m — 3 thi ho (2) va ho (3) thuoc khong gian con cua B,,(3). Hon
nita, theo Ménh deé 3.1.9 cac don thiic Dickson chia hét cho cac don thitc nay
cling thuoc anh cta d3, do do ciing thudc khong gian sinh béi B,,(3).

Gia st, theo gid thiét quy nap, tat cd cdc don thiic bién v6i s6 mil cla

Q30 1a qAZ:—l thudc khong gian sinh béi B,,(3) va cac boi ciia chiing ciing thudc

khong gian nay theo Ménh dé 3.1.9. Xét cac don thitc bién tuong tng véi A3

m*Q,qA3 >\371 q77L727q)\2 q>\27q>\3 qA371

q q
Q31" Qzp vaQzy"" Q3" Qzp -

Theo i) cua Hé qua 3.4.12 thi

m—2_ A3 A3

q q
@31 Q30

thuoc anh cia §3(A5") modulo cac hang tu 1a cac don thic Dickson tng A3 16n
hon. Theo gia thiét quy nap, cac hang tit 16n hon nay da thudc khong gian sinh
béi B, (3).

31
1

V6i don thiic thit hai, néu ton tai don thic ¢6 cing s6 mit Q30 1a q;
nhung s6 mii ciia Q31 16n hon, sao cho don thic d6 khong 1a ¢dt yéu, thi don
thitc nay phai la boi ctia don thitc Dickson

m—2__A3 q>‘371

q —q
Q q—1 q—1
3,1 30 -

Hon nita, theo chitng minh truée dé, biéu thic nay da nim trong khong gian

. .. N £ £ ~ 2 P A3 _ N ~ 2
dudgc sinh bdi B,,(3). Ngoai ra, neu so mil cua Q39 vugt qua qqill, thi ta c6 the

ap dung truc tiép gia thiét quy nap dé suy ra diéu phai ching minh. O

Ménh dé 3.4.14. Tap hop B, (3) gom 4 ho phan ti sau la mot co sé ciia khong

gian bat bien Q,,(n)Cs.

m

(1) S(Ap) =af ~laf ey T

134



(2) 93(AT).
(3) 53(AF").
(4) A3

Chitng minh. Theo Bo dé 3.4.6, ta c6 tap B’ gdm 4 ho sau la mot heé sinh ciia
Qm(3)GL3-

m

(1) s3(ag) =af o g

(2) 3(AT) = {ams.s,0 < s < [m], }.
(3) d3(D2).

(4) Ds.

Mat khéc theo B dé 3.4.9 thi ho thu (3) trong hé trén la d3(D2) dude sinh bdi
ba ho phan tit gom ho (1), ho (2) trong hé trén va ho d5(A7).

Cudi cling, véi mot don thitc Dickson khong thuoe A% thi né ¢6 dang 1a
tich cia don thiic bién véi cac don thic Dickson. Mat khac theo Hé qua 3.4.13
thi cdc don thitc bien déu thudc khong gian con sinh bdi B,,(3), tuy nhién theo
Meénh dé 3.1.9 thi tich tap B,,(3) 1a déng dudi tac dong ctia dai s6 Dickson. Vi
vay, ta c6 thé thay ho (4) trong B’ bdi ho A, Tiic 1a, B, (3) 1a hé sinh ctia khong
gian bat bién Q,,(n)%. Tu d6, suy ra B,,(3) 1a co s6 clia khong gian bat bién

Qm(n)GL3 theo Nhan xét 3.2.3. 0

Tt cac Menh de 3.4.14, 3.4.4, 3.4.2, 3.3.3 va cac He qua 3.4.1, 3.3.1, ta

suy ra két qud sau.

Dinh 1y 3.4.15. Cdc gid thuyét vé co sd ciua khong gian bat bién 3.0.1 3.0.2
va cac Gid thuyét 1.4.1, 1.4.2 vé chudi Hilbert-Poincaré ciia khong gian bat bién

ding vdi hang khong vugt qud 3.
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3.5. Loc cua cac médun con

V6i méi s6 nguyen duong n, 0 < k < n, goi F,x 1a F,-khong gian con cta

Qn(n)Sn duge xac dinh
Fot=Span {6"5(f) : f € A0 < s < min(m, k) } .

V6i n = 3 ta da chitng minh rang loc tang dan clia cic khong gian con
nay la day du. Cac két qua truée da chi ra rang co s6 B,,(3) clia khong gian bat
bién Q,,(3) 1a ty nhién theo nghia rang loc nay 1a mot loc cia cadc D3-modun.
Hon nita, tac dong ciia cac bat bién Dickson giong nhu mo hinh da duge trinh
bay trong [19], lien quan dén cau truc cia khong gian Sgp, dude xem la mot

SGL_modun. That vay, ta thay rang
o (Y3 triét tieu F3o,
e (D30 va Q31 triet tieu Fz 1,
® (30,Q3,1,Q32 trict tieu F3.

V6i n = 2 ta ciing c6 két qua tuong tur. Muc tiéu ctia phan nay 1a chi ra
rang Fnk cling 1a mot loc cua dai s6 Steenrod A modulo ¢ trong trudng hop

n < 3. Chiing toi c6 gia thuyét tong quat sau.

Gia thuyét 3.5.1. V6i 0 < k < min(m,n), cac khong gian con
Foje =Span {6775(f) : f € AT, 0 < s < min(m, k) }

13 mot A-modun con va cling 13 mot D,- modun con clia Q,,(n). Hon nita,

Fonx bi triét tieu bdi cac bat bién Dickson Qn0, Qn1,-- -, Qnn—k—1-

Trong phan nay chtng to6i sé chting minh gia thuyét trén ding cho truong

hgp hang n < 3.
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Trude hét, dai s6 Steenrod mod ¢ va vai tro clia né trong ly thuyét bat
bién modun da dude ching toi trinh bay lai tai Chuong 1. Cu thé, toan ti

Steenrod P! thoa man cac diéu kién sau.

(1) Dié¢u kien khong on dinh: Pi(f) = f9 néu degf = i va P! (f) = 0 néu
1 > deg f.

(2) Cong thitc Cartan: Pi(fg) = >, ., P*(/)P°(9).

Hon nita, toan tit PP 1a toan tit dong nhat. Trén vanh da thic S = Fy[zq, ..., z,],
cac x; c6 bac 1, tac dong ctia dai s6 Steenrod hoan toan dudce xac dinh béi diéu

kien khong 6n dinh va cong thiic Cartan. Cu thé hon, ta c6

pi(vj) _ <Z) j+i(Q*1)7

véi v 1a mot da thic tuyén tinh. O day, he s6 nhi thiie duge lay modulo p. Do
do, néu j 1a iy thira ¢, thi P?(v7) # 0 chi khi ¢ = 0 (trong truong hgp nay thi P°
la toan tit dong nhat) hodc i = j (trong truong hgp nay thi Pi(v/) = v? 14 toan
ti Frobenius).

Tac dong ctia dai s6 Steenrod va tac dong ctia GL,, trén S 1a giao hoan. Hon
nita, r6 rang rang idéan I,, 14 6n dinh duéi tac dong clia cac toan tit Steenrod,
do d6 Q,, = S/I,, cling on dinh dudi tac dong clia toan tit Steenrod. Dicu nay co
nghia 14 mot toan ti liiy thita Steenrod cdm sinh anh xa lily thita tit Q,,(n)F=
vao chinh n6. Noi cach khéac, Q,,(n)Fe 1a mot A-modun.

Chung toi bat dau bang mot két qua co ban sau, qua d6 gitp tang tinh linh

hoat khi lam viéc véi khong gian F,, .

B6 dé 3.5.2. Vdin < 3, vdi moi 0 < k < min(m,n) thi

Fn i = Span {5g+_f(f) €D, 0<s< min(m,k)} )

Diéu nay chi ra rang loc nay khong phu thuéc vao khong gian con A™,

137



Chitng minh. 1) Khi n =2 thi

— F2,0 = Span {5%(A6”)} = Span {(5%(1)0)},
— Fa,1 = Span {63 (A7), 52(AT) } = Span {03 (Dy), d2(Af") }. Mat khac, theo
Vidu 3.1.7 ta c6

92(Q70) = 0 v6l moi s > [m],, s # [m], + 1,

q Y

[m],+1

02(Q1 0" ) = =07 (1).
Do dé, ‘/—‘.271 = Span {5%(1)0),52(1)1)}

— Theo 4i) ctia Ménh dé 3.3.3 thi cac da thitc Dickson Dy dugc sinh bdi
Al va do(AT), 52(A). Do d6, ta c6

F2.9 = Span {5%(7)0), d2(Dy), DQ} .

Vay, ta suy ra Meénh dé dang véi truong hgp n = 2.

ii) Khi n = 3, lap luan tuong ty nhu truong hgp n = 2, theo céc két qué trong
Vidu 3.1.8, Bb dé 3.4.9 va Ménh dé 3.4.14 ta suy ra diéu phai chitng minh.
H

Tiép theo, ching to6i mo ta cich cac toan tit Steenrod tac dong len toan
tt 0. Dé mo ta tac dong ciia toan tit Steenrod lén céc toan tit 8, ching toi c6 két
qua sau. Ménh dé nay cung cap cong thiic biéu dién P*(dof) thong qua cac to
hop clia cdc toan tit PJ(f) va cac todn tit 02, 62, 11. Day 12 bude quan trong dé
phan tich sau hon cau tric clia cac bat bién trong khong gian Q,,(n) xem nhu

14 mot moédun trén dai s6 Steenrod A.

Bo dé 3.5.3. Néu f la mot da thiic GLy-bat bién theo an dau tien va 1 < k <
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deg(02(f)) = ¢™ — q + deg(f) thi

PF (62f) + Qo1 P 1 (82f) + QaoPF 471 (62f) =

m

62 (QuoP* 1) + 02 (P*F) + b2im1 (QuoP" 70" f) + byt (PF1f) .

Ching minh. (1) Trude hét, ta tinh toan cac tac dong clia toan tit Steenrod
len da thic Lo. Dé lam viéc nay, ta xét tac dong clia toan tit Steenrod
len mot s6 don thiic co ban, sau d6 khai trién cong thic tong quat. Cu
the, trude hét ta xét tac dong ciia P9 lén don thic z123. Theo cong thic
Cartan, ta c6

q
Pl(z12d) = Zpi(m)Pq*i (xg) )

i=0
Ta tinh ting hang ti trong tong tren.
— V6ii=0, Px1) =1, va P4 (x%) = (g)xg+q(q_l) = x(;.
— Véii=1, Pl(x1) =2 va prl (:vg) = ( a )mg+(q_1)(q_1) =0.
— Cac hang t1t khéc triet tieu do hé s6 nhi thic bang 0 trong F,.

Do do, sau khi thu gon ta dugc

2
P (xlxg) =zl .
2
Tuong tu, P! (2fw2) = 2 zo. Tl d6 suy ra

2 2
PiLy = P4 (xlxg — x'fxz) =mad — 2l 29 = Q2,1Lo.

Tiép tuc, ta xét PIt1(zi2%). Ap dung cong thitc Cartan, ta c6

g+1
patl (212%) = ZPi (1) AT (29).
1=0
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Trong d6, hang tit duy nhat khong triet tieu 1a khi i =1

Pt (xlscg) = x‘fa:‘;.

2
Tuong ty, ta c6 P (zfx2) = 2§ ~92d. Vi vay, ta suy ra
1 2 2
P Ly = 282l — 28 921 = Qo Lo.

Cudi cling, ta xét tac dong clia todn ti Steenrod P* len x12f trong hai

truong hop con lai.

Truong hop 1 <k <¢g—1, taco
k
Pk(xlxg) = ZPZ(xl)Pk_Z (xg) .
i=0
Tuy nhién, vi ({) =0 hodc () = 0 véi moi 1 < k < ¢ — 1 nén céc hang ti

déu triet tieu. Do d6, P*(z123) = 0 nén suy ra P¥(Ls) = 0.

Trudng hgp k& > g+ 1, theo cong thic Cartan thi

Phaiad) = D Pllan)P? (+9).

i+j=k
Vik>qg+1, nén v6i moi cdp i+ j = k, ta ¢6 hodac i > 1 hodac j > ¢. Do do,
tat c& cac he s nhi thic la triet tieu.Tu do, suy ra P¥(z128) = 0, vi vay

Pk(Lg) =0.

Ta xét toan tit toan phan P, duge dinh nghia bdi cong thiic

Ta sé chi ra toan tit P c6 tinh chat phan phdi ddi véi phép nhan. Cu the,
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v6i moi da thiic f, g, ta co

P(fg) = D> Pfo)=>_ > PHf) Py
=0 1=0 k+l=1

= D P'H ) P =P Pl
k=0 =0

(3) Cudi cung, theo cong thiic xac dinh toan tit o thi

x1 Z2

af f(z1,@0,...) x3 f(x1,22,...)

Lo

o2(f) =

Tt d6, ta thu duge ding thic

1

Loba(f) = mﬁgmf(m,@, )= x(f" zof(x1,22,...).

Ap dung toan t P len hai vé va sit dung tinh chat phan phéi ctia P nhu

da chitng minh & trén. Dong thai theo két qua trén, ta co

PILy = LaQ2 1,
P Ly = LoQ2,
PFLo=0 véimoik>1, vi k#q,q+ 1.
Tiép theo, ta xét cac truong hop cu thé cho vé phai.
— Truong hgp k = 0.
PO <:131:1jgmf(x1, T2,...) — x?mxzf(a/?\l, o, .. ))

= mlxg flz1,23,...) — ZL‘? o f(1,22,...)

= La6a(f).
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— Truong hop k£ = 1.

pl (:1:13:% fz1,22,...) — af ng(q/:\l,:cg,...))
=afad f(x1,22,...) — o 2df(z1,20,...)

+ a2l PUf(x1, B, .. ) — 28 2P (f(F1, 20, ..))

= Lo0a(Qr0f) + L262(P f).
— Truong hop 1 < k < ¢™.

PF (Illcgmf<l‘1,l/’\2, )= x‘{mng(:a,xg, . ))
_ 4,97 pk-1 -~ " qk—1 ~
=aixg P (f(z1,22,...)) —a] 3P (f(z1,22,...))
- azlxgmpk(f(:cl,fg, L)) — x‘fmxgpk(f(f\l,xg, )

= Lo0a(QuoP* " f) + Lada(P*f).
— Truong hop k = ¢™.

pa” (xlxgmf(xl,@, ) = x‘fma:gf(y?l, T9, .. ))
= 242 PN (f(ar, B, ) = 2 2PN (7 2, )
- xlx%qum(f(xl,iz\g, L)) = :c(fmxgpqm(f(ﬁ,xg, )
m-+41

+axizs f(x1,22,...) — 2 xof(21,22,...)

= L262 (QuoP? 1 f) + Loy (PT" f) + Ladogmia (f)-
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— Truong hop k =1+ ¢™, v6i | > 1.

P (210" (1,8, ) - o o f ()

= 2l PR (f (e, ) — 2l 4PN (SR 2, )

+1 m+

Pf(ar, T3, ) — 2l 2P f(F, 70, ...)

m+1 ~ m—+1 _ ~
+alxd PN f(er,7,..) — 2l 2P (f(a, 2, )

+$1l’q

= Loda(PHY" f) + Loda(Q1 0P 71 )

+ Lotom1(PLf) + Ladomi1(Q1oP L f).

Chia hai vé cho Ly va can bang cac phan ti ¢6 bac ¢™ — g +deg(f) +k(g—1)

& hai vé, ta thu dugce dang thic

PF (62f) + Qo1 P 1 (82f) + QaoPF 471 (62f) =

m

62 (QuoP ' f) + 02 (P*F) + b2ims1 (QuoP 70" f) + Syt (PF1f) .

Vay ta c6 diéu phai chiing minh.
[

Hé qua 3.5.4. Vi moi 0 < k <2 thi Fo i la mot modun con cia Qm(Z)GL2 trén

dai s6 Steenrod A.

Chiing manh. Theo dinh nghia 7, ta co

o F50 = Span {5%(1)},
e Fp1 = Span {5%(1),52(A’1”)},

L ]:2,2 = Span {5%(1>762(AT)7AT}

Khi d6, tac dong clia todn tit Steenrod lén ho thit nhat P*(62(1)) sé 1a chinh né

hoac 0. Tac dong ciia toan tit Steenrod lén dai s6 Dickson 1a dai s6 Dickson. Do

do, ta can chi ra tac dong clia cac toan tit Steenrod lén phan tit d5(f), trong do6

143



[ = Q% v6ia < [m],. Trong truong hop hang 2 thi hai s6 hang cudi trong vé phai
clia cong thiic trong Bo dé 3.5.3 triét tieu trong Q,,(2). That vay, ta thay bac ciia
02:m+1(Q1,0P* 1 f) 16n hon 2(¢™ — 1) v6i moi ¢ v m. V6i da thidc do.p11(PF" f)
thi bac cta n6 khong 16n hon 2(¢™ — 1) khi va chi khi ¢ = 2,k > ¢™ va deg f = 0,
nhung khi d6 thi k& > ¢ — ¢ + deg(f) va diéu nay 1a mau thuin. Do dé, theo B
dé 3.5.3 ta co

PE(S2f) + Qa1 P 102 f) + Qo oP T (Saf) = 62(QroP 1 f) + 52(PF ).

Hon nita, theo két qué trong Meéenh dé 3.1.9 thi
e (D2002(f) =0 v6i moi f,

] Q271(52(f) = 52( ({,Of) v6l moi f € D.

Vi vay, néu g€ Fai thi 2,09, Q2,19 € F2,1. Mat khac, ta co

PO32(f)) = 0a(f) € Fon,

do d6 quy nap theo k ta thu dugc

PR62(f)) = = Q21 P 1(02f) — QaoP* 71 (0af)

+ 09 (Ql’gpk_1f> + 89 ('Pkf> S Qm(Q)GLQ.

Vay, ta c6 diéu phai chiing minh. O
Hé qua 3.5.5. F31 la mot modun con ctia Q,(3)SY trén dai s Steenrod A.

Chiing minh. Ta c6 Span {63(1)} tao thanh khong gian mot chiéu clia Qy,(3)%™
c6 bac cao nhat 3(¢™ — 1). Do do6, ta can ching minh ring v6i méi k > 1 va
0 < a < [mly, thi P*(83Q5,) thuoc F,-khong gian con sinh béi 67(1) va 63(AT").

Dau tien, néu k > ¢™, thi bac ciia P¥(63Q5 ) 1a ¢™(q — 1) +2(¢™ — ¢) +

s(g—1) > 3(¢"™ — 1), tru truong hop ¢ =2 va k = 2", s = 0. Khi do, 9,,(3) hoac
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dugc sinh bdi 63(1), hodc bang khong.
Néu g =2,k = 2™ 5 =0, thi P27 (62(1)) c6 bac la 3(2™ - 1) — 1.
Ta sé chi ra rang khong ton tai da thic doéi xing GLs3-bat bién nao trong bac

nay. That vay, da thic déi xing khong tam thuong duy nhat 1a

2m—-1_2m—-1_2™M_2 2m—1 2m_-2 2m 1 2m_2 2m_1 _2M -1
] x5 x3 + 7 x5 T3 + 27 xy x3 .

Dé dang thay rang, da thitc nay khéng bat bién dudi phép hoan vi z1 — z1 429
va gilt nguyeén x, rs.

Tiép tuc, xét trusng hop k < ¢". Tt Bo dé 3.5.3, ta c6 déng thic

PR (62f) + Q2P 9 (02f) + Qa0P 4 (62f) = 2 (QuoP™ ' f) + 62 (P¥f) . (3.1)

v6i moi da thite f 14 GL;-bat bién duéi theo an thit nhat. Ap dung diéu nay cho

trudng hop f = Qf , ta co Pk(égQiO) 1a to hop tuyén tinh ciia cac da thic dang
Q5,15,002(Q5 o).
Ap dung cong thiic 3.1 cho trudng hop f = d2(Q7 o), ta thu duge

PE(3(Q10)) + QeaPE9(03(QF 0)) + QaoP*17H(03(Q5 o)) =

02(QoP 1 (82(@3 0))) + 62(P*82(Q3 )
Vé phai 1a t6 hgp clia cac da thic dang
(1) 62 (Q1.0Q5,Q5002(Q5 o)),

(2) 62 (@5,Q3002(Q10))-

Céc dang thic tréen ding trong S. Tt Bo dé 3.4.7, ta suy ra cac to hgp nay

thuoc khong gian con ctia Q,,(3) dugc sinh bdi cac da thic c¢6 dang

i 5%( %,O)?
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A L

Ca hai vé clia dang thic 3.1 déu bat bién dudi tac dong ciia Py ;). Xét dnh xa

chuyén tit P(5 ;) dén GL3. Ta c6

P' (65 (Q0)) 1a GLs-bat bién trong Oy, (3),

~1_q™—1_alg—1
T (@Qan) = T (Qao) =it (af™af g ) 0.

O day, hai phan dau triet tieu trong S vi khong ton tai phan t& GLs-bat bién
thuc sy 6 bac ¢> — ¢ va ¢> — 1. Phan thi ba triét tieu trong Q,, (3) vi néu
P g(q Y 14 mot téng khong tim thuong clia mot don thite GLs-bat
bién, thi né cing bat bién dudi tadc dong clia nhom P 5, nhung theo Cha y
3.4.5 thi diéu d6 chi xay ra & bac cao nhat.

Do do6, P* (63 (@3 )) phai 14 td hgp tuyén tinh ciia cic 62 (Q1 0), Vi vay n6 thuoc

F3.1. O

Tiép theo, ching t6i trinh bay mot s6 két qua lien quan dén sy lien heé
gitta cac toan tit Steenrod va toan tii d3. Nhiing két qua nay lam co sd cho viéc

thiét lap cac he thic tuong ty trong khong gian con Fs .

Bo dé 3.5.6.
I i) I3
Pk zf xd zd
Ph-if, ol f(xa,23) @ flar,2s) ad flz1,22)
k 3 pi _
PR@sf) + ) —— P (8f) I

i<k
Hon nita, vé phdi ctia dang thitc trén biang 03.m(F') hodc 03.m41(F), trong do F

la mot to hop tuyén tinh cia cic da thic ¢é dang gPf, vdi g € Dy va 0 < i < k.
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Ching minh. Theo dinh nghia toan tit 03, ta c6

Tl €9 I3

L3ds(f) = :l:({ xg g;g

20" flwa,as) @b for,as) ad frr,z0)

Ap dung cong thitc Cartan cho P*(L3dsf), sau d6 chia hai vé cho L3 ta suy ra

déng thic can chiing minh.

Tiép theo, ta can chi ra vé phai ciia dang thiic trén sé 1a d3.,(F) hoic
03.m+1(F), trong d6 F 14 mot to hgp tuyén tinh clia cac da thitc c6 dang gP'f,
v6i g € Dy va 0 < i < k. That vay, khai trién dinh thic

x1 Z2 T3
2! 2! 2

xf flwo,x3) x5 f(o1,23) a3 f(21,22)
thi moi hang tt ¢6 dang z1292d f(21,22) (v céc hoan vi ctia nd). Mat khac ta

c6 tic dong clia toan tit P! nhu sau

;

ry khii=0

Pir1) = qaf khii=1 :

0  trong cac truong hop khac

9 khii=0

P’ (ff(f) =3 x‘f khii=gq ,
0 trong cac truong hgp khac
x({m khii=0

P (of") = qat™ hii=gm

0 trong cac truong hop khac
V6i cac an zo vA z3 ta cling c6 cac két qua tuong tu. Ap dung cong thitc Cartan
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cho pk(xlxgazgmf(xl,m)) thi thu dude cac phan tit ¢6 dang
¢ " ¢ pd
xf xy x5 P f(x1,22),

v6i a = 0 hodc 1, b =1 hodc 2 va ¢ = m hoac m+1 va cac hoan vi ctia n6. Do do,

ti thitc clia vé phai déng thic can ching minh 1a tong cac dinh thic c6 dang

a a a

q q q
Ty Lo Y
b b b
q q q
Ty ) T3

x?cpdf(xg, x3) a:gcpdf(:pl, x3) mchdf(ml, x9)

Dinh thitc nay chinh la

L363;c ([[g: ﬂ Pdf) )

trong do % € Dy, va ¢ la m hodc 1a m + 1. Vi vay, ta c6 dieu phai chiing

minh. ]
Tiép theo, chiing t6i phan tich trudng hop 8s.,+1(f) tuong ting véi ¢ = m+1

trong Bo dé treén. Két qua thu duge dugce trinh bay trong Bo dé sau.

B6 dé 3.5.7. Néu h € Dy vi g >3 thi ta co d‘agng thiic sau trong O,

)
0 néu ¢ >3

d3;m+1(h) = < hodc ¢ = 3 va deg(h) >0

m—1

o3.m(Q3, ) néug=3vah=1.
\ )

Vi q =2 thy 03,m+1(h) € Span {63, (AT, 8%,,(1)} .

Chitng minh. Ta ¢6 bac cla 83.m+1(h) 14 ¢™ ! — g%+ deg(h). Vi vay, néu ¢ > 3 thi
gia tri nay 16n hon 3(¢™ —1), va do d6 83.m11(h) = 0 trong Q,,. Vi vay, ta chi can

xét truong hop ¢ =3 va ¢ = 2.
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Trude hét, tit phuong trinh co ban

m m—1 m—2 m—2

+1 m—2 m m—2
vl =@y 7 +Q5, 2l —Q5 2l =0

7 7 7

ta suy ra

i)

ii)

m—2 m—2

O3m+1(h) = Q5 San(h) + Q%1 am1(h) = Q% dgm—a(h) = 0.

Khi ¢ = 3 thi ¢™*! — ¢% + deg(h) < 3(¢™ — 1) chi khi deg(h) < ¢* —3 =6. Vi
h € Dy nén ta chi can xét h = 1 hodc h = Q21 (sai khac mot boi vo hudng).
V6i trudng hop h = Q21 thi d3.m41(Q21) ¢6 bac 1a 3™ — 3, vi vay no ¢6
thé 12 bing khong hodic phan ti ¢6 bac cao nhat 2% ‘23 ~1z3" -1 Ta sé
chi ra rdng 03.m+1(Q2,1) = 0 trong Q,, bang cach quy nap theo m. Trudc
hét, dé& dang kiém tra duge ring d33(Q2.1) = Q31 = 0 trong Q,. Tiép theo,
ta thiy rang Q3o = Q31 = 0 trong Qa, vi vay ng% = ng% =0 trong Q,,.
Do do, trong Q,,, ta co

53;m+1(@2,1) - Qggi 53;m(Q2,1)-

2.3m~1 _93m-1l 93gm-l
ZL‘2 .173

m—2
Mat khéc, Q32 = 292525 trong Qo, vivay Q%, =7 trong

Q. V1 vay néu 63.,(Q21) = 0 trong Q,,—1 thi suy ra d3,,+1(Q21) = 0 trong
Om. Do do, ta suy ra 03.m+1(Q2,1) = 0 trong Q.

Véi truong hgp h = 1, theo Ménh deé 3.1.9 ta c6
53;m+1 (1) = Qggﬂéi’)gm (1) = 53;m ( %ﬁl) .

Khi ¢ = 2 thi ta van ¢6 Qg?2 = 0 trong 9Q,,(3). Do do, theo hé qua cua

phuong trinh co ban 6 trén ta suy ra
S3mi1(h) = Q4 Sam(h) — QL1 dzm-1(h).
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tuy nhién

ng’r{—Q _ x%m—lx%m—lxgm—l
Vi vay, theo dinh nghia cta toan tu 3 thi d3n41(h) = Q%Z_Q(Sg,;m(h) —
Q%ﬁ_Q(Sg;m_l(h) trong Q,, bang
1 I T2 T3

22" h(wg, z3) (23" + :L‘%m) 23" h(xy, z3) (22" + :E%m) 23" h(wy, z2) (22" + 227
Mzt khéac, dé thay réng
v+ a3 = Qa10xm(1) — dam(QF ),

vi vay biéu thic trén tré thanh

035 (Q2,1002; (1)) — F35m (hd2,m (Q ) ).
Theo Bo6 dé 3.4.9 ta suy ra diéu phai ching minh.
]

Chu y 3.5.8. Sit dung Bo6 dé 3.4.7 va tinh toan tuong tu c¢6 thé chi ra rang khi

q =2, thi d6i v6i h € Dy, ta c6 két qui sau

0 néu h 1a boi clia Qqp,
53;m+1(h) =

05 (QTy) neUh=Q3 ).
Ching minh. Trudc hét ta c6 cong thiic sau theo Bo dé 3.5.7 (truong hop ¢ = 2),
53;m+1(h> = 53;m(Q2,1h52;m(1)) - 53;m(h52;m(Q%,0))'

Theo Hé qua 3.4.8 véi g € Dy va ¢6 dang

9= Z Vivj

(s,t)eACN?2
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thi v61i moi 7 > 0 ta ¢o

03;m Z VfV2t52;m(Q7LO) = Z 02;m (‘/15‘/;_152;m(Qli,0>)-

(s,t)EA (s,t)eAst>1

o Xét trudng th h 1a b@l cua Q270, tuc la h = Q270 -h1 =ViVa - hy € Ds. Khi
do

03m+1(Q2,001) = O3m(Q2,0Q2,17102:m (1)) — 63,m(Q2,07102:m (Q7 )

= 03:m(V1V2Q2,11102:m (1)) — 3,m(ViVah162:0m (Q7 o))

Khi h; =1 ta ¢6

53;m+1(Q2,0) = 53;m(VlV2Q2,152;m(1))_53;m(V1V252;m(Q%,0)>

= Ozm (‘/1‘/1252;771(1)) + 02m (Vlv252;m(1>) — 02m (‘/152;771(@%,0)) .

Ap dung B8 dé 3.4.7 cho cac trudng hop (s = 3,t = 0), (s = 1,¢ = 1) va

(s=1,t=0) ta co

O3m+1(Q20) = 05,,(Q10) — 27 a3 ey a2l Tl ey — 63,,(Q7)

= 0.
Ngoai ra, theo B dé 3.4.7 véi truong hop s > 1, ¢ > 1 ta ¢
52;m (V1$V2t§2;m<in,0)) =0.

Do d6, Khi h # 1 thi c6 thé biéu dién h; qua céc bat bién tam giac trén va
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ap dung Hé qua 3.4.8 ta co

03:m+1(Q2,001) = O3m(ViVaQa,1h162m(1)) — 030m (Vi Vah182:m (QF )
= Sz (VW b0 (1)) + 02 (VIVE b2 (1)

— bom (VIVP*02,m(QF 0)) — O2im (ViVa'02m (Q1 ) -

Tiép tuc st dung két qua ctia Bo dé 3.4.7 cho truong hop (s = 1,¢ > 1) va

(s >2,t =0). Khai trien va rat gon cac hang ti, ta nhan duge

_ 52 (2a+3) _ 2m—1 271 2a+l | 2"—1 27—1 2a+1

03;m+1(Q2,0h1) = 034y (QLO ) —at ey ettt el Tl g
2 (H2a+3) L 27—1 271 2a41 271 21 2a+1

— 05 (QUF7) + 2t ey Tlag™ el Tlap Tlag

= 0.

Xét truong hop h € Dy véi h = Q3 ) = (Vi + V2)%, tuong tu nhu trén ta co

53;m+1(Q§,1) = 53;m(@§ﬁ152;m(1))_53;m(Q§,152;m(Q%,0>)

- 53;m((V12 + V2)8+152;m(1)) - 53;m((V12 + V2>S‘52;m<Q%,0>>~

Khi do, ta xét cac kha nang sau.

— Khi s =0 thi

53;m+1<1) = 63;m(Q2,152;m(1)) - 53;m(62;m(Q%,0))
= 53;m((V12 + ‘/2)52;771(1))

= 52;m(52;m(1)) = 5%;771(1)‘

— Khi s = 1, ap dung két qua ctia B dé 3.4.7 cho trudng hop (s = 0, = 1)
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ta co

53;m+1<Q2,1) = 53;m(Q%,152;m(1)> - 63;m<@2,152;m<Q%70>>
= T3 (Vi + V2)*02im (1)) = G (Vi + V2)02:m(Q7 )

- (?) 52;m(‘/1252;m(1)) + 52;m(v252;m(1)) o 525m(62;m(Q%’0))

2 m_y gm_
= (1)52;m(‘/1252;m(1))+(1+1)96? tag 1= 05,,(Q1 )

= 5%;771(@%,0) :

— Khi s > 2, 4p dung két qua ctia Bo dé 3.4.7 cho truong hop (s > 1,¢ = 0)

va (s =0,t>1) ta co

O3im+1(Q31) = T35 Q55 025m(1)) — 03:m(Q3 1623m(Q1 )
= (53;m((V12 + VQ)SH(S?;m(l)) - 53;m((V12 + V2)852;m(Q%,0))
= (S —; 1) 52;m(V12552;7n(1)) + 52;m(‘6852;m(1))

S S— S—
— (1> 52;m(V12( 1)52;m(Q%,0)) — O (V5 02:m (@3 )

= (1) Gttt )
+ (s+ 1)x%m_1x§m_1x§‘9_2
- (i) (2 (QF) — 27"ty ~lap?)
— (s—1+ l)x%m_lxgm_lxgs_z
= 03,,(Q10)
Vay, ta c6 diéu phai chiing minh. O

Tt do, ta c6 két qué sau.

Dinh 1y 3.5.9. Gid thuyét 3.5.1 ding vdi truong hop n < 3. Tic la, vdin <3
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va 0 < k <n, cdc khong gian con cia khong gian Q,(n)Gln
Fn ;C—Span{é&,H fEAgn,Ogsgmin(m,k)}.

la mot A-modun con va cing la mot Dy-modun con ctia Qy,(n)St. Hon nia,
Fu ke bi triet tieu bdi cac da thic Dickson Qno,Qn1,- -, Qnn—k—1-

Chitng minh. Theo Menh deé 3.1.9 thi v6i n < 3 thi cic khong gian con F,j 1a

GLs Hon nita, cic khong gian con

D,,-modun con clia khong gian bat bién Q,,(3)
Fnx DI triet tieu boi cac bat bién Dickson Qno, Qni, ---s VA Qpp—r—1.

Tiép theo, ta sé chitng minh cac khong gian con nay ciing la cic A-modun
con ctia khong gian bat bién. Theo He qua 3.5.4 thi Dinh 1y dung véi n < 2. Véi
truong hop n = 3 thi Dinh ly ding v6i khong gian con F3; theo Hé qua 3.5.5.

Hon nita, ta c6

e F30 = Span {(5%(1)},

o F33=Span {0}(1),03(AT"), 03(AF"), AT}
Vi vay, F3 chi gom GL3-bat bién clia Q,, ¢6 bac cao nhat, F3 3 gom toan bo cac
GL3-bat bién ctia Q,,. Tac dong clia toan tit Steenrod giao hoan vdéi tac dong
ciia nhom GL3 nén cac khong gian con Fzo va Fz3 cling la cac A-modun con.

Do d6, viéc con lai 1a chiing minh rang Fs3 9 13 mot A-modun con ciia Qn(3)6Ls,

That vay, tit Bo dé 3.5.6 va Bo dé 3.5.7, ta thay rang néu f € Dy, thi

PEIL
CGf)+ D P (0sf) € Faa

i<k
Hon nita, P'Ls 1a mot dinh thic c6 cdc phan ti 1a liiy thita clia ¢, vi vay no
luon 1a moét boi cua Ls, va thuong PL—?” la mot da thie Dickson trong Ds. Do
d6, néu cac P (63f) thude Fso thi tit Ménh dé 3.1.9 ta suy ra cac %Pi (63f)
cling thuoc F3 2. Vi vay, theo quy nap thi Pk (03f) cting thudc F3 2. Vay, dinh ly

da dugc chiing minh. ]

154



KET LUAN CHUONG 3

Trong chuwong nay, chiing t6i trinh bay cac néi dung sau day.

e Chiing t6i dé xuat mot mot co sé tuyén tinh cho khong gian bat bién
Qun(n)Pe, va truong hop dic biét khong gian bat bién Q,,(n)% duya trén co sé
tuyén tinh ctia khong gian bat bién Q,,(n)B» (Gid thuyét 3.0.1 va 3.0.2).

e Chung t6i nhic lai dinh nghia tap hop A™ (theo [28]), theo d6 tap AT
1a tap hop gom cac don thitc Dickson théa man cac diéu kién lien quan dén phan
hoach ctia s (Dinh nghia 3.1.1 va 3.1.3 ), tap hop nay quan trong trong viéc xay
dung cic co sd tuyén tinh cho cac khong gian con bat bién & cac phan tiép theo.

e Tiép theo, ching toi chi ra chin trén ctia tong sb6 chiéu ciia cac khong
gian con bat bién. Diyra trén két qua nay, ching toi nhan thay rang viéc ching
minh tinh hé sinh ctia cac tap trong Gia thuyét 1a da dé c6 thé khang dinh dugc
tinh co s§ clia n6 ma khong can ching minh trie tiép. Két qua nay gitp viec
don gidn héa qué trinh ching minh Gia thuyét (Ménh dé 3.2.1 va He qua 3.2.2).

e Sau do6, ching toi chting minh Gia thuyét dung véi hang 2. D6i véi hang
2 thi chi c6 hai nhém con parabolic 1a nhém con Borel (da chiing minh tong
quat trong Chuong 2) va nhém tuyén tinh tong quat. Cong viéc con lai la chiing
minh Gia thuyét v6i nhom tuyén tinh tong quat GL,. Ching toi tinh todn anh
xa chuyen tit khong gian bat bién tng véi nhém con Borel lén khong gian bat
bién ng v6i nhém tuyén tinh tong quat dé thu duge hé sinh clia khong gian bat
bién Q,,(2)G%. Tiép theo, chiing t6i tim cach thu gon hé sinh nay sao cho phii
hop v6i hé sinh trong Gia thuyét. Dua vao lap luan truée do, ching toi chi ra
co s tuyén tinh clia khong gian bat bién Q,,(2)% (Meénh deé 3.3.3).

e Tuong tu cach lam cho truong hgp hang 2, ching t6i chiing minh Gia
thuyét cho hang 3. Hang 3 gom 4 nhém con parabolic gom nhém Borel B, nhom
P21y, P(1,2) va nhom tuyén tinh tong quat GL3. Ching toi xay dung cac hé sinh

bang cach st dung anh xa chuyén va thu gon céc hé sinh nay sao cho phit hop
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v6i he sinh trong Gia thuyét, tit d6 suy ra Gid thuyét dung véi truong hop hang
3. Chung toi tim dugdc cac co sé tuyén tinh ctia khong gian bat bién tng véi
cac nhom Py 1y, P19y v nhém tuyén tinh tong quat GL3 (Meénh dé 3.4.2, 3.4.4,
3.4.14). Vi vay, chting toi khang dinh Gia thuyét 3.0.1 v& 3.0.2 ding v6i hang
< 3 (Dinh 1y 3.4.15).

e Cudi ciing, ching toi trinh bay Gia thuyét vé loc F,  tit hé co s tuyén
tinh vira xay dung va ching minh Gid thuyét veé loc F, ) xem nhu la modun
tren dai s6 Dickson va dai s6 Steenrod (Gia thuyét 3.5.1). Tiép theo, ching t6i
chitng minh gia thuyét nay ding véi truong hop hang < 3 (Dinh 1y 3.5.9).
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KET LUAN

Trong luan an nay ching t6i da thu dudc nhing két qua sau.

Thit nhat, ching toi dinh nghia toan tit 6 nhu la mot bién thé clia ham
Schur [20] va trinh bay mot s6 tinh chat quan trong ctia né. Cu thé, ching toi
dua ra cong thitc tinh céc toan ti § lap (Méenh dé 2.1.4) vA md rong no6 trong
cac truong hop tong quat hon (Ménh dé 2.1.7). Dya trén cac tinh chat ciia toén
tit 0, chiing toi xay dung co s tuyén tinh cho khong gian bat bién Q,,(n)B~ duéi
tac dong ctia nhém Borel trong truong hop tong quat (Dinh 1y 2.5.4). T do,
ching toi da ching minh dugce gid thuyét cia Lewis - Reiner - Staton vé chudi
Hilbert ctia khong gian bat bién Q,,(n)®» (Dinh ly 2.6.3).

Thit hai, ching to6i xay dung cac gia thuyét vé co sé tuyén tinh cho céc
khong gian bat bién, cu thé 1a khong gian Q,,(n)* va Q,,(n) M dya trén co s6
tuyén tinh da biét ctia khong gian Q,,(n)B (Gia thuyét 3.0.1 va 3.0.2). Ching
toi chiing minh cac gid thuyét nay dung véi hang 2 va hang 3, bang cach st
dung tac dong ctia anh xa chuyén dé xay dung céc hé sinh va thu gon chiing sao
cho phit hop véi céc hé sinh trong gid thuyét. Cu the, doi véi hang 2, chi c6 hai
nhém con parabolic 14 nhom Borel vi nhém tuyén tinh tong quat GLy (Ménh
dé 3.3.3). Déi véi hang 3, cAc nhém con parabolic bao gom nhém Borel va ba
nhom khéc nhu P9 1), P(q 2), cing v6i nhém tuyén tinh tong quat GL3 (Ménh dé
3.4.2, 3.4.4, 3.4.14 va Dinh 1y 3.4.15). Chang t6i ciing trinh bay va chiing minh
gid thuyét vé loc F, x (Gia thuyét 3.5.1), chiing minh ring gid thuyét nay ding
v6i hang < 3, vA xem xét né nhu mot modun trén dai s6 Dickson va Steenrod
(Dinh 1y 3.5.9). Cac két qua nay da xac dinh ro rang cac co sé tuyén tinh clia
khong gian bat bién ting véi cac nhém parabolic va nhém tuyén tinh téng quat
GL3, qua d6 gép phan khéng dinh tinh Gia thuyét la ding véi trusng hgp hang
khong vugt qua 3.
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Vé hudng phat trién tiép theo, chiing t6i dinh huéng tap trung
vao hai bai toan.

Thit nhat, wu tién hang dau 1a viéc chitng minh gid thuyét ctia Lewis -
Reiner - Stanton cho nhém tuyén tinh téng quat GL, v6i hang n bat ky. Viec
xac lap dugc co sé tuyén tinh cho truong hop GL, sé tao ra mot "diém chét"
quan trong bén canh két qua da c6 vé nhom Borel B,,.

Thit hai, dya trén sy két hop gitta cau tric bat bién ctia nhém Borel B,
(diém thap nhat) va nhom tuyén tinh tong quat GL,, (diém cao nhit) trong so
do cac nhém con parabolic, ching t6i k¥ vong sé xay dung dudc mot phuong
phap quy nap cau tric dé ching minh gia thuyét ding cho mot nhom parabolic
P, bat ky. Day sé 1a budc di quan trong nham hoan thién bitc tranh toan cinh

ve ly thuyét bat bién modular trén truong hitu han modulo liiy thita Frobenius.
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