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L.OI CAM DOAN

Toi xin cam doan cic két qua trinh bay trong luan an la cong trinh nghién
cttu cua ban than nghién ctu sinh trong thoi gian hoc tap va nghién ctu tai
Truong Dai hoc Khoa hoc Ty nhién, Dai hoc Qubc gia Ha Noi, duéi sy hudng
dan ctia GS. TSKH. Pham Ky Anh va TS. Nguyén Thé Vinh. Cac két qua
trinh bay trong luan an 14 hoan toan trung thuc. Cac két qua st dung tham
khao déu da dugc trich dan day da va theo ding quy dinh. Nhitng két qui

viét chung dua vao luan an déu duge sy dong ¥ ciia cac tac gia.

Ha Noiw, ngay  thang nam 2026

Nghién cttu sinh

Ngo6 Thi Thuong



L.OI CAM ON

Trude hét, toi xin duge bay toé long biét on sau sic va tran trong nhat téi
GS. TSKH. Pham Ky Anh (Trusng Dai hoc Khoa hoc Ty nhién, DHQGHN)
va TS. Nguyén Thé Vinh (Trudng Dai hoc Giao thong Van tai), nhiing ngudi
thay da truc tiép huéng dan toi trong sudt qua trinh hoc tap va nghién citu.
Hai thay khong chi dinh huéng khoa hoc tan tinh, ti mi ma con luon danh
cho t6i st quan tam, khich 1é va dong vién quy bau. Sy nghiém tic, tan tam
va sang tao trong nghién ctu cta hai thay 14 tAm guong sang dé toi hoc hoi
va noi theo. Toi kinh ghi cong lao to 16n cia hai thay doi véi sy tién bo cia
toi trong nghién citu khoa hoc cling nhu sy hoan thién luan an nay.

Toi xin tran trong gii 10i cdm on t6i Ban Giam hiéu Truong Dai hoc Khoa
hoc Ty nhien, DHQGHN, cung Phong Dao tao, da tao moi diéu kién thuan
lgi vé hoc tap va nghién ctu. Dong thoi, toi cling xin chan thanh cdm on
Khoa Toan — Co — Tin hoc, dac biét 1a Bo mon Toan hoc Tinh toan va Toan
ting dung — ngoi nha thi hai ciia toi trong su6t hon 15 nim qua. Tai day, toi
da dugce don nhan, duge dinh huéng va diu dat tir nhitng buée chap chiing
dau tien trén con duong hoc tap, gidng day va nghién citu khoa hoc. Moi
truong hoc thuat chuyén nghiép, nang dong va cdi md cung véi sy tan tam
chi bdo ctia cac thay, c¢o va sut hd trg quy bau tit cAc dong nghiép da dong vai
tro vo cing quan trong trong vieéc hinh thanh, phat trién tu duy khoa hoc
ciing nhu trong qua trinh hoan thién luan an nay.

Toi xin chan thanh cdm on Dé an Nang cao niang luc doi ngii gidng vién,

can bo quan 1y cac co sd gido duc dai hoc dap tng yéu cau doi mdi cin



ban toan dién gido duc va dao tao giai doan 2019 - 2030 (Dé an 89) clia
Bo Gido duc va Dao tao da tao diéu kién thuan 1¢i cho t6i trong qué trinh
hoc tap vd nghién ciu. Dong thoi, t6i xin gii 10i cdm on sau sic t6i Quy
Ddi mdi sang tao Vingroup (VINIF) da tai trg va hd trg kinh phi trong thoi
gian t6i thuc hién nghién citu thong qua Chuong trinh Hoc bdng Thac si,
Tién si trong nude véi cadc ma s6: VINIF.2022.TS126, VINIF.2023.TS124 va
VINIF.2024.TS007. Quy VINIF, Vién Nghién ctu Di liéu 16n (VNCDLL)
duge Tap doan Vingroup thanh lap, nhiéu ca nhan va t6 chic nghién ctu da
c6 them diéu kién dé tao ra nhiing gia tri thiét thue, gop phan vao su phat
trién bén vitng ctia dat nude. Bén canh do, t6i ciing xin bay té long cam
on dén Quy hoc bong IMU, quy hoc bong cia Lién minh Toan hoc Quéc té
nhim tai trg cho cac nghién citu sinh tré thuoc cic nuéc dang phat trién,
trong do co6 toi. Sy dong hanh va hd trg quy bau tir cac chuong trinh v quy
hoc béng khong chi mang lai nhitng diéu kién vat chat thuan 16i cho qua trinh
hoc tap, nghién citu ma con 1a nguon dong vién tinh than to 16n, tiép thém
cho t6i niém tin, nghi luc va dong luc dé kieén tri theo dudi con duong nghien
ctu khoa hoc.

Tiép theo, toi xin gui 101 cAm on chan thanh t6i cac dong nghiép than thiét
va nhitng ngudi ban nghién citu sinh da luon dong hanh cuing toi trong sudt
ching dudng hoc tap va nghién citu. Su sé chia, ho trg nhiét tinh cuing nhing
cudc trao déi hoc thuat bo ich va cac budi thao luan day caAm hing khong
chi gitp t6i md rong kién thic, hoan thién tu duy nghién citu ma con mang
dén nhiéu géc nhin quy gia trong qua trinh thyc hién luan 4n. Bén canh do,
sy dong vién, khich 1& va tinh ban chan thanh trong cudc séng thuong ngay
da tré thanh nguon dong luc quan trong, gitip t6i vugt qua nhitng khé khin

va thém ving tin trén con duong minh da lyga chon.
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Cudi cung, tir tan d4y long minh, toi xin gt 16i biét on sau sic nhat tdi gia
dinh than yéu, dic biét 1a chong va con gai nhé Tué Minh. Tinh yéu thuong,
su thau hiéu, cAm thong va nhitng hy sinh tham ling cta gia dinh luon 1a
ngudn dong lyc 16n lao, 1a chd dua binh yén dé toi vitng bude trén hanh trinh
hoc tap va nghién cttu. Mdi thanh qua ma toi dat dude hom nay déu c6 sy
dong hanh, sé chia va dong gop vo gia ctia nhitng ngudsi than yéu. Chinh niém
tin, s dong vién va tinh cAm thiéng lieng Ay da tiép thém cho toi stic manh
dé vuot qua nhitng khé khan, thit thach va kién tri theo dudi muc tiéu cta
minh dén ngay hom nay.

V6i tat ca long kinh trong, toi xin dugce ghi nhé va tri an sy gitup ds6, ho
trg va dong hanh ctia tat ci cic ca nhan, tap thé dé toi c6 thé viét nén hanh
trinh y nghia nay.

Tran trong va biét on!

Ha Noiw, ngay  thang  nam 2026

Nghién cttu sinh

Ngo6 Thi Thuong
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MG DAU

1. Lich s vAn dé va 1y do chon dé tai

Can bang (equilibria) duge hiéu la trang thai ma trong d6 cic qua trinh
hoic luc luong déi khang dat t6i sy on dinh dong, nghia 1a cic tac dong tuong
ho gitta ching triet tieu &nh hudng rong, dan dén hé théng duy tri cAu hinh hien
tai ma khong phat sinh xu hudéng bién ddi theo thai gian. Vi duy, trong kinh té
hoc, can bang thi truong xay ra khi lyc day tit phia cung va luc kéo tit phia cau
triet tieu 1an nhau, khién gia va luong hang héa én dinh. Trong linh vic giao
thong van tai, can bing c6 thé dugc quan sat khi cac yéu t6 lam ting mat do
phuong tién (nhu git cao diém) va cic yéu t6 lam gidm (nhu md thém lan dudng
hodc phan ludng) duge bii trit, din dén luu lugng giao thong én dinh.

Cac vi du thuc tién cho thay khai niém can bang xuat hien mot cach tir nhién
trong nhiéu linh viyc khic nhau va gitt vai tro quan trong trong viec duy tri sy
on dinh ciing nhu hiéu qua van hanh ctia cac hé théng. T géc do toan hoc,
mo hinh can bing c6 thé dugc xem 13 mot st mé rong ciia mo hinh t6i wu héa
truyen théng sang béi canh cé nhiéu chi thé ciing tham gia, trong d6 médi ch
thé theo dudi nhitng muc tiéu rieng va cé thé ton tai sy xung dot lgi ich. Trong
nhing truong hop nhu vay, viéc tim mot phuong an t6i wu chung cho tat ca cac
chl thé thuong khong kha thi; thay vao d6, moé hinh can bing cho phép mo ta
va phan tich cic tuong tdc nay nhim hudng t6i mot trang thai théa hieép hop 1y
gitta cac bén.

Trong khodng 50 nam trd lai day, mot dang tong quat clia bai toan t6i uu
14 bai toan can bang da duge quan tam nghién cttu nhiéu béi cac nha toan hoc
trong va ngoai nude. Khac véi bai todn t6i wu hda, von gin véi viee cyc tidu
héa mot ham muc tiéu duy nhat, bai toan can bang duge dic trung béi viec giai
mot song ham, phan anh ban chat tuong tac ctia hé thong. Chinh sy khac biet
vé cau tric ndy lam cho bai todn can bing trd nén phong pht va c¢6 nhiéu ¥
nghia trong ca 1y thuyét 1an ing dung. Bai toan nay la sy khéi quat hoa nhiéu
bai toan trong t6i wu va giai tich phi tuyén nhu bai todn diém bat dong, bai todn
t6i wu, bai todn bat ding thic bién phan, tro choi khong hop tac, toi vu da muc
tieu, bai todn diém yén ngua, bai todn can bing mang giao thong, vv...

Thuat ngit “bai todn can bing” (EP - Equilibrium problems), ky hiéu
EP(f,C), duge biét dén trong cac cong trinh clia L.D. Muu vd W. Oettli [83]
(1992), E. Blum va W. Oettli [17] (1994), va dugc phat biéu nhu dudi day.

Bai toan 1 (EP - Equilibrium problems). Cho C 1a mdt tap con 161, déng, khéc
rong trong khong gian Hilbert thuc H va f : C x C — R la mot song ham théa
méan f(z,z) =0 v6i moi » € C (song ham f con dugc goi la song ham can bang).



Bai toan EP(f,C) dude phat biéu nhu sau:
Tim 2* € C sao cho f(z*,y) >0 VyeC. (1)

V6i mot s6 trusng hop diic biet clia song ham f, bai toan can bing c6 thé quy
vé cac bai toan trong t&i wu. Ching han, khi chon f(x,y) := g(y) — g(z), trong
dé ¢g: C — R, bai toan can biang EP(f,C) tré thanh bai toan téi wu

Tim 2* € C sao cho g(z*) < g(y) Vy e C.

Trong truong hop f(z,y) := (Fx,y — ), v6i F : C — H la mot anh xa, bai toan
can biing tré thanh bai toan bit dang thitc bién phan (VIP - Variational
inequality problems), ky hieu VIP(F,C), duge phat biéu nhu sau:

Bai toan 2 (VIP - Variational inequality problems).
Tim z* € C sao cho (Fa*,y —2*) >0 Vye C, (2)

trong d6 C 1a tap con 16i, déng, khac réng trong khong gian Hilbert thiyc H va
F :C — H 1a 4nh xa da cho.

Trén thuyc té, song ham can bang da duge xét dén lan dau tien béi Nikaido
va Isoda [87] (1955) khi hai 6ng dua ra ham bd trg dé thiét lap su ton tai diém
can bang Nash clia cac tro choi khong hop tac. Trong bai béo tuong tu [30]
(1972), K. Fan goi bai toan (1) Ia bat ding thitc minimax va thiét lap sy ton
tal nghiém vé6i C 161, compact va song ham f tya 161 trén C. Cing trong nam
1972, H. Brézis va céc cong st dd md rong két qué ctia K. Fan véi syt gidm nhe
diéu kieén vé tinh lien tuc. Sau d6 két qua ton tai cho bai todn can bang dugc
Mosco [78] ching minh vao ndm 1976. Nam 1984, L.D. Muu [82] goi bai toan
(1) 14 bat déng thic bién phan va nghién cttu mot s6 tinh chat 6n dinh. Nam
1992, L.D. Muu va W. Oettli [83] goi bai toan (1) 1a bai toan can bang, vd mot
thuat toan phat duge dé xudt dé xdp xi nghiém ctia (1) khi f ¢6 mot sd tinh
chéat don dieu nhat dinh. Cac tac gid E. Blum vd W. Oettli [17] (1994) da chiing
minh mot dinh 1y hop nhat cac két qua ctia K. Fan va Mosco. Cho dén nay da
c6 nhidu dang mé rong don tri 1an da tri ctia cac két qua néu trén. C6 thé xem
trong cudn chuyéen khao ctia X.-Z. Yuan [118] (1999), va gan day ctia G. Kassay
va V. Radulescu [56] (2018), L.Q. Anh va cac cong su [3] (2025).

Mot van dé duge quan tam trong khodng 30 nam trd lai day 1a xay dung
cac phuong phap xap xi nghiem bai toan can bang. Van dé ndy da dugc nghien
citu dau tien vdo nam 1992 bdi cong trinh ctia L.D. Muu vd W. Oettli [83], sau
do 1a céc két qua ctia A.S. Antipin [12] (1995), A. Moudafi |[79], A.N. Tusem va
W. Sosa [53], P.L. Combettes va S.A. Hirstoaga [24], vv. Phuong phap diém
gan ké (PPM - Prozimal Point Method) dudc nghién citu trong cac bai bao
[24, 53, 79, 103| xay dung mot ddy nghiém bang céch giai trén mdi vong lip mot
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bai todn can bing hiéu chinh. Tai budc lap k, gid st da biét =%, xap xI tiép theo
dugc xac dinh béi
= (),

trong do
H@) ={zeC:MEy +(e-ny—2)>0Wel}, zeH, (3

4 day J{ 14 gids thiic clia song ham f ing v6i tham s6 A > 0. Véi gia thiét f
don dieu, 161 va nita lien tuc dudi theo bién thit hai, hemi-lién tuc trén theo bién
thit nhat, anh xa J{ 13 don tri va khong gian. Tuy nhién, néu f chi ¢gid don diéu
(mot 16p rong hon cta don diéu), thi bai toan can bang hiéu chinh trong cong
thitc (3) khong con don diéu manh, va hé qua la dnh xa J/J\E néi chung khong
con don tri. Didu nay khién phuong phap PPM khong thé 4p dung truc tiép.
Hon nita, viéc phéai gidi mot bai toan can biang phu ¢ méi vong lap lam tang
dang ké khéi lugng tinh toan cfia thuat todn. G. Mastroeni [76] dd md ra mot
huéng tiép can khac nham khic phuc nhudge diém ctia phuong phap PPM do6 13
stt dung phép chiéu tong qudt. Tai budc lap thit k, gia st biét 2, ta tinh xap
xi tiép theo zF+1 = U/J\c (%), trong do, U;\f 13 dnh xa nghiém cla song ham f véi
tham s6 A > 0, dugc cho bdi

U () = argmin { Af(z. ) + 5y — o7} (4)
yel

V6i gia thiét song ham f 16i, nita lién tuc dudi theo bién thit hai, bai toan tbi uu
trong cong thiic (4) 1a 10i manh, va do do, U{ don tri. Hon nta, viéc tinh U/J\C don
gian hon rat nhiéu so véi tinh J;\f. Néu song ham f don diéu manh va thda man
diéu kién Lipschitz theo Mastroeni, day lip sinh bdi thuat toan sit dung phép
chiéu téng quat hoi tu manh t6i nghiém ciia bai toan can bang. Theo huéng tiép
can nay, dé giam nhe gia thiét dat léen song ham f, tac gid T.D. Quoc va céc
cong su [93] (2008) da dé xudt phuong phap dao ham tang cudng (EGM -
Eztragradient Method) nhu sau:

20 eC,
Ta argmin{)\f(xk,y) + %H?J - xk||2},

yeC (5)
o1 = argmin{ Af (s, y) + lly — 2|}

yeC

V6i gia thiét song ham f gid don diéu v thoéa man diéu kién kiéu Lipschitz theo
nghia Mastroeni v6i cac hiang sb Lipschitz c1,c2, 0 < A < min {é, é}, day {2*}
sinh béi thuat toan (5) hoi tu yéu t6i mot nghiém ctia bai todn EP(f, C). Phuong
phap EGM dudc tong quat héa tit phuong phap tuong ting cho bai toan diém
yén ngya [62]. Sau d6, phuong phap dao ham tang cuong (5) da duge phat trien
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va md rong bdi nhidu tac gia trong vh ngoai nude, cé thé xem trong cic bai bao
[26, 27, 38, 39, 66, 92, 101, 112, 114] v& gan day nhat trong cudén chuyen khéo
clia G. Bigi v céc cong su [16] (2018) va cac tai lieu tham chiéu trong d6. Mot
han ché dang cht y ctia phuong phap EGM nam & chd do dai budc can phai
duge Iyra chon dya trén cac hing s kiéu Lipschitz cta song ham. Trong thuc
tién, cac hiing s6 nay thuong kho xac dinh, hoic tham chi khong thé uée hugng
chinh x4c, dan dén viéc lam gidm tinh kha thi v& kha ning ap dung rong rai
cuia phuong phap.

Gan day, nham cai thién tdc do hoi tu clia cAc phuong phap lap, ki thudt qudn
tinh da dugce dua vao sit dung. Ky thuat nay duge khéi xudng béi F. Alvarez va
H. Attouch [2], dita trén mo6 hinh dong lyc bac hai mé phéng chuyén dong cia
“mot qud cau ndng chiu tic dung ctia ma sdt”. Tu d6, ki thuat quan tinh da
dugce ap dung rong rai dé tang toc do hoi tu clia nhieu thuat toan lip khac nhau
|2, 65]. Mot trong nhiing két qua dang chu y nhat 1a phuwong phap lip Mann
quan tinh do P.E. Maingé [68] dé xuat cho bai todn tim diém bat dong clia cic
4nh xa tua khong gian. Tiép ndi huéng tiép can nay, mot s6 tac gid nhu D.V.
Hieu [40], H.u. Rehman vA cong su [94, 95|, N.T. Vinh va L.D. Muu [112] da két
hop ki thuat quin tinh véi phuong phap EGM va dé xuat cac thuat toan dao
ham ting cudng quan tinh cho bai toan can bang nhu dudi day:

( .flfo,xl € 07
wk; _ ZCk + g (mk — .Z'k_l) )
S yk:argmin{)\f (w*,y) +%Hy_wkH2}’ )
yel
oS - argmin{/\f (y’ﬂy) + % Hy - wkHQ }
yeC

\

Tuy nhién, cdc thuat toan nay thuong yéu cau c¢d budc phai phu thudsc vao hdang
s6 Lipschitz hodc gidm dan vé 0 theo thdi gian 13p, diéu nay cé thé lam gidm
dang ké hieu qua tinh toan trong thuc té néu gia tri ¢ buéc tré nén qua nho.
Ngoai ra, dé dat dudce syt hoi tu manh, ngudi ta can mot s6 kj thuat bd sung,
chang han nhu kjj thudt hiéu chinh, kij thudt zap xi gdn két (viscosity), kij thudt
gan két-lai ghép, kij thudt thu hep (xem |44, 101, 114] va céc tai lieu tham chiéu
tuong ting). Mot hudng tiép can khéc 1a st dung dudi vi phan, dudi vi phan xdp
xt clia song ham f. Theo hudng nay, 16p cac thuat toan duéi dao ham da
duge dé xuat bdi cac tac gid nhu H.liduka [51], P.S.M. Santos [96], P.N. Anh
[10], D.V. Hieu [106], vv...

Dic diém chung clia céc phuong phdp gidi xdp xi nghiém bai toan can bing
14 ching sinh ra mot day lip hoi tu manh ho#ic yéu tdéi nghiém cta bai toan.
N6i chung, tai moi bude lap clia thuat todn, ta can gidi cac bai toan phy. Chi
phi tinh toan dé gii cac bai toan phu nay 1a mot trong nhiing yéu t6 chinh anh
huéng dén tinh hiéu qua va téc do hoi tu clia thuat toan. Mot trong nhitng ¥
tudng dé giam chi phi tinh toan cho cic bai toan phu 1a phdan rd song ham f ban
dau thanh tong clia hai hodic nhidu song ham thanh phan. Khi dé, thay vi xit 1y
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song ham f, ta chi cAn lam viec véi timg song ham thanh phan. Y tudng nay dic
biét hitu hiéu khi song ham f c¢6 dang phtic tap, trong khi cac song ham thanh
phan c¢6 cac dang don gidn hon hoidc c¢6 dang dic biet. Phuwong phap phan ra
da duge ap dung rong rai cho cac bai toan téi wu va bat dang thitc bién phan
[14, 50| va thu dugc cac két qué rat dang khich 1¢. Trong truong hgp bai toan
can bang, cic két qua thu dugce clia phuong phap nay da c6 nhiing tin hiéu khai
sdc. Nam 2009, dé giai bai toan can biang EP(f,C) v6i f = f1 + fo, Moudafi [80]
da dé xudt thuat toan diém gan ké phan ra giai bai toan can bing sau:

Thuat toan 1 (Thuat toin diém gin ké phan ra)

Khéi tao: Chon day tham s6 {r;} € (0,00) v chon tuy y 2° € C.
Buéce lap:

Buéce 1: Cho z*, tinh v* va 2* béi

refi(y® y) + @ — 2y —oF) >0 Wy e,
refa(ZFy) + (P —afy—F) >0 wed

BudGc 2: Tinh 2**+! béi

T
k .
) S orat
Su hoi tu yeu cia day ergodic {xk = ‘,‘1—} sinh bdi Thuat toan 1 duge dam
>

bdo véi gid thiét song ham f don dieu va 1o, nia lién tuc theo bién thi hai.
Dura trén moi lien hé giita bai todn can bang don diéu va bai toan bao ham don
diéu trong khong gian Hilbert, Briceno-Arias [19] (xem thém [18] cho mot cach
tiép can khac) da két hop phuong phdp phan ra va kj thudat Douglas-Rachford
|63, 102| dé thiét ké thuat toan phan ra kiéu Douglas-Rachford, hoi ty yéu
(khong ergodic) cho bai toan (1) nhu sau:

20 e H,
k k k
y :Jf2 X )+b 3
2k = Jp, 2k — xk> + a*, (7)

R = gk (F = b))

trong d6 {a*} va {b¥} 1a cac sai 6 phat sinh khi tinh cic toan ti gidi Moreau
Jp, va Jy,. Mac du phuong phap nay ¢6 uu diém la khong yéu cau tinh véi song
ham tong, nhung trén thuc té viec xac dinh chinh xdc cac toan ti Jy, va Jy,
thuong kha phitc tap, nén kha niang ap dung thuat toan nay con bi han ché. Dé
vuot qua nhitng han ché clia thuat todn néu trén, mot s6 tac gia (xem |5, 33|)
da két hop phuong phdp phan ra véi phuong phdp dao ham tang cuong, tit do
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xay dung cac thuat toan kiéu dao ham ting cudng phan ra nhim giai cac
bai todn can bang gid don diéu va gid don diéu manh. V6i cac thuat todn nay,
thay vi phéi gial mot bai toan can bang hig¢u chinh tai mdi vong lip (nhu trong
phuong phép diém gan k&), ta chi can gidi cac bai todn t6i wu 16i manh clia céc
song ham thanh phan, vén don gidn hon dang ké vé mat tinh toan. Tuy nhién,
tinh hoi tu cta cac phuong phap trong [5, 33| duge thiét 1ap dudi mot gid thiés
kh4 manh, d6 13 diéu kién lién tuc Hélder clia song ham. Diéu nay phan nio
han ché pham vi 4p dung ctia thuat toan trong thirc té. Theo huéng tiép can st
dung phuong phap dudi dao ham, nhém tac gia P.M. Duc va L.X. Thanh [29]
da dé xuit phuong phap duéi dao ham phan ra sau day:

Thuat toan 2 (Thuat toan dudi dao ham phan ra)
Khdi tao: Chon mot day duong {f;} thoa man

o o

p
D Br=o0 ) Bi<oo
k=0 k=0

Chon 20 € C, va dat k:= 0.
Budc lap: Cho 2%, 14y ¢F € 0o f1(a¥,2%), g§ € afo(2®, 2%) (k > 0). Tinh

k k B
nr = max{ B, |lg7 I, lgz 1|}, Ax = g

. 1
y* = argmln{kkﬁ(r’“,y) +5lly - |2 iyecC

. 1
o1 — argmin{ Mefo(v",9) + 5y~ o IF 1y € €

b
}

Luu ¥ rang, thuat toin dusi dao ham phan ra dat dudc hoi tu yéu khi song
ham f thoéa diéu kien don diéu va para-don diéu. Tuy nhién ciing phai luu y
rang viéc giadi cac bai toan quy hoach 16i manh cé thé ciing phai tra chi phi dat
néu cac ham c6 cau trac phite tap. Chu y dén diéu nay, trong [42| cac tac gia da
dé xudt phuong phap phan ra kiéu chiéu song song giai bai toan (1). Tuy
nhién trong bai bdo [42], cac tac gia van chua thiét 1lap duge dang tuan ty cia
phuong phap va dé lai dudi dang bai toan mé. Ching toi thiy ring, cho dén nay
cac phuong phap phan ra gidi bai toan can biang ciing chua cé thuat toan nao
két hop yéu t6 quan tinh nham ting tdc thuat toan. T nhiing han ché cla cac
phuong phap hién c6, cu thé: phuong phap PPM giip kho khin trong viéc giai
bai toan phu; phuong phiap EGM doi héi hang s6 Lipschitz khé uéc luong; cac
phuong phap quan tinh thudng yéu cau ¢d buéc gidm dan vé 0; va cac phuong
phap phan ra can gia thiét Holder qua chat, da ndy sinh van dé sau:

Van dé thi@ nhat la dé zudt, nghién ciu va cdi tién cdc phuong phdp phan
@ gidi bai todn can bing, vdi muc tiéu khong chi dat dudc su hoi tu manh ma
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con ndng cao hiéu qud tinh todn. Ddc biét, viéec két hop yéu to qudn tinh vao
phuong phdp phan ra dude xem nhy mot hudng tiép can mdi, cho phép vita khai
thdc hieu qud cau tric dic biét cta song ham thanh phan, vita gia ting hiéu qud
tinh todn thong qua viéc tan dung thong tin tu cic budc lip trude dé, dong thoi
c6 thé két hop vdi cdc kj thuat hiéu chinh, zdp xi gdn két va mot phép chiéu.

Ngoai ra, ¢d budc clia cic thuat toan 1dp ciing 14 mot trong nhitng yéu t6 anh
hudng dén téc do va hieu qué clia thuat toan. Gan day, cic tac gid trong cac
bai bao [28, 38, 39] da dé xuit cac thuat toan xAp xi nghiem bai toan can béng
v6i song ham f gid don diéu manh vi théa man diéu kien kiéu Lipschitz. Diéu
dang cht ¥ 6 nhitng thuat todn nay 1a sy phu thuoc vao cac hing sd Lipschitz
clia ¢d bude, tuy nhién, viéc tim cic hing s6 Lipschitz ¢, co khong phai lic nao
ciing dé thyc hién, do d6 han ché pham vi tng dung ciia thuat toan. Dé khong
phéi sit dung hiing s6 Lipschitz, Yang va Liu [117] da dé xuét thuat toan kiéu
duéi dao ham tang cudng véi cd bude tu thich nghi nhu sau:

Thuat toan 3 (Thuat toan kiéu duéi dao ham ting cudng véi cd budc
tu thich nghi)

Budc 0. Chon \g > 0,2° € H, € (0,1).

Buéce 1. T xap xi hién tai z*, tinh

1
y* = argmin {)\kf (xk,y) + 5 ka — y} 2 Y € C’} = PIOX,, ;(4n,) (a:k) :

Buéc 2. Chon w* € 0 (f (xk, )) (y*) sao cho 2% — \wk — ¥ € N¢ (yk), tinh

1
zk = argmin {)‘kf (ykvy) + 5 ka - y‘ ’ Y € Tk} )
trong do, Ty = {v eEH| <xk — M — ¥ v — yk> < 0}.
Buéc 3. Tinh t¥ = a32® + (1 — ap) 25, 2% = B2F + (1 — Bg) StF, véi 4nh xa
S:H—Hva

(& 25) = F (2% %)~ f (y*,2+))

. w(llz* —y* |2+ |25~y )1?) £ " koo k k ok

min , Ak, néu f(x®,2F) — f(a”, — ,2%) >0,

News = {2(f k:} f(@,2%) = f(@%, ") = f(y", =)
Ak, nguge lai.

Cap nhat k :=k+ 1 va quay lai Buéc 1.

C6 thé thay ring, day cd bude {\,} duge xac dinh nhu trén don dieu gidm.
C& buée nhé thi khéi lugng tinh toan 16n, nén viéc tinh toan cé thé tén kém va
mét nhidu thoi gian. Hon nita, phuong phap chiéu kiéu tim kiém theo tia (xem
|26, 113]) thudng c6 ¢6 bude gidm dan vé 0, diéu nay khién thuat toan hoi tu
khéa cham véi s6 lan lip 16n. Nhitng nhan xét nay dan dén cau héi lieu c6 thé
thiét ké thuat toan hiéu qua vdi cd budc ting hay khong. Dén day ching toi dit
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ra mot van dé méi can gidi quyét nhu sau:

Van dé th@ hai hudng tdi viec zay dung cic phuong phdp dao ham ting
cuong vdi chién luge dieu chinh cé budc tu thich nghi, trong dé ¢é budc cé thé
duoc gia tang mot cich coé kiém sodt sau mot sé lan lgp nham cdi thién hiéu qud
tinh toan va giup thudt todn thoat khoi cic vung hoi tu cham. Viéc gia tang cd
budc nay khong cé nghia ting vo han gay phan ky, ma dugc thiét ké dua trén cdc
diéu kien thich hop dé van ddm bdo tinh on dinh va hoi tu cia phuong phdp.

Linh viyc nghién citu ctia dé tai 1a t6i wu tinh todn v ting dung. Nhu ching ta
déu biét, 1y thuyét t6i wu duge ting dung rong rai trong rat nhiéu bai toan thuc
té clia kinh té va k¥ thuat nhu xit 1f 4nh, khoi phuc tin hiéu, can bang Nash, k§
thuat dien ti, vv... Mot vi du quen thuoc sit dung cong cu t6i uu 1a bai toan
LASSO, bai toan nay dugc sit dung rong rai trong théng ké va khoi phuc hinh
anh, tin hiéu thua va c¢6 thé giai bing céc thuat toan chiéu cho bat ding thic
bién phdan thu duge tit bai toan t6i wu c6 rang budc sau:

1
in = || Bz — y|?, 8
min 5| Bz —y| (8)

vai diéu kien [|z||; <t,

v6i t > 0 nao do, |1 1& chuan 1, z € R”, y € R™ 14 cac vectd va B € R™*" 13
toan ti tuyén tinh.

Ly thuyét bai toan bat dang thic bién phan déng vai trdo quan trong trong
nhiéu linh vitc nhu quy hoach toan hoc, nghién cttu mang giao thong, 1y thuyét
tro choi, hoc may, vv... va da tré thanh mot linh vye nghién ctu quan trong
trong vong 60 ndm trd lai day (xem Ansari [11], Kinderlehrer va Stampacchia
[60], Konnov [61]). Nam 1966, Hartman va Stampacchia [34] da cong b6 nhiing
nghién cttu dau tién cia minh vé bai toan bat dang thic bién phan, lien quan
dén viéc giai cac bai toan bién phan, bai toan diéu khién t6i wu va cac bai toan
bién trong ly thuyét phuong trinh dao ham riéng.

Van dé quan tam trudc hét 1a sy ton tai nghiém ciia bai toan bat déng thiic
bién phan. Khi C compact vd F lién tuc thi sy ton tai nghiém ciia bai toan
VIP(F,C) 1 hé qui cta dinh 1y diém bat dong Schauder. Néu C' compact va F
1 gid don diéu va hemi-lién tuc thi sy ton tai nghiem ctia VIP(F,C) dugc thiét
lap bang ki thuat KKM.

Mot trong nhitng van dé thi vi vi quan trong nhat trong 1y thuyét bat dang
thitc bién phan 1a nghién citu cac thuat toan lip hitu hieu dé tim nghiem xap xi
clia bai toan. Nhiéu thuat toan lap da dugc dé xuat dé giai bat dang thic bién
phan trong cd khong gian hitu han chiéu va vo han chiéu, ching han xem trong
[54, 59, 61, 62, 71, 72, 73, 75| va cac ti lieu tham khio lien quan.

Phuong phap chiéu dugc biét dén nhu 13 mot trong nhitng phuong phap
don gidn vd hieu qua nhit dé gial bai toan bat ding thitc bién phan. Y tudng
chinh ctia phuong phap nay xuat phat ti moi lien hé sau: z* 13 nghiém ciia bai
toan VI(F,C) khi va chi khi né 13 diém bat dong clia &nh xa ®(x) := Po(z— AFx)
v6i A > 0. Do do, ta ¢6 thé st dung phuong phap lip dé gidi bai toan (2), vdéi
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day lap dugc xac dinh theo cong thiic sau:
M = @ (2F). (9)

Day lap (9) sé hoi tu t6i diém bat dong ctia ® néu né 1a anh xa co tren C. Dé
dam béao tinh co ctia @, doi héi tinh don dieu manh (hodc don diéu manh ngugc)
va lién tuc Lipschitz cha anh xa F.
Trong truong hop F khong lien tuc Lipschitz, thuat toan (9) da duge cai tién
trong [96] nhu sau:
o o
e Chon 20 € C, {ag} C (0,00), > ap = o0, oc,%<oo.
k=0 k=0

e Tai buéc lip k, c6 2. Kiém tra diéu kien Fz* = 0. Néu diéu kién nay thoa

man, ta ding thuat toin. Trong trudng hop nguge lai, tinh 5! theo cong
thitc sau day:
M = Tl [P (10)
zFtl = Po (xk - )\kF:ck) :

Diém khac biét 16n nhat ¢ day 1a thuat toan (10) sit dung thong tin (két qua)
cua vong lap trudce dé xéc dinh do dai bude cho vong 1ap tiép theo. Ta goi cac
thuat toan kiéu nhu vay 1a v6i do dai budce tu thich nghi. Hién nhien, néu thuat
toan dimg & bude k, z* chinh 13 nghiém can tim. Trong trudng hop nguge lai,
thuat toan trén sinh ra moét day vo han {xk} hoi tu t6i nghiém ciia bai todn bat
ding thiic bién phan VIP(F,C).

Trong truong hop F don diéu va lién tuc Lipschitz, phuong phap st dung mot
lan chiéu c6 thé khong hoi tu t6i nghieém clia bai toan bat dang thitc bién phan.
Trong mot két qua gan day, Malitsky |73| da két hgp phuong phdp st dung mot
lan chiéu v6i phép phdn za dé thu dugc phuwong phap chiéu phan xa. Dé giam
nhe gia thiét vé tinh don diéu manh, Korpelevich [62] dé xuat phuong phap
dao ham tang cudng, trong dé tai moi bude lap thuat toan doi héi thém mot
phép chiéu lén tap rang buoc, tic 1a

yk = Pc(xk — /\ka) (11)
"l = Po(aF — AFyP).

Thuat todn (11) hoi tu véi dieu kien anh xa F gid don digu va L-lien tuc
Lipschitz trén C va A € (0,1). Tuy nhien, trong thuat toan (11), tai méi budc
lip, ta phai tinh gi4 tri clia 4nh xa F hai lan. Diéu nay c6 thé dnh hudng téi
hieu qua tinh toan clia thuat toan néu 4nh xa F c6 dang phic tap. Dé khic
phuc diéu nay, L. Popov da dé xuat thuat toan trong [91], tai mdi budc lap, gid
tri ctia 4nh xa F chi phai tinh mot 1an. Mot phién ban cai tién khéc clia phuong
phéap chiéu Kopelevich c6 thé ké dén dé la phuong phap chiéu dudi dao ham
tang cudng duge gidi thieu bsi Y. Censor va cong sy [23].



Nhin chung, cho dén nay cac két qua da cong b6 con nhiéu han ché nhu khdi
luong tinh toan 16n, chiéu hai lan trén tap rang buoc, tinh gia tri clia toan ti
hai lan trén moi phép lip da dan dén khoi lugng tinh toan va thai gian tinh toan
rat 16n, &nh huéng nghiém trong dén tinh hiéu qua ctia thuat toan. Do vay, mot
van dé can dudce nghién ctu hién nay 1a néu st dung phuong phap chiéu dé giai
bai toan bat ding thic bién phan thi can thiét ké sao cho thuat toan mdéi chi
can chiéu mot lan lén tap rang budc, tinh gia tri clia toan tit mot lan trong mdi
phép lap va ¢6 budc duge chon theo cach ty thich nghi.

O Viet Nam, bai toan bat dng thic bién phan da duge nghién ctu manh
trong vai nam gan day. Cac chuyén gia trong linh viic nay nhut Pham Ky Anh
[4, 7. 8], Pham Ngoc Anh [9, 10, 92, 110], Nguyén Buong [20], Bui Van Dinh
[26], Trinh Ngoc Hai |5, 6, 33, 109], Ding Van Hiéu [41, 45, 106, 107], Pham Duy
Khénh [57, 58|, Lé Diing Muu [4, 41|, Duong Viét Thong [45, 106, 107], Nguyén
Thé Vinh |7, 8], Phan Ty Vugng [58], vv..., dd ¢6 nhiéu déng gép quan trong
vai mot s6 cong bd gan day trén cac tap chi qudc té uy tin. Tuy nhién, cic két
qué nghién cttu trong nude vé van dé nay chua nhiéu va cac két qui thu duge
con mot s6 han ché nhu tinh nhiéu phép chiéu trén mdi bude lap, ¢d bude phu
thudc vao hing s6 Lipschitz, cac diéu kién dit 1én toan ti con kha chit, vv...

Cht ¥ rang, trong nhiéu ing dung thyc té, tap chidp nhan duge thuong co
dang tap mic dudi ctia mot ham 161, titc 1a

C={reHt:cx) <0},

v6i ¢ 13 mot ham 161, khong nhat thiét kha vi. Chang han, trong bai toan LASSO,
ham ¢(z) = ||z]|y — 7 véi 7 > 0 14 mot vi du dién hinh théa man ciu tric trén.
Gan day, mot s6 cong trinh nhu |21, 36, 37| da dé xuét cic thuat toan chiéu ndéi
16ng dé gidi bai toan bat ding thiic bién phan (2), dya trén phuong phap dao
ham tang cuong [23] vd phuong phap chiéu co [35]. Tuy nhién, cac két qué hoi
tu clia nhitng phuong phap nay déu yéu cau ham c phai 16i, kha vi lien tuc va
c6 dao ham théa man diéu kién Lipschitz - mot gid thiét kha chit, lam han ché
kha ning 4p dung trong cadc mo hinh thyc té.

Trén co s6 cung huéng t6i muc tiéu ting hiéu qua tinh toan thong qua viéc
gidm chi phi méi budc lip va dong thoi cai thien téc do hoi tu, cac van dé thit
nhat va thit hai 1an lugt tap trung vao viéc khai thac ciu triic bai toan ciing
nhu chién luge diéu chinh dong cac tham s6 thuat toan. Tiép ndi mach nghién
citu nay, van dé tha ba tdap trung vao viéc nghién ctéu va dé zudt thudt todn
chiéu dudi dao ham dang ndi long nham gidi bai todn bat diang thic bién phan,
v6i muc tiéu tiép tuc gidm ganh nang tinh toin tai moéi bude lap nhung van dadm
bao tinh 6n dinh vi hoi tu ctia thuat toan. Cac thuat todn duge dé xuat khong
chi ¢6 § nghia 1y thuyét ma con duge #ng dung vao bai todn khoi phuc dnh, qua
d6 minh hoa r6é rang hiéu qua tinh toan va tinh kha thi ctia phuong phéap trong
cac bai toan thuc tién cé6 quy mo 16n.

2. Muc tiéu nghién ctu
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Muyc tiéu ctia luan an 1a nghién cttu va dé xuat mot s6 phuong phap hitu higu
giai bai toan can bing va bat ding thitc bién phan. Cu thé nhu sau:

e Dé xuat va xay dung cac thuat toan chiéu phan ra mdéi gidi bai todn can
bing, trén co sé két hgp ki thuat kiéu Tseng véi cac ki thuat hieu chinh,
quan tinh va xap xi gan két, cho phép xtt Iy bai toan can bing gid don digu
trong khong gian Hilbert dudi cac diéu kién yéu hon, khong doi hoi hing sb
Lipschitz, chi sit dung mot phép chiéu dong thoi ddm bao hoi tu manh va
cai thien toc do hoi tu cta thuat toan.

e Xay dyng thuat toan dudi dao ham ting cudng gidi bai todn can bang véi
cd ché c¢d budce ti thich nghi, trong d6 ¢& budc c6 thé duge gia ting cé kiém
soat nham thoat khoi viing hoi tu cham, dong thai vAn duge didu chinh dé
ddm bao tinh 6n dinh va hdi tu cia thuit toan.

e Phat trién céc thuat toan chiéu ndi 16ng dua trén dusi dao ham nhim giai
bai toan bat dang thic bién phan véi tap rang budc dude biéu dién dudi
dang tap mic dudi clia mot ham 161, cho phép xi Iy hiéu qua cac rang budc
161 khong kha vi. Cac thuat toan dé xuat duge ting dung vao bai toan khoi

phuc anh, qua d6 t6i uu héa hiéu qué tinh toin trong cdc mo hinh thyc tién
nhu LASSO.

Tat cd cac thuat toan duge dé xuat trong luan an déu duge chitng minh 1a
hoi tu yéu hosic manh. Chiing t6i ciing thitc hién thit nghiem sé dé danh gia hiéu
qué clia cac thuat todn mdi, so sanh ching véi nhing thuat todn da cé, dong
thoi 4p dung ching vao mot s6 mo hinh it ra tit cac bai toan thyec té.

3. D6i tuong vaA pham vi nghién cttu

Déi twgng nghién ciu: Cac phuong phap t6i wu hoa; cic thuat toan cai tién
dua trén sy két hgp cac phuong phap kinh dién dé giai bai toan can bing va bat
déng thic bién phan.

Pham vi nghién cttu: Bai toan can bang EP(f,C) va bai toan bat dang thiic
bién phan VIP(F,C) trén khong gian Hilbert.

4. Phuong phap nghién ctu

Phuong phap nghién ctu 13 stt dung cac két qua co ban cha giai tich 16i, cac
thuat toan t6i wu, thuat toan phan ra, thuat toan chiéu két hop véi ki thuat
hiéu chinh, quan tinh va xip xi gin két dé xay dung cac thuat toan mdi hitu
hiéu giai bai toan can bing vi bai toan bat ding thitc bién phan.

5. Cau tric va két qua cta luan an

Ngoai phan md dau, két luan, danh muc cac cong trinh da cong bd clia tac
gid c6 lien quan dén luan 4n vd danh muc tai lieu tham khdo, luan 4n gom 3
chuong. Cac két qua chinh duge tap trung trong cac Chuong 2 va Chuong 3.

Chuong 1 trinh bay mot s6 kién thitc chuan bi va két qua bd trg dude st
dung trong luan an. Cu thé, chuong nay nhic lai mot s6 cong cu clia giai tich
161 va 1y thuyét toan tit trong khong gian Hilbert, sau d6 trinh bay vé bai toan
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can bing, bai toan bat ding thitc bién phan va cac bai toan lien quan, vi cudi
cung trinh bay vé mot s6 mo hinh toan hoc lién quan dén bai todn can bang.

Chuong 2 dé xuat mot s6 phuong phap phan ra gidi bai toan can bang.
Chung t6i dé xuat cic thuat toan chiéu phan ra kiéu Tseng vA thuat toan phan
ra mot phép chiéu dé xap xi nghiém ciia bai toan can bing EP(f,C). Déi véi
mdi thuat toan dé xuét, ching t6i déu dua ra mot s6 vi du thit nghiem s6 dé
minh hoa hiéu qua thyc nghiém ctia thuat toan, dong thoi, tién hanh so sanh
hiéu suat giita cac thuat toan dé xudt véi mot s6 thuat toan da cé.

Chuong 3, § phan dau, ching toi gidi thieu phuong phap chiéu dudi dao
ham cho bat ding thitc bién phan vi trinh bay ting dung trong khit md anh.
Trong phan tiép theo, ching toi dua ra thuat toan dudi dao ham tang cuong két
hop stt dung ky thuat quéan tinh, k§ thuat xap xi gin két (viscosity) véi cd bude
tang giai bai toan can bang. Chiing t6i ciing dua ra cic vi dy s6 dé minh hoa
cho hiéu qua clia cac thuit toan dé xuat.

Trong luan an nay, cac thi nghiém sé duge thite hién trén phan mém MATLAB
R2022b chay trén méy tinh dé ban véi bo xtt Iy Intel(R) Core(TM) i5-1035G1
CPU @ 1.00GHz 1.19GHz, RAM 4.00 GB.

Céac két qua cia luan an ndy da dugc cong bd trong 4 bai bao trong danh
muc cong trinh khoa hoc va cling dugce béo céo tai:

1. Xé&-mi-na ctia B6 mon Toan hoc Tinh todn va Toén ting dung, Khoa Toan
- Co - Tin hoc, Truosng Pai hoc Khoa hoc Ty Nhién, PHQGHN.

2. Hoi nghi Khoa hoc “Mot s6 chii dé thoi sy trong toan hoc va ting dung”,
Truong Dai hoc Khoa hoc Tu nhien, PHQGHN, 31/10/2021.

3. Hoi thao “Nhitng huéng mdi trong t6i wu tinh toan va ing dung”, VIASM,
26-27/12/2021.

4. Hoi nghi Toan hoc toan qubc lan thit 10, Da Néng, 8-12/8/2023.

5. Gap g6 Toan hoc 2023 - Hoi thao Khoa hoc cac nha nghién citu tré, Trudng
bai hoc Su pham Ha Noi 2, Vinh Phic, 14-15/10,/2023.

6. Hoi thao “Tdi wu va Tinh toan khoa hoc lan thit 227, Ba Vi, 25-27/4/2024.

7. Hoi nghi Khoa hoc Khoa Toan - Ca - Tin hoc, Truong Dai hoc Khoa hoc
Ty Nhien, Dai hoc Qubc Gia Ha Noi, 09/10/2024.
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Chuong 1
KIEN THUC CHUAN BI

Trong chuong nay, ching toi trinh bay mot sd kién thic co s can thiét
cho cac chuong tiép theo. Chuong ndy gom ba phan. Phan dau tién trinh bay lai
mot s6 cong cu ciia giai tich 161 va Iy thuyét toan tit trong khong gian Hilbert.
Phan thit hai trinh bay vé bai toan can bing, bai toan bat ddng thitc bién phan
va cac bai toan lién quan. Phan cudi cting trinh bay vé mot s6 mo hinh toan
hoc lien quan dén bai toan can bang. Noi dung ciia chuong chi yéu duge tham
khao tir cac tai lieu [13, 15, 53, 61, 67, 93|.

1.1. Mot sb cong cu cua gidi tich 16i va 1y thuyét toan ti trong khong
gian Hilbert

Mot khong gian vecto thuc H dugde trang bi tich vo huéng (.,.) va day du
ddi v6i chuan
]l = v/, z)

dugc goi 13 khong gian Hilbert thye. Tt nay vé sau, ta luon ky hieu H 1a khong
gian Hilbert thyc. Ky higu w, (2*) 1a tap tat ci cac diem tu yéu ctia {z*}, diéu
dé c6 nghia

wy (2%) = {z € # : 2" — 2 v6i mot day con {k;} cta {k}}.

1.1.1. Toan ti chiéu va cac tinh chat hinh hoc
Dinh nghia 1.1 ([13]). Cho C C #H la tap 161, dong, khac rong. Khi d6, anh xa

Po:H—-C
x+— argmin{||ly — z|| : y € C'}

duge goi 1a phép chiéu tit H len C. Phan tit Po(z) € C dude goi 1a hinh chiéu
cua z 1én C va ||z — Po(x)| chinh 1a khoang cach tiut = t6i C.

Anh xa Po dong vai tro quan trong trong viéc xay dung cac thudt toan xap
xi nghiém ctia bai toan can bing, bai toan bat ding thic bién phan. Tinh chat
co ban cia Py dude phat biéu trong Ménh dé 1.1.

Ménh dé 1.1 ([13|, Ménh dé 4.8). Cho C C H la tdp 0, dong, khdc rong. Khi
do, ta co cac khding dinh sau

13



(1) Véi moi v € H, Po(z) luon ton tai duy nhat, dong thoi dieu sau la tuong
duong: 2° = Po(x) khi va chi khi

<x—x0,y—x0> <0 Vyed;
(2) Anh za Po c6 tinh chét khong gian ving (hodc 1-don diéu manh ngugc),
dieu dé cé nghia,
1Po(x) = Pe()|)* < (x =y, Po(x) — Poly))  Va,y € H;
(3) Pc la anh za khong gian, tic la
[Po(x) = PeW)ll < llz —yll Yo,y € H;
(4) |Po(e) = yl* < llz —yl* = ||z — Po(@)||* Ve eH,yeC.
Trong trucng hop dic biét, tap C la nita khong gian, tic 1a
C:={zeH:(a,z) <p}
véia € H, a # 0 vd f € R, phép chiéu len C duge xac dinh bdi cong thic dang

hién sau o)
_ {az)-B £ .
Polx) = x a0 n?u (a,x) — B >0,
x neu (a,z) —  <0.

1.1.2. Du6i dao ham, nén phap tuyén va bai toan tdi wu 16i
Dinh nghia 1.2 ([13]). Cho g: H — R, 2" € H. Khi do,
e Ham ¢ dugce goi 1a hemi-lién tuc tai z° néu

lim ¢ (tz +(1— t)mo) =g (xo) Vz e H;

t—0"
e Ham g duge goi 1a nia lién tuc dudi (I.s.c) (tuong ting nia lién tuc trén
(u.s.c)) tai 2° néu
v k k 0 lim inf k > 0Y) .
{x }C’H,x -z = 1kni1£ g(gv)_g(ac)7

(tu’dng ung V{xk} c H, 2" = 20 = limsupg (a:k) <y (3:0) );

k—o0

e Ham g dugce goi 1a nita lien tuc dudi yéu (w.l.s.c) (tuong tng nia lién tuc
trén yéu (w.u.s.c)) tai 20 néu

k—oo

(tu’dng ing Vv {:L‘k} CcH,2"¥ = 2% = limsupg (xk) <y (xo) );

k—oo
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e Ham ¢ dugc goi 1a nia lien tuc dudi (tuong ing yéu) trén C néu néd nia
lién tuc dudi (tuong ting yéu) tai moi diém thudc C;

e Ham g dugce goi 1a nita lien tuc trén (tuong tng yéu) néu —f nia lién tuc
dudi (tuong tng yéu). Ham f ducce goi 1 lién tuc néu né vira lién tuc trén
via lién tuc dudi.

e Ham g: H — R U {oo} dugc goi la chinh thuong néu dom(g) # 0, trong d6

dom(g) = {z € M : g(z) < oc}.
e Ham chinh thuong g : H — R U {00} dudc goi 1a 107 néu
glaz+ (1 — a)y) < ag(x)+ (1 —a)g(y) Vz,y € dom(g) va a € [0,1].
Dinh nghia 1.3 ([13], Dinh nghia 16.1). Cho g: H — RU{oo}, 2" € H. Néu tap
g (:z:o) = {w eH: <w,y — x0> <gy)—g (xo) Yy € 7—[}

khac réng thi g duge goi 1a khd dudi vi phan tai 20, dg (z°) duge goi 1a dudi vi
phan, mdi vecto w thuoc dg (2°) duge goi 1a dudi dao ham cla g tai 2°. Ham
g duge goi 14 kha duéi vi phan trén mot tap néu né kha dudi vi phan tai moi
diém thuoc tap dé.

Trong trudng hop g: C € H — R, bang viéc mé rong ham s6 nay ra toan bo
khong gian
(2) = {g(:v) néu z € C,

' 00 néu z ¢ C

ta c6 thé dinh nghia ham ¢ kha dudi vi phan trén C tuong tu nhu trong Dinh
nghia 1.3

Vi duy 1.1. Ching ta da biét ham s6 g(z) = |z| khong c¢6 dao ham tai 0. Tuy
nhién dé dang tinh duge dudi vi phan cia g tai 0 14 doan [—1,1]. Tdng quét, ta
¢6 dudi vi phan cia ham g(z) = ||z]|, * € R", tai 2 € R" duge xéc dinh nhu sau

weR”: ||w| <1}, néua®=0,
o (aty < { [0 Rl <11, néuat
{W}’ neu z° # 0.
Dinh nghia 1.4 ([52]). Cho song ham f:H x H — R théa man f(z,z) = 0 v6i

moi x € H. Duéi vi phan dudng chéo dof : H = H clha song ham f tai z € H
dugc xac dinh bai

hf(r,x):={ueH: f(z,y) > (u,y —x)+ f(z,x) VyeH}
={ueH: flz,y) > (u,y—1z) VyeH} (1.1)

15



Dinh 1y 1.1 ([13]). Néu g : H — RU {oc} la ham loi chinh thuong va nia lién
tuc dudi tht 0g(z) # 0 Vx € int(dom(g)).

Dinh nghia 1.5 ([13]). Cho C la tap con 16i, déng, khéac rong trong khong gian
Hilbert thue H va 20 € C. Tap

NC(xO) = {wE?—[:<w,y—x0>§O VyEC}

duge goi 1a nén phdp tuyén (ngoai) ciia C tai 2°.
Hién nhien Ne (2°) 1a mot non 161, déng, khéc rong.

B6 dé 1.1 ([13], Ménh dé 26.5). Cho C la tap 16i, dong va khdc rong trong khong
gian Hilbert H va g : H — R U {oo} la ham 103, nia lien tuc dudi, chinh thuong.
Gid st g lien tuc tai mot diém nao dé cia C hodc ton tai mot diém trong cia C
ma g la hitu han. Khi dé, «* la nghiém cia bai todn toi wu loi min {g(z) : z € C}
khi va chi khi 0 € 0g(z*) + No(z*).

Dinh nghia 1.6 ([1], Dinh nghia 1). Day {z*} ¢ H dugc goi 1a twa-Fejér dbi
v6i C néu ton tai N € N sao cho v6i moi z* € C, ta cé

|zF L — 2| < ||l2® — 2¥||? + o VE > N, (1.2)
. [e.e]
trong dé6 {oy} la mot day so thuc duong thoa man | of < cc.
k=0

Tiép theo, ching t6i trinh bay lai mot s& bd dé vé day sb, can thiét cho viec
chting minh két qua & cac chuong tiép theo.

Bo6 dé 1.2 ([69], B6 dé 2.2). Cho hai day 6 {¢1.} C [0,00) va {03} C [0,00) thda
man cdc dieu kién sau:

(1) {ax} C[0,6], trong dé 6 € [0,1);
(2) 3 6 < oo;

k=1
(3) drr1 — o < ag(dr — Pr—1) + 0.

Khi dé, {¢r} la day hoi tu va > [ppr1 — drl+ < 00, vdi [t]+ := max{t,0} (t € R
k=1
bat k).

Meénh dé 1.2 ([1], Ménh dé 1). Néu {z*} twa-Fejér doi véi C, ta cé cic khing
dinh sau

(1) Day {||z* — «*||} hoi tu vdi x* € C bat ky;
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(2) Néu moi diém tu yéu cia {z*} thuoc C thi day {«*} hoi tu yéu téi mot phan
ti cua C.

B6 dé 1.3 ([70], B3 dé 3.1). Cho {T,} la mot day sé thuc khong gidm tei vo
cung, theo nghia ton tai day con {Ty,} cta day {I'y} sao choI'y; < Ty, 41 vdi moi
j>0. Xét day s6 nguyén {T(n)}n>n, dudc zac dinh bdi
7(n) =max{k <n:T\ <Tpi1}. (1.3)
Khi do, {T(n)}n>n, la mot day khong giam thoa man lim 7(n) = oo va, vdi mot
n—oo

n > ng, ta co
maX{FT(n)v I'n} < FT(TZ)+1' (14)

Bo6 dé 1.4. (|90]) Cho H la khong gian Hilbert, {z*} la mot day trong H. Gid
st ton tai tap con loi, dong, khdc rong C C H théa man:

(i) Vdi moi z € C, lim |z* — z|| ton tai;
k—o00
(ii) Bat ky diém tu yéu cia day {«*} déu thuoc C.
Khi dé, ton tai € C sao cho day {«*} hoi tu yéu tdi z.

Bo6 dé 1.5. (|104]) Gid st ring {a} va {by} la hai day s6 khong am théa man

(o.¢)
bat dang thiic apy1 < ap +by Yk € N. Néu > by, < oo thi diy {a} hoi tu.
k=1

Bo6 dé 1.6. (|67], B6 dé 3.1; [115], B6 dé 2.5) Cho ba ddy s6 thuc khong am
{ag}, {bx} va {ci} thoa man

a1 < (1 —=Og)ag + b +cx k> 1, (1.5)

trong dé, {6} la mot diy trong (0,1) va {by} la mot day so thuc. Gid st ring
[e.9]

S er < oo. Khi do, ta c6 cic khang dinh sau:
k=1

(1) Néu by, <6 M, véi M >0 va véi moi k > 1, khi dé, {ai} la mot day bi chdn;

; b
(2) Néu > 6 = oo va limsup—k <0, kht do, lim a; = 0.

k=1 k—oo Ok k—00
B6 dé 1.7 ([7]). Cho cic day s6 thuc khong am {ay}, {0}, {0} va {ty} sao cho

apr1 < (1=t +0p)ag, — Opag—1 + 6 k> 1, (1.6)

trong do

(1) étk ~ oo
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(2) {6} C [0,0], vdi 6 € [0,1);

(3) 3" 64 < oo,

k=1

Khi dé, diy {ax}3°, hoi tu tdi 0.

1.1.3. Toan tit don diéu, gid don diéu va cac tinh chat co ban

Trong ticu muc nay, ching téi trinh bay lai mot s6 tinh chat don dieu va

lien tuc Lipschitz clia 4nh xa F. Cac tinh chit nay lien quan chiit ché dén céc
diéu kien di cho sy ton tai va duy nhat nghiém ctia bai toan bat ding thitc bién
phan va sé duge trinh bay ¢ muc sau.

DPinh nghia 1.7 ([93]). Anh xa F: ¢ — H duge goi 1a

1.

B6
tuc

v-don diéu manh trén C néu ton tai hang sd v > 0 sao cho véi moi =,y € C,

(Fx — Fy,z —y) > 7|z — y||%;

. don diéu trén C néu v6i moi z,y € C,

(Fx — Fy,x —y) > 0;

don diéu manh trén C néu ton tai hing s6 v > 0 sao cho v6i moi

(Fy,x —y) > 0= (Fa,x —y) > y|lz — y|?

. gid don diéu trén C néu v6i moi x,y € C,

(Fy,x —y) > 0= (Fx,z —y) > 0;

. L-lién tuc Lipschitz trén C néu v6i moi =,y € C, ton tai L > 0 sao cho

[1Fz — Fyl| < Lz —yl|

Trong trudng hop L = 1, 4nh xa F dugce goi 1a khong gian vanéu L € [0,1), F
dugce goi la danh xa co.

dé 1.8. (|22, Dinh Iy 5) Gid si F la todn ti’[ théa mdan tinh chdt L-lién
Lipschtz va n-don diéu manh va p la hdng s6 sao cho u € ( ,ﬁ) Lay

TH = Po(I — uF) (hoac I —pF), trong dé I la toan t don vi tren H. Khi do, TH
la dnh za co vdi hé s6 1 — 7, trong dé T = 2u(2n pL?).
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1.2. Bai toan can bing va bai toan bat ding thitc bién phan

1.2.1. Bai toan bat ding thdc bién phan

Cho anh xa F : H — H, C 1a tap con, 16i, déng, khac rong trong khong
gian Hilbert thyc H. Bai toan bat ding thic bién phan, ky hieu VIP(F, C), dudc
phét biéu nhu sau:

Tim z* € C sao cho (Fz*,y —z*) >0 Vye C. (1.7)

Ky hiéu Sol(F,C) la tap nghiém cta VIP(F,C). St dung khai niém nén phéap
tuyén, ta c6 thé phat biéu lai bai toan bat ddng thic bién phan nhu sau:

Tim z* € C sao cho — Fa™ € N¢g (x¥).
Dinh ly 1.2 (|53]). Gid st dnh za F : C — C gid don diéu manh trén C. Khi
dé bai todn VIP(F,C) c6 toi da mot nghiém.
Dinh ly 1.3 ([84, 93]). Gid st C C H la compact va F : C — C la dnh xa lién
tuc. Khi do, bai toan VIP(F,C) cé it nhat mot nghiém.
1.2.2. Bai toan can bing va cac bai toan lién quan
Bai toan can bing, ky hieu EP(f, C), dudc phéat bidu nhu sau:

Tim z* € C sao cho f(z*,y) >0 VyeC, (1.8)

trong d6 C 13 tap con, 16i, déng, khac rdng trong khong gian Hilbert thuc H va
f:HxH — Rlasong ham théa man f(z,z) =0 v6i moi z € C. Tap nghiém cua
bai toan (1.8) dugce ky hiéu béi Sol(f, C), titc 1a

Sol(f,C):={z" e C: f(z*,y) >0 VyeC}. (1.9)

Nhu da dé cap ¢ phan Md dau, bai toan nay bao ham mot loat cac bai toan
quan trong trong t&i wu. Dién hinh 13 mot s6 bai toan duge dé cap tiép sau day.

D& thay bai toan bat ding thic bién phan chinh la trudng hop riéng cla
EP(f,C) v6i f(x,y) := (Fx,y — z). Chl ¥ ring ban than bai toan bat dang thiic
bién phan ciing da bao ham mot loat cac bai toan trong Iy t6i wu va gidi tich
phi tuyén. C6 thé ké dén cac bai toan dién hinh sau:

Bai toan tbéi v

Xét bai toan toi vu tong quat sau:

min{g(z) : z € C}, (1.10)

trong d6 g : H — R 1a mot ham kha vi. Dit F(z) ;= Vg(x) v6i moi x. Mdi quan
hé gitta hai bai toan (1.7) va (1.10) dugc khang dinh béi Dinh 1y 1.4.
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Dinh ly 1.4 (|61]). Gid st g la ham o1, khd vi. Khi d6, =* la nghiem cia (1.7)
khi va chi khi z* la nghiém cia (1.10).

Bai toan bu phi tuyén

Bai toan bii phi tuyén ctia F trén C, ky hicu NCP(F,C), duge phat bi¢u nhu
dudi day:

Tim 2* € C sao cho Fz* € C* va (Fz*,z") =0, (1.11)
trong d6 C C H la mot nén 161, déng va
C*={zeHH:(zr,y) >0 Yyel}

14 n6n dbi ngau ctia C. Mbi lién hé gitta bai todn VIP(F, C) va bai toan NCP(F, C)
duge phéat bicéu trong Dinh 1y 1.5.

Dinh ly 1.5 ([61]). Cho C C H la mot nén loi, déng. Khi dé, x* la nghiem cia
NCP(F,C) khi va chi khi né la nghiém cua VIP(F,C).

Bai toan diém bat dong
Cho anh xa T : C' — C. Bai toan diém bat dong ciia 4nh xa T trén C, ky hieu
FP(T,C), dugc phat biéu nhu sau:

Tim z* € C sao cho Tz* = z*. (1.12)

Trong truong hgp, dat anh xa F nhu sau:
Fr:=2—Tuz, (1.13)

khi d6, bai toan diém bat dong cé thé chuyén qua bai toan bat ding thic bién
phan thong qua Dinh Iy 1.6.

Dinh 1y 1.6 ([61]). Gid st F la dnh za xdc dinh boi (1.13). Khi dé z* € C la
nghiém cua FP(T,C) khi va chi khi no la nghiém cia VIP(F,C).

O chidu nguge lai, ta ¢6 thé chuyén bai toan bat déng thic bién phan vé bai

toan tim diém bt dong thong qua Dinh 1y 1.7.

Dinh 1y 1.7 ([61]). Cho C C H la mot tap loi, déng, F: C — H, A > 0. Khi doé,
o* 1o nghiém cia (1.7) khi va chi khi né la diém bat dong ciia dnh za

o:C—-C
x+— Po(z — A\Fx).

T Dinh 1y 1.7 suy ra ® déng vai tro 1a anh xa nghiém cfia bai toan bat
déng thic bién phan, theo nghia, bat ct diém bat dong nio clia ® ciling sé 1a
nghiém ctia bai toan VIP(F,C). Cau hoéi dat ra la: liéu ta co thé zay dung mot
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dnh za nghiém tuong tu cho bai todn can bang? Ta c6 nhan xét sau: Néu dat
f(may) = <F$7y - fﬂ), thi

1
®(zr) = argmin {)\f(x,y) + §||y —z|*:ye C’} :

That vay, gia st 2* := argmin{)\f(x,y) +3lly—x|?:y€ C}. Ap dung B6 dd 1.1,
ta co
0=MNz+z"—2x+q,

trong d6 ¢ € N (z7). Ap dung dinh nghia ciia N¢ (%), ta co

(x —ax* = AFx,y—2*) <0 VyecC.

Didu nay c6 nghia 2* = Po(z — AFz). Nhan xét trén chinh 13 ggi y dé ta md rong
Dinh ly 1.7 cho trudng hgp bai toan can biang.

Dinh ly 1.8 (|76]). Cho C C H la tap loi, déng, c6 mién trong khdc rong,
f:CxC =R la song ham can bing trén C théa mdn dieu kién: vdi moi x € C,
ham s6 f(x,.) loi, khd dudi vi phan trén C. Gid si X\ > 0. Khi dé, =* la nghiém
ctia bai todn EP(f,C) khi va chi khi né la diém bat dong clia dnh za

U,\ZC—>C

1
T argmin{)\f(:c,y) + §Hy—xH2 ty € C’}.

1.2.3. Sy ton tai duy nhat nghiém

Tt mbi lien he gita bai toan can bing EP(f, C) va bai toan bat dang thic
bién phan VIP(F,C), thong qua viéc chon song ham f(z,y) = (F(z),y—1),Va,y €
C, ta ciing c6 cac khai niem don diéu va lién tuc kiéu Lipschitz ctia song ham f
tuong ung dudi day.

Dinh nghia 1.8 (|93|). Song ham f:C x C — R dugc goi la

1. y-don diéu manh trén C néu ton tai hing sd v > 0 sao cho v6i moi =,y € C,
ta co )
fl@y) + fy, ) < —vllz =yl

2. don diéu trén C néu véi moi z,y € C, ta c6

f(z,y) + fly,z) <0;

3. v-gid don diéu manh tréen C néu ton tai hing s6 v > 0 sao cho véi moi
x,y € C,

flzy) > 0= fly,z) < —7llz —y|%
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4. gid don diéu trén C néu véi moi x,y € C, ta ¢

flz,y) > 0= f(y,z) <0;

5. para-don diéu néu f don diéu va diéu kién sau dudge théa man

x € Sol(f,C), ye C, f(x,y) = f(y,x) =0=y € Sol(f,O);

6. théa man dieu kién Lipschitz theo Mastroeni [76], néu ton tai hai hing s
c1,c2 > 0 sao cho v6i moi z,y,z € C, ta c6

f@y) + fly,2) > f(x,2) — aalle — yl]? = eally — 2]

Chu y 1.1. Céac diéu kién don diéu trong Dinh nghia 1.8 quan hé v6i nhau theo
so do sau: (1) = (2) = (4); (1) = (3) = (4). Cac miii tén theo chiéu ngudgc lai no6i
chung khong ding. Diéu d6 duge ching minh qua cic vi du sau day.

Vidu 1.2. Lay H = L?([0,1]). Xét

2 +y
C=freH:lal <1} Sy = ({TEy =)

C6 thé chiing minh dudc ring f gia don diéu manh trén C. That vay, lay z,y € C
sao cho f(z,y) = <1%f”;”2,y z) > 0. Diéu nay suy ra ring 2z +y,y — x) > 0.

Thc la,

) 2yt
fly,x) = <THyH27I—y>

<——(Qu+zz—y)— Qr+yz—1y))
ISR
1
< g — o2
< 2||95 Y|
2
= —[lz —yl%,

vl vy = 2 > 0.
Tuy nhién, f khong don diéu manh, tham chi cling khong don diéu trén C.
Dé ching minh, xét z = \/T§, y = /2t v ta c6 danh gia sau

2y+uw 2r +y >
y =Y
T+ yl? 1+

— (Lavi+ va) - S+ van, 2 var)
%[ <4f+f>——<f+f>](*f \/§)>o.

fay) + fg.2) =
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Vidu 1.3. Chotap C1 ={z e R: 2 < -2}, Cy = {x € R: x < 0} va song ham
f:C x C — R xac dinh béi

flxy) = (242%) (x —y).

Khi do, f don diéu manh trén C; va don diéu trén Cy. Nhung f khong don diéu
manh trén Csy. That vay, véi z,y € Cy tuy ¥, ta co

fay) + fly,a)=2+2%) (@—y) + 2+ (y—2)
= (z+y)(z —y)”
< —4(z —y)*

Nhu vay, f don diéu manh trén C; v6i hing s6 v = 4. Tuong t trén, véi z,y € Co
va x # y ta cling co

f@y) + fly,2) = (z+y)(z—y)* <0,

do d6, f don dieu trén Cy. Gia st f don diéu manh trén Cy véi hé s6 8 > 0. Khi
do, ta c6 dicu sau

fl,y) + fly,7) < =Bz —y)* Va,y € Co.

Suy ra,
r+y<—p Vr,yel.

Chonz=0vay= —g cing thuoc Co, thay vao bat dz‘ing thic trén ta thu duge
—g < —f, vo ly. Dan dén, f khong don diéu manh trén Cs.
Vi du 1.4. Xét song ham f: R x R — R xac dinh béi

fla,y) = 2*(y — ).

Khi do, f gia don diéu trén C := R\{0}. Nhung f khong don diéu trén C. That
vay, gid st f(z,y) = 2%(y —2) > 0,Va,y € C. Vi zy # 0, nén suy ra y > x vi
do d6 f(y,r) = y?(x —y) < 0. Vay f gid don diéu tréen C. Mt khac véi moi
z,y € (—00,0) va x # y, ta cbd

fla,y)+ fly,2) = 2*(y —2) + P (z —y) = —(z + y)(z —y)* > 0,
suy ra f khong don diéu trén C.

Vi du 1.5. Xét bai toan can bing véi C = [0,1] va f(z,y) = 2?(—z + y). Nhan
thay ring z* = 0 14 nghiém duy nhat ciia bai toan EP(f,O), f(y,z*) = —y>y <0
véi moi y € C, va f(z,z*) = f(az*,z) = 0 suy ra x = 0, tic la, = € Sol(f,C). Mt
khéc, ta c6 f(z,y) + f(y,2) = —(x —y)?(x +y). Do d6, f la para-don diéu nhung
khong don diéu trén C.
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Vidu 1.6. Cho F : H — H 13 mot toan tit tuyén tinh compact ti lien hop trong
khong gian Hilbert H va (Fz,z) > 0 v6i moi x € H. Khi do6, theo Liu va Nashed
[64], ton tai hing s6 duong 8 > 0, sao cho (Fx,x) > || Fz|/? v6i moi x € H. Dinh
nghia song ham f(z,y) := (Fz,y —x), C = H. Ta ¢6

flx,y) + fly,2) = —(Fx — Fy,x —y) < —B||Fz — Fy|* <0,

do d6 song ham f don diéu.

Tap nghiém Sol(f, C) clia bai toan can bang f(x,y) > 0, Vy € H bao gdom tat c
z, sao cho (Fx,y—x) > 0, Vy € H. Riéng v6iy = 0, ta c6 —(Fz,z) > 0, diéu ndy c6
nghia ring Fz = 0, hodc = € KerF. Do d6, Sol(f, C) = KerF. Song ham f 1a para-
don dieu. That vay, gia st z € Sol(f,C) va 0 = f(y,z) = (Fy,z —y) = —(Fy,y).
Diéu nay suy ra rang y € Sol(F,C) va tinh para-don diéu dugc thiét lap.

Dinh 1y 1.9 ([15]). Cho C la mét tdap con loi, compact, khdc rong trong khong
gian Hilbert thuc H va song ham can bang f : C x C — R ¢6 cdc tinh chat

(1) f(.,y) nita lién tuc trén vdi moiy € C.
(ii) f(x,.) loi vdi moi x € C.
Khi do, bai toan EP(f,C) c6 nghiém.

Dinh ly 1.10 ([15]). Cho C la mot tap loi déng va song ham can bang f nhu
& ménh deé trén. Gid si dieu kién bic (C1) sau day duge théa man: Ton tai tap
compact B sao cho

CNB#0 VeeC\B, Jyel: f(r,y) <O.
Khi do, bai todn EP(f,C) c6 nghiém.

Dinh 1y 1.11 ([84]). Cho C la tdp loi, déng, khdic rong va f: C x C — R la
song ham can bdang.
(i) Néu f don diéu chdt trén C, thy bai todn cin bing EP(f,C) ¢6 nhicu nhat

mot nghiém.

(ii) Néu f(.,y) nia lién tuc trén vdi moiy € C, f(x,.) 10i, nita lién tuc dudi vdi
moi x € C va f don diéu manh trén C, thi bai toan EP(f,C) ¢6 duy nhat
mot nghiém.

Ménh dé 1.3. ([33], Ménh dé& 2) Cho C la tap loi, déng, khdc rong va f :
C x C — R la song ham can bang. Gid st f gid don diéu trén C, nia lién tuc
trén yéu theo bién thit nhat, 10 va nia lién tuc dudi theo bién thit hai. Khi dé

(1) Sol(f,C)={yeC: f(x,y) <0 VzeC}.
(2) Sol(f,C) loi, déng.
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1.3. Mot s6 md hinh toan hoc lién quan dén bai toan can bing

1.3.1. Bai toan can bang Nash trong trd choi khong hop tac

Dau nhitng nam 1950, Nash dua ra khai niem “diém can bing Nash” trong
tro choi khong hop tac [85]. Can bang Nash dat duge khi khong mot ngudi choi
nio ¢ thé tang dude lgi ich bing cach thay doéi chién luge ciia minh trong khi
cac déi thi khac vin git nguyen chién lude ciia ho. Mot cach tong quat, gi st
c6 n nguoi tham gia mot tro choi khong hop tac. Ngusi choi thit i ¢6 tap chién
luge 1a C; vacd ham lgiich 1a f; : € — R v6i C = O x ... x C,. Muc tiéu ctia moi
ngudi choi 1d tim kiém mot chién luge cho rieng minh dé téi da hoéa lgi ich f;.
Diém z* € C dugc goi la diém can bang Nash néu véi moi y = (y1,...,yn) € C,

filal,...;zy) > fi (x*f,...,x?_l,yi,x;ﬁrl,...,x;;) Vi=1,...,n.

Bing cach dit
n

flz,y) = Z[fi(:cl,...,xi,...,xn) — fi(z1, . Yy )] Yo,y e O, (1.14)
i=1

bai toan tim diém can bing Nash c6 thé dua vé bai toan can bing EP(f,C).
Dinh 1y 1.12 ([87]). Gia si f la song ham Nikaido—Isoda dugc dinh nghdaa bdi
(1.14). Diém x* € C la diém can bang Nash khi va chi khi né la nghiém cia bai
todn can bang EP(f,C).

1.3.2. Bai toan diém yén ngua
Cho ACH,BCHvaL:AxB— R. Baitoan diém yén ngua, ky hiéu
SP(L, A, B), la bai toan tim (z*,4*) € A x B sao cho
L(z",y) < L(z",y") < L(z,y") V(z,y) € AxB.

Mot diém (z*,3*) € A x B théa méan bat ding thitc trén goi 1a diém yén ngua
clia L trén A x B. Ta chi ra ring bai toan diém yén ngya c6 thé mo ta dudi dang
bai toan can bing. That vay, véi méi u = (z,y)T,v = (2, ¢/)", ta dit

C:=AxDB, f(u,v) =1L (x’,y) — L (:p,y/) .
Khi d6, néu v* 1a nghiém ctia bai toan can bang EP(f, C), tic 1a
uw e Ax B, f(u,v)>0 YveCl,
thi ta ¢6 danh gia sau
L (x’,y*) >L (x*,y’) va' € A,y € B.
Vay (z*,y*) 1a diém yén ngua. Didu ngudc lai, néu (z*,y*) 13 diém yén ngua clia

L trén A x B, thi u* = (2*,y*) 1a 101 giai ctia bai toan can bang dugc suy ra tit
dinh nghia.
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Két luan

Trong chuong nay, ching t6i da trinh bay mot s6 khai niem va két qua co
ban ciia giai tich 16i phuc vu cho cac chuong tiép theo. Nhitng diém khai quat
vé bai toan can bing, bai toan bat dang thitc bién phan da duge gisi thicu. Co
thé thay, mot sé bai toan trong t6i wu, giai tich phi tuyén vd mé hinh kinh té
trong 1y thuyét tro choi déu cé thé dude phat bidu dusi dang bai toan can bing.
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Chuong 2

MOT SO PHUONG PHAP PHAN RA GIAI
BAI TOAN CAN BANG

Céc phuong phap chiéu phan ra kiéu Tseng da dude nghién cttu rong rai cho
bai todn can bing vh bat ding thic bién phan. Tuy nhién, nhiéu thuat toan
hién c6é yéu cau stt dung nhiéu phép chiéu hoidc giai cac bai toan con phiic tap
tai mdi vong lap, lam tang chi phi tinh toan. Do dé, viec xay dung cac thuat
toan phan ra vdi cau tric don gidn hon, s6 phép chiéu it hon nhung van dam
b&o tinh hoi tu 14 mot van dé ¢6 ¥ nghia ca vé 1y thuyét va thuc tién.

Trén co s§ d6, trong chuong nay chiing t6i dé xuat hai phuong phap phan ra
giai bai toan can bing véi song ham duge biéu dién dudi dang tong clia hai song
ham trong khong gian Hilbert, bao gdm phuong phap chiéu phan ra kiéu Tseng
va phuong phap phan ra mot phép chiéu. Noi dung clia chuong duge xay dung
treén co s3 cac két qui da cong bd trong cic bai bao [2] va [3] thuoe Danh muc
cong trinh khoa hoc clia tac gid c6 lién quan dén luan an.

2.1. Phuong phap chiéu phan ra kiéu Tseng
2.1.1. M6 hinh bai toan va cac gia thiét

Ta xét bai toan EP(f,C) v6i f := f1+ fa, trong d6 f, fi : HxH - R, i =1,2
1a cAc song ham can bang. D& nghién citu cic thuat toan lap cho bai toan EP(f, ©)
trong khong gian vo han chiéu, cac diéu kién sau day sé dudce st dung trong cac
phan tiép theo:

(A1) f don digu trén C;

(A1’) f gia don diéu trén C;

(A1”) f giad don diéu manh trén C;

(A2) f(.,y) nita lién tuc trén yéu.

(A3) fi(z,.) 16i va nita lien tyuc dudi (i = 1,2);
(A4) f thoa man diéu kién para-don diéu;

(A5) Du6i vi phan dudng chéo dsf; bi chan trén tap bi chin (i = 1,2);

Y
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(A6) Sol(f,C) # 0.

Chi ¥ réng gia thiét (A1) vé tinh don digu va gid thiét (A2) vé nia lién tuc
trén yéu ctia f(-,y) 1a cac didu kién tiéu chuan thuong duge st dung trong ly
thuyét bai toan can bang nham dam bao cac tinh chat dong clia 4nh xa nghiém
va déng vai tro quan trong trong viéc suy ra hoi tu yéu ctia day lap. Gia thiét
para-don diéu (A4) da dugc sit dung trong [97] cho truong hgp khong gian hiu
han chi¢u nhdm dam bdo ring moi diém giéi han cta day lip déu thudc tap
nghiém. Diéu kién nay tu dong duge théa man trong mot sé trudng hop dic
bigt, chang han khi bai toan can bing suy bién thanh bai toan t6i wu 16i, hoic
khi song ham f 14 don diéu manh. Mat khéac, trong cac phuong phap kidu dudi
dao ham hoac phan ra, dé kiém soét sai s6 vi dam béao tinh hai tu ctia day lap,
nhu da chi ra trong [96, 97|, ngudi ta thuong can gia thiét rang day cac dudi vi
phéan {uk}, voi uF e 82f(xk,:1:k), bi chan trén moi tdp bi chan cia khong gian.
Dong thoi, trong [52] da chi ra rang vdi f lien tuc va f(z,z) = 0 v6i moi © € H
thi gid thiét (A5) duge théa man. Do do, gia thiét (A5) duge dua ra nhu mot
diéu kién kj thuat phu hgp va tu nhién trong bdi cAnh nghién citu clia luan an.

2.1.2. Xay dung thuat toan va phan tich hoi tu

Trong muc nay, chiing toi trinh bay ba thuat toan chiéu phan ra kiéu
Tseng dé giai bai toan can bang (1.8). Thuat toan dau tien ching toi dé xuat
duge mo ta nhu dudi day.

Thuat toan 2.1 (Thuat todn chiéu phan rd quén tinh kiéu Tseng
[iTSM])

Khéi tao: Chon hai day s6 duong {8} va {e;} sao cho

Z€k<oo, Z/Bk:oo, Zﬁz<00 (2.1)
k=0 k=0 k=0

Chon céc diém 20, 2! € C tly ¥ vA tham s6 6 € [0,1). Dat k= 1.
Budc 1ap: Véi k> 1, tit 281 va 2%, chon oy, sao cho 0 < oy, < ay, trong d6

. €k €k 4
min {9, , } néu ¥ £ 2+,
ay, = [ N A e (2.2)
0 néu ¥ = 21
Tinh v* = 2% + ap (2% — 2771 v wh = Po(v¥).
Chon up(w") € da f1(w”, W), ug(wk) € do fo(wk, wk), va dat
_ k k B
e = (L, s () a3, e = 2 (2.3)
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Thuat toan 2.1 (Thuat todn chiéu phan rd quan tinh kiéu Tseng
[iTSM])

Tinh

yk = Pc(wk — 2)\ku1(wk)),

F 1 = yb — )\k(UQ(wk) — ul(wk)).

Diéu kién dirng: Néu 2F+1 = oF va yF = w", thi thuat toan dimg. Nguoc lai,
dit k:=k+ 1 va quay lai Buéc lap.

Cha y 2.1. (1) RS rang, ti (2.2) ta ¢6 thé suy ra ring
o0 o0
Zakﬂxk — 2F L) < oo, Zakﬂxk — 2" 1?2 < . (2.6)
k=1 k=1

(2) Thuat toén 2.1 duge dé xuat c6 nhitng dic diém khéic biét so véi cac thuat
toan da dugc nghién ctu trude day trong [5, 29, 32, 33, 42|. Cu thé, trong hau
hét cac phuong phap d6, mdi buée lap doi héi phai giai hai bai todn tdi wu 16i
manh ma khong ¢6 thanh phan quan tinh. Ngay c& thuat toan trong [43], du
ciing stt dung hai phép chiéu, nhung duge thiét ké theo cau triic song song; trong
khi d6, Thuat toan 2.1 dugce xay dung theo so do tinh to4n tuan tu két hgp vdi
yéu t6 quan tinh.

(3) Xét trudng hop dac biet khi ap = 0 va f(z,y) = (Aiz,y — z) + (Asz,y — ),
VoL Ay, As : H — H. Khi d6, (2.4) va (2.5) tr& thanh

yk = Pc(xk — 2)\kA1:1:k),

Pl = oF — )\k(Azl'k — Alxk).

Céac cong thic trén c6 dang tuong tu nhu phuong phap phan ra ctia Tseng [111].
Néu AQ =0 thi
y* = Po(a® — 22, A1),
=y N AP (2.7)

Dé thay ring thuat toan ctia chiing to6i hoan toan khac véi cac phuong phap cho
bat dang thic bién phan da cé (vi du, xem Malitsky [73], Solodov va Svaiter
[100] v& céc tai ligu tham khao trong d6). Néu C = H thi (2.7) trd thanh phuong
phap kiéu giam gradient cho bat dang thitc bién phan

AR L W PPV

Bé dé sau ching minh ring diéu kién ding trong Thuat toan 2.1 1a hop ly.
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B6 dé 2.1. Néu 251 = vk wva y* = wh thi w € Sol(f,C).

Ching minh. Gia st 2" = oF vd ¥ = wP. Khi do, tit (2.4), (2.5) va Menh
de 1.1(1), ta c6

<wk—2)\ku1(wk)—wk, z—wk> <0 VzeC(,
<wk—)\k(u2(wk)—u1(wk))—wk, z—wk> <0 Vze(l.
Rt gon hai bat dang thic trén, ta dugc

(ur(w®), z —wk)y >0 VzeC,
(ug(wk), z—uw®y >0 VzeC.

Do u;(wh) € dafi(w*, wk) (i = 1,2) va Dinh nghia 1.4, tir (2.8) va (2.9) suy ra

filwy) >0 Vyec, (2.10)
fo(wF y) >0 WyeC. (2.11)

Cong vé v6i vé (2.10) va (2.11), ta dugc

Fh y) = h(w',y) + f(w'y) 20 Vel
Do d6, w* € Sol(f,C). ]
B6 dé 2.2. Cho {z*} la day sinh bdi Thudt todn 2.1. Khi dé, ta co

D [l = w)? < oo (2.12)
k=1

Ching minh. T (2.4) va (2.5), két hop vdi tinh chdt khong gidn ctia anh xa
chiéu Pq, ta duge

25 — |l = |y = A (ua (") = ur(w?)) — ot
< ly* = wtll + Aplluz(w®) — ur(w")]]
< 22y flur (@) | + Aglfuz (W) — w1 (w*)]]
< A fua (W) + Agflua(w®)]|
< 46y, (2.13)

trong do6, bat dang thiic cudi cing suy ra do (2.3). Do d6, ta c6
Haﬁlﬁ_l . wkHQ < 165%

T diéu kién (2.1), suy ra
[e.9]
D [l = wF)? < oo
k=1

Tt d6 ta suy ra duge diéu can ching minh. O
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Su hoi tu yéu. Dinh 1y sau day khing dinh tinh hoi tu yéu ciia day lip sinh
bdéi Thuat toan 2.1.

Dinh 1y 2.1. Cho {z*} la day sinh bdi Thudt todn 2.1. Gid st rang cdc gid thiét
(A1’), (A2)-(A6) dugc théa man. Khi dé, day {x*} hoi tu yéu tdi mot phan ti
cua tap nghiém Sol(f,C).

Chiing minh. Ta chia chiing minh thanh 6 buéc.
Budéc 1. Véi mdi z € C, ta chitng minh bat dang thitc sau duge théa man

1
|25 — 2| < Jlw® — 2* ~ 5

2Hwk — P+ 20 f (WP, 2) + 1262 (2.14)

Do 9o f1(w*, w") + Og fo(w”, w*) C o f(w”, w¥), nén tdn tai u(w®) € daf (wk, w*)
sao cho
u(w®) = ur (w*) + uz(w"),
VoL ug(wh) € dof1(wk, wk) va ug(wk) € o fo(w¥, w*). Theo Dinh nghia 1.4, suy ra
flwb,y) > (u(wh),y —w") vyeC.

V6i méi z € C, ta ¢

258 — 212 = Iy = A(ua(w®) —ur(w?)) — 2|
= [ly* = 2I* = 2\ {u2(w®) — w1 (w®),y* — 2)
+ A lluz(w®) = us (W), (2.15)

Mit khac, ta lai co

ly* = 211> = || Pe(w” — 2Xu1 (w?)) — 2|
< Jlw® = 22pun (w") = 2|7 = [lw* — 2Apu1 (W) — ¥
= [l — 2] = [l = y*|* = 220 (2u1 ("), " — 2). (2.16)

Két hgp (2.15) va (2.16), ta nhan duge

28 = 2| <l = 2)® = w® = y*IP = 22 (u(w), 0" ~ 2)

+ 20 (ua (W) + un (w0F), W — o) + AR [Jua (") —ur ()% (2.17)

Tiép theo, ta danh gia hai s6 hang cudi & vé phai clia (2.17) bing cach si dung
bat dang thic Cauchy-Schwarz va |jui(w®)|| < m, |u2(wF)|| < np nhu sau

B
20k (up(wF) + uy (wF), wh — y*) < 4%77k||wk — |

1
= 4Billw® — " < 887+ Sllwt -yt (218)
Aflluz(w®) —ur(wh)? < 22 (lua (W) + [luz(w®)[?) < 467, (2.19)
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Két hop (2.17), (2.18) va (2.19), ta thu duge

1
o+t = 2l < flu® = 2)® = Fl® = P = 20 (uwh), wF - 2) + 1267 (2.20)

1
§Hwk — R + 20 f (WP, 2) + 1282, (2.21)

k 2
< flw® = 2[]” -
BuGc 2. Ta chiing minh rang

lim inf <u(wk),wk — z> <0 VzeSol(f,C).

k—o00
That vay, gia st ngude lai ton tai z € Sol(f,C) sao cho

lim inf (u(w®), w* — 2) > 0.
k—o0

Khi d6, ton tai e > 0 va k sao cho
<u(1,uk),wlC —z2)y>e Vk>k (2.22)
Bing danh gia don gian, ta c6 duge

k k
lw® — 2] < [|o* — 2|

= [I(1+ o) (a" — 2) — ag (a1 = 2)|?

= (L+ap)llz" = 2] = agllz" " = 2[* + a (1 + az) 2" — 12
< (L ap)fla® =22 = aglla" 1 — 2] + 20y la" =2 (2.23)
Theo do, tur (2.21), ta suy ra
_ 1
25t — 2| = fl2* = 2? < ap(llz® — 2|* = (|27 = 2)%) = Slly" - wt)?

2
+ 2ap||2® — 2F 2 4 20 f (W, 2) + 1282
< ap([la® — 2| = [ = 2|P) + 20 |2 — TP+ 1287 (2.24)
Do do, ta c6 cac danh gia sau

|2 = 2] — = 2| < ap(fl = 2] = "t = 2]1%) + 204]|2* — 257 + 1267,

(2.25)
1 -
Sy = w0 < la® = 2l = " — 2 + a(lla® — 2]” = [|l2*7F = 2]%)
+ 2ap|j2® — 2% 1|2 4+ 1282 (2.26)
Ap dung B dé 1.2 cho (2.25) véi cac thong tin sau
O = |l = 2l O = 20y |la® — 25 71)1P + 128, (2.27)
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trong d6 Z O < oo (stt dung (2.1) va (2.6)), ta suy ra Jim |2* — z|| ton tai. Diéu

nay kéo theo day {z*} va do d6 day {w"} ciing bi chan SlI dung su hoi tu cta
{ér} va hoi tu t6i 0 ctia {0;} khi k& — oo, qua gidi han biéu thitc (2.26), ta c6

lim ||y* — w"|| = 0. (2.28)
k—o0
Hon nita, ti (2.20) ta suy ra
O (), wk — 2) < b — 2|2 — b+ = 2|2 + 1282, (2.29)

Nk

Két hop (2.23) va (2.29) ta ¢6 déanh gia sau

kaJrl . Z||2 ||Ik 1

Bkz <u

= [la* = 2|* < ap(fla* — 2| - — 2| )t —2)

+ 2a | 2% — ’f Y12+ 1282 (2.30)

Ap dung B dé 1.2 cho (2.30), ta suy ra day {||z* — z||} hoi tu va 3 [fx]4 < oo,

trong do
Ok = ¢ — dr—1, [t]+ = max{t,0}.

Mat khac, tit (2.30) ta c6

()~ 2) < 61— duer + 008K+ (2.31)
VA, Suy ra rang
Zﬁ— wh—2) <o+ 00k + 0k < 0. (2.32)
k=1 k=1 k=1

Hon nita, sit dung tinh bi chin ctia day {w*} va gid thiét (A5), suy ra ton tai
M > 0 sao cho |Jug(w®)|| < M, |Jug(w®)|| < M v6i moi k € N. Vi vay, ta c6 thé lay
L > max{1, M} sao cho v6i mdi k € N, ta ¢

e = max{1, [lur (w)[], [luz(w®)|[} < L. (2.33)

St dung (2.33) két hop véi (2.22) va (2.32), ta nhan duge Y Bk < oo, diéu nay
k=0

o
trai voi gid st > By = oo. Do d6, ta thu duge diéu can chitng minh.
k=0
Buéc 3. Chitng minh day {z*} 13 tya-Fejér déi véi tap nghiem.
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Lay = € Sol(f,C). Tit (2.31), ta 6
2"+ = 2||* < ||2* — 2)1* + 6[6k)+ + 0. (2.34)

Theo Dinh nghia 1.6, suy ra diéu can ching minh.
Bu6c 4. Ta chitng minh rang

lim sup f (w’ﬁz) =0 VzeSol(f,C).

k—o0

Lay z € Sol(f,C). Stt dung dinh nghia clia duéi vi phan va f gid don dieu trén
C d6i v6i Sol(f,C), ta nhan duge

0>f (wk,z) > <u (wk) 2 — wk> Vz € Sol(f,C).
Vi vay, theo chitng minh cia Buéc 2, ta thu dugce

0< —liir;s;ipf (wk,z) = likrr_1>i£f [—f (wk,z)] < likrggréf <u (wk) L wh — z> <0,

tit d6 ta suy ra diéu can chitng minh.
Budc 5. Ta ching minh rang

lim [|2* ! — 2F|| = 0. (2.35)
k—o00

Dau tién, ta thu duge ngay
0% — 2¥|| = agljz® — 2" = 0 khi k — oo. (2.36)

Tiép theo, d& dang nhan thay ring v6i moi z € C, ta cé
25— B2 = o — 2|2 — L — 2|2 4 20 — oF gL 2y, (2.37)

Theo do, tur (2.23) va (2.37), v6i z € Sol(f,C), ta thu duge

||Ik+1 o Uk||2 < ||$k N ZHQ o ||$k+1 . Z||2 + ak(“xk — ,z||2 _ ||xk—1 _ z||2)

+ 2ap ||z — P72 4 2@ —oF 2P 2y (2.38)
Mit khéc, vi wh = Po(v¥) nén 4p dung Ménh dé 1.1(1), ta suy ra ring

(W* —wk 2 —w) <0,

Khi do6, ta c6 danh gia sau

R B I S
s S i L B S s B S L

— [|la*tt — w2 (2.39)
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Vi {z*} bi chdn, nén tir (2.36) suy ra day {v*} ciing bi chan. Tiép theo, ta co
|2* 1 — wk|| — 0, nén tr (2.39), ta c6

(2P — ok 2kt 2y 50 khi k — oo,
két hop diéu nay véi (2.38), ta thu duge
12— oF 2 50 khi k — oo, (2.40)
Két hgp (2.13), (2.36) va (2.40), ta nhan duge
|28 — 2% = 0 va ||w® — 2| = 0 khi k — co. (2.41)
Budc 6. Chitng minh ring w,,(z%) C Sol(f, C).
LAy Z € wy(z*) va ddy con {z%} ctia ddy {z*} sao cho

oFi sz

Theo Budc 4, ton tai mot day con {w} ctia {w*} sao cho

limsup f(w®, 2z) = lim f(w,z) = 0.
k—oo J—r0

Theo (2.41), ta ciing ¢6 w* — z. Két hop gia thiét (A2) cling véi Buéce 4, ta
suy ra
f(z,2) > limsup f (wkj,z)
Jj—o0
= i ks
i 7 (u2)

= limsup f (wk, z)
k—o0
> 0.

T gid thiét (A1), ta c6 f(z,2) <0, vi vay

f(z,2)=0.
Do do, tit gia thiét (A4) suy ra z € Sol(f, C), didu d6 c6 nghia w,,(2*) C Sol(f, 0).
Khi d6, day {z*} hoi tu yéu t6i mot phan ti ctia Sol(f, C). O

Tiép theo, chiing t6i xét mot diy ergodic nham thiét 1ap két qua hoi tu ma
khong can gia thiét vé tinh para-don dieu. Cu thé, day duge xac dinh bdi cong
thitc trung binh c6 trong s6 nhu sau

k/. .
Sk D iy Aiw'
Zi:l Ai

V6i mot s6 diéu kien nhéat dinh, diy {z*} dugc ching minh 13 hoi tu dén mot
diém thudc tap nghiem Sol(f,C), nhu duge phat biéu trong dinh 1y sau.
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Dinh 1y 2.2. Gid st cic gid thiét (A1), (A3), (A5) va (A6) dugc théa man.
Khi dé, diy ergodic {zF} hoi tu yéu téi mot phan tik cia Sol(f,C).
Chitng minh. Theo B3 dé 1.4, dé chiing minh day {z*} hoi tu yéu t6i mot diém
trong Sol(f, ), ta chi can chitng minh ring moi diém tu yéu ciia {z*} déu thuoc
Sol(f,C), tic la

ww(2F) € Sol(f, C).

Trong phan ching minh ctia Dinh 1y 2.1 (Budc 2), ta da chi ra diy {w*} bi
chan. Néi cach khéc, ton tai hing s6 R > 0 sao cho

|lw®| < R Vk.

Suy ra
k .
Zizl )‘inZH
Z?:l Ai

2% < <R Vi,

titc 14 day {z*} ciing bi chan.
Xét z € C tuy y. St dung tinh don diéu cia f, ta c6 thé viét lai bat ding
thic (2.21) dudi dang

1
200 f (2, 0) < b = 22 = 2R 22 - Sl — ) + 1263

< =2 = |2 = 2] + lw® — 5 4 1267
St dung bat dang thic tam gidc vh mot vai danh giad co ban, ta cé

20 f (2,0%) < ([|l2* = 2|l + aglla® — & TH)? = (|25 — 2P+ ot — 252 4 1265

<
< Tp = Dy + [l — "% 4 20, M||2" — 2"
+agl|lz® — 1?1267, (2.42)

trong dé, T'y, = ||z% — 2||%, M := sup ||z* — z||. Cong ci hai vé cia bat dang thic
k>0

(2.42) tuw i =1 dén k ta dugc

k k
2 Z /\if(z, wi) < Z (Fi — Fi+1)
i=1 1=1

k
+ Z (20;M|z" — 27| + of ]2’ — 2P+ lw’ — 2P+ 1257)
i=1

k k
=T =Tk +Z% <Th +Z%
i=1 i=1
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trong do, v, = 2a;M ||z — 27| + a2zt — 27?4 [Jw? — 2T 4+ 1282, TU dinh
nghia ctia 2* va tinh 18i ctia f(z,-), ta c6

S A’
f(Z,zk) = f (2, Ziil )\i >
< Z?:l )\Zf(z7wz) < Fl + Zi’le '71

k = k
Zz‘:1 Ai 2 Zz‘:1 Ai

Goi T € wy(2¥), tide 1a ton tai ddy con {2%} sao cho 2% — z. Khi d6

k-.
'+ Zzil Vi

flz,2") < _ (2.43)
2 Z;{L Ai
Ta da biét tit Budc 2, Dinh Iy 2.1 ring A\, = % > % va Y Br = oo nén
k=1
B B
ne — L

Do > Bk = o0, nén ta ¢6 Y M\ = co. Khi d6, stt dung (2.6), (2.12) va lay gidi

k=1 k=1
k

han khi j — oo, ta thu dugc Zé—” — 0. Tu d6 suy ra

=17\t

liminf f(z, 2%) < 0. (2.44)

j—o0

Do f(z,-) 1a ham 16i v ntta lién tuc dudi, va 2% — z, nén theo dinh ly vé giéi
han yéu, ta co

f(z,z) <0,

Vi bt dang thitc trén ding véi moi z € C, nén ta két luan z € Sol(f, C). Do d6,
moi diém tu yéu clia {z¥} déu ndm trong Sol(f,C), va theo B dé 1.4, ta suy ra
day {z*} hai tu yéu dén mot diém z* € Sol(f,C). O

St hoi tu manh. Ta da thiy rang Dinh 1y 2.1 chi khang dinh su hoi tu yéu
ctia day {2*} sinh bdi Thuat toan 2.1. Tuy nhién, trong truong hdp tap nghiém
clia bai todn can bang c6 phan trong khac réng, tic 1a intSol(f, C) # @, thi ta ¢
thé khang dinh sy hoi tu manh ctia day nay, nhu dude phat biéu trong dinh ly
sau day.

Dinh 1y 2.3. Gid si cdc gid thiét cia Dinh ly 2.1 théa man va intSol(f, C) # 0.
Khi dé, day {z*} sinh bdi Thuat todn 2.1 hoi tu manh téi mot nghiém cia bai
toan EP(f,C).
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Chitng minh. Tit bat dang thic (2.21), véi moi z € Sol(f, C), ta co

Sllu® — 1P + 1267
< b = z|* 4w — 2?4 1267
< (2" = 2|l + aglla® — 22 + o — 2P 41267
= [la* = 2| + 2ax|a* — z[|]a" — 2"
+aglla” — 2P 4 ot - 2P 41267
< fla* — 2% + 205 M||2* — 271
+az|lz® — PP 4 b — 2R 2 1282, (2.45)

[

v&i M = sup ||z* — z||. C6 dinh u € intSol(f, C) va chon r > 0 sao cho |[v —u|| < r
k>0

thi v € Sol(f, ). Khi d6, véi moi k sao cho 2*+1 #£ 2% ta 6

k1 _ ok k1 _ ok
o N (O AR [
[T — 2| [T — 2F|
trong d6 g := 2a M||z* — 2% 71| + a2 ||zF — 28712 + |Jwk — 272 4- 1262, Rat gon
bat dang thic (2.46), ta thu dugc

2 2

+ vk, (2.46)

2r|la®t — 2| < Jl2* =2 — [l = 2] 4 (2.47)

Lay M > N la cac s6 nguyén duong tuy y. Cong (2.47) tit k = N dén M — 1, ta
duge danh gia sau

M-1
2rl|la™ — 2N < 2N = 2P — M 2P+ ) (2.48)
=N

Do day {[|=* —z||} hoi tu v > 4 < oo (theo cac diéu kién (2.1), (2.6) va (2.12)),
k=1

nén tir bat ddng thiic (2.48) suy ra ring {2*} 1a mot day Cauchy. Tir do, ta két

luan rang {=*} hoi ty manh. Hon nita, trong ching minh Dinh 1y 2.1, ta da chi

ra rang moi diém tu yéu ctia {z*} déu 1a nghiém ciia bai toan EP(f,C). Do vay,

gi6i han ctia {z*} cfing 13 nghiém ctia EP(f,C). Dinh 1y duge chitng minh. [

Khi song ham f théa man tinh chat gid don diéu manh, ching toi sé chi ra
ring day {xk} sinh béi Thuat todn 2.1 hoi ty manh dén nghiém duy nhat cia
bai toan EP(f,C).

Dinh ly 2.4. Gid si ring cdc gid thiét (A1”), (A3) va (A5)-(A6) théa man.
Khi dé, hai day {=*} va {y*} sinh bdi Thudt todn 2.1 hoi tu manh téi nghiém
duy nhat cia EP(f,C).
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Chiing minh. T gid thiét (A1”), dé dang suy ra rdng bai todn EP(f,C) c¢6
nghiem duy nhat. Mt khac, theo bat ding thic (2.21) va tinh ~-gid don digu
manh cta f, v6i moi z € C, ta c¢6

|25 — 22 < [l — 22 + [Jw® — 252 = 2y Jwk — 2] + 1262
— (1 =270k — 22 + ok — oA+ 1287
= (1= 20) [(1+ ) [ — 212 — gl = 2] + 2aglla* — 2* 1]

+ Hwk — :c"’HH2 + 125,%
= (1= 29\ + o) [|2" = 2]12 — ar(1 — 2yap) 27 — 2|2
+ 20y, (1 — 2ya) [|2% — 2F T2 4w — 2P 1262,

Do klim M\ = 0 nén ton tai k sao cho 1 — 2\ > %, Vk > k. Vi vay, véi z = 2* €
—00
Sol(f,C), ta cb
2"+ — 2 < (1 =292 + ag) 2" — 2¥[|* — ag [l — 2*|?
+ [|lw® — 2P 4 202 — 2512 4 12682, (2.49)

Tuwong tut lap luan trong Dinh 1y 2.2, ta ciing thu duge
D A =o0. (2.50)
k=1

Ap dung B6 dé 1.7 véi cac day
ar = ||z — 2%, tp =29\, O ==, O = [P — a2 20y ]|2F — 22+ 1267,
tit bat dang thitc (2.49) va diéu kien (2.50), ta suy ra

lim ||z — z*|| = 0.

k—o0
Diéu nay ching minh ring day {z*} hoi tu manh dén nghiem duy nhét z* clia
bai toan EP(f,C), va do d6, chiing minh dugce hoan tat. O

Tiép theo, chiing toi trinh bay hai bién thé ctia Thuat toan 2.1. Do qua trinh
xay dung va phan tich hoi tu clia cac thuat toan nay tuong ty véi nhing két
quéa da duge trinh bay trudce d6, nén chiing toi sé khong 14p lai chi tiét & day.

1. Dya trén két qua da thiét lap & phan trudce, ta nhan thiy rang néu thay thé
phép cap nhat
2 = yF — N (ugp (W) — ug (w*))

bang phép chiéu lén ntra khong gian chita C
P P = () — ()
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thi tinh hoi tu ctia day {2*} vAn duge ddm bao. Diéu nay cho phép chung
toi dé xuat mot bién thé méi, duge mo ta trong Thuat toan 2.2 dudi day.

Thuat toan 2.2 (Thuat toan phan ra kiéu duwsi dao ham ting cudng
[SESM])

Khéi tao: Chon hai diy s6 duong {£;} va {e.} thoa man (2.1). Chon tuy ¥ cac diém
22t eC,0el0,1) vadat k= 1.

Budc lap: Véi mbi k > 1, tit cac diém 281 va 2% (k > 1), chon a; sao cho 0 <y, < ay,
trong do

. €k 3 _
O_ék _ min {97 ”xk_e;kflna ka — $k1H2} neu J,‘k 7é ij 1’
0 néu z¥ = 2+ 1,
va tinh
w* = Po(a® + ap(z® — 271)).
Lay uy(wk) € Oy f1(wk, wk), ug(w®) € Gy fo(w”, wk) va tinh
B

e = max{L, [|uy (wh)[|, [luz(w) [}, A = g

yk — Pc(wk — 2)\ku1 (wk)),
ot = Pr, (yk - )\k(u2(wk) - Ul(wk)))a
trong d6 Ty, .= {z € H : <wk — Aku1(wk) —yk 2 - ?Jk> < 0}.

Diéu kién ditng: Néu 277! = ¢ = w*, thi thuat toan ding. Ngugc lai, dat k:= k + 1
va quay lai Buéc lap.

2. Néu thay phép chiéu len nita khong gian
2" = Pr (yF — M (ua(w”) — ug (wh)))
bang phép chiéu len C
M = Po(yF — N (ua(wh) — ug (wh))),

va thay cap nhat w* = Po(2* + oy (2¥ — 2F~1)) bing cap nhat nhu sau
g

k

wk = 2% 4+ ag(zF — 21,

_aj_

thi ta thu duge Thuat toan 2.3.

Thuat toan 2.3 (Thuat toan phan ra dao ham ting cudng kiéu Tseng
[TESM])

Khdi tao: Chon hai day s6 duong {£;} va {e.} thoa man (2.1). Chon tuy ¥ cac diém
2 2t eC,0e€0,1) vadat k= 1.
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Thuat toan 2.3 (Thuat todn phan ra dao ham tang cudng kiéu Tseng
[TESM])
Buéc 1ap: Tir 2871 va 2% (k > 1), chon ay, sao cho 0 < oy, < @y, trong d6

. €k €L A k k
= { P e a2t

0 néu 2% =
Tinh w* = 2% + ag (2 — 2871, Lay uy (2%) € Do f1(2, 2%), ug(a®) € Oy fo(a®, 2*) va tinh

me = max{L, s ()] Jlua(a®)Il}, A = ﬁ—

y" = Po(w® — 2X\pui (2)),
M = Po(y® — M(ug(a®) — ua (27))).

Diéu kién ditng: Néu ¢! = ¢ = w*, thi thuat toan ding. Ngugc lai, dat k:=k+1
va quay lai Buéc lap.

2.1.3. Thit nghiém sé va tng dung

Trong phan nay, ching t6i ap dung cac Thuat toan 2.1, 2.2 va 2.3 dé xap
xi nghiém bai todn can bang phat sinh tir mo hinh can bang Nash—Cournot trong
thi truong dién. Van dé nay da dugc nghién citu trong mot sb6 cong trinh trude
day (xem, chang han, [25, 92, 109]). Chiing t6i st dung ham chi phi duge dé
xuét trong [109], 13 mot ham 16i nhung khong tron. Do d6, bai toan nay khong
thé chuyén tryc tiép vé bai toan bat ding thic bién phan ¢ dién, do dé tao ra
mot boi canh tu nhién dé minh hoa wu thé clia cac thuat toan dya trén phan ra
song ham va dudi vi phan. Dong thoi, chiing toi dua ra mot vi du vé bai toan
bat ding thiic bién phan hén hdp cé ciu tric don dieu manh v nghiem duy
nhat, vé ban chat 13 mot bai toan tuong déi “thuan 1¢i”. Trong truong hgp nay,
nhiéu thuat toan da biét déu hoi tu nhanh. Do d6, vi du nay chti yéu déng vai
tro kiém ching tinh én dinh va tinh ding din ciia cic thuat toan dé xuét.

Vidu 2.1 (Ung dung vao mo hinh can bing Nash—Cournot cia thi truong dién).
Gia st ring nguodn cung dién niang cho mot thanh phd duge cung cap bdi N

cong ty san xuat dien cling v6i mot hé théng pin ning lugng mat troi. Khi do,
tdng san lugng dién trén thi truong duge bidu dién béi

N
£:an+a,
n=1

trong d6 z, 1a san lugng phat dién cua cong ty thi n, v6i n = 1, N, va a la san
luong dién do hé théng pin mat troi cung cap, dude gia dinh 1a khong doi.
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Gia thi trudng ctia dién ning, ky hiéu 1 6(x), phu thuoc vao téng san lugng
cung tng va dudc gia dinh ¢6 dang

N
5(x) = 378.4 — 2<Zazn + a), (2.51)
n=1
trong d6 = = (z1,...,zxn) " 1& vecto san lugng clia cac cong ty dien.

Chi phi san xuat ciia cong ty thit n duge mo hinh héa thong qua mot ham
chi phi khong tron, cu thé

pn () == max {py (xn) , pn (xn)},

trong do

/A)n (In> = @ZL‘% + Qpry + Bna Pn (xn) = UpTp + —

Qi B—l/dn:p(&n—&—l)/o_gn‘
2 an+1

n n

Ham chi phi p, (z,) ¢6 tinh chit 15i nhung khong tron, phan anh sy thay doi
trong cau tric chi phi khi san lugng vugt ngudng nhat dinh - diéu nay c6 thé
x4y ra do thay doi cong nghé hoic chi phi bién theo quy mé.

V6i N = 6, cac hing s6 ctia ham chi phi p, (z,) duge 1ay theo Bang 2.1.

~

R an, Bn

1 0.0400 2.00 0.00 2.0000 1.0000 25.0000
2 0.0350 1.75 0.00 1.7500 1.0000 28.5714
3 0.1250 1.00 0.00 1.0000 1.0000  8&.0000
4 0.0116 3.25 0.00 3.2500 1.0000 86.2069
5 0.0500 3.00 0.00 3.0000 1.0000 20.0000
6 0.0500 3.00 0.00 3.0000 1.0000 20.0000

Bang 2.1: Cac hang s6 ctia ham chi phi

Ham lgi nhuan cta cong ty thi n duge mo hinh héa béi

Un(x) = 0(x)x)y — pp(xy,) = (378.4 - Z[ixk + a} )xn — pulTn). (2.52)

k=1

Gia st sén lugng cia mdi cong ty bi rang budc trong mot doan xac dinh, cu
thé z,, € [x%mn, xﬁa"}, véi cac gia tri duge cho trong Bang 2.2.

Goi C := Hfl\f:l[xfin,xﬁax] C RY la tap céc chién luge khéa thi. Bai toan can
bing Nash-Cournot dugc phat biéu nhu sau: tim diém z* € C sao cho

Un(@7, o T Yny T gy ) S (2], ay) Yy = (Y1, .. .,yn) € C, Vn =1, N.
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n 1 2 3 4 5 6
™0 0 0 0 0 0

n

90 70 100 60 110 50

n

Bang 2.2: Gia tri cua ap™, o

Duya theo phuong phép tiép can trong [92], bai toan can bing Nash—Cournot &
trén c6 thé duge viét lai tuong duong dusi dang bai toan can bang sau
Tim z* € C sao cho f(z*,y) >0 Vy € C, (2.53)

trong d6 f(z,y) = ((A+ 3B)x + 3By + s,y — x) + ply) — plz), V&

A :225"(0”)T, B :220”(0”)T,
n=1 n=1
N N
s:=(2a = 378.4)) 0", p(x) = pu(zs)
n=1 n=1
Khi d6, cac vecto cd s6 0" := (of,...,0}) va ¢" := (a7, ...,0%) dudc xac dinh

bdi biéu thic nhu dudi day

n 1 neu n = m,
Om =

0 néun#m

va ol =1— 0" v6i moi n,m =1, N.

Dé thay song ham f don diéu, para-don diéu v théa man tat ca cic gid thiét
(A2)—(A6). Haum p kha dudi vi phan va dudi vi phan ctia n6 tai x duge xac dinh
béi Op(x) = (8p1 (z1),...,0pN (zn)) | trong d6, véi mbi j =1, N

({ijw; + dy}, néu  p; () > pj (;),

~ n  _ X 1/a; z R _
[M%’ +ay, o+ <B_> } »omew pi(xy) = pylay),
J

\ {ﬂj + <%)1mj}> neu  pj(z;) < pj(zy).

J

Ip; () =

Phan ra song ham f thanh hai song ham thanh phan f; va fo, vdi
3 1 N
file,y) = ((A+5B)z + 5By + s,y —a) va fo(x,y) = ply) — pl).
Tiép theo, chiing toi tién hanh cic thit nghiém s6 nhim minh hoa hanh vi hoi

tu va danh gia hiéu qua tinh toan cia ba thuat toan dé xuat (ITSM, SESM va
TESM), thong qua viéc so sénh véi tam thuat toén hién c6, cu thé 1a: SSA trong
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[29, Thuat toan 1], 3-CSA trong [32, Thuat toén 3.1], PSA trong [42, Thuat toan
3.1], PSPM trong [80], SAL trong [5, Thuat toan 1], EGA trong [93, Thuat toan
1], MPA trong [97, Thuat toan 3.1] vd SGA trong |96, Thuat toan 3.1]. Trong
qué trinh 4p dung EGA , ching t6i st dung didu kién kiéu Lipschitz clia song
ham f v6i cac hing s6 ¢1 = ¢ = &, trong d6 L = ||A + B||. Thiét lap mic phat
dién tir he thong nang luong mit troi 1a @ = 110 va tién hanh khdo sat hieu qua
clia cac thudt toan véi ba diém khdi dau khéc nhau sau:

r* =(0,0,0,0,0,0)", =¥ = (54,42,60,36,66,30)", x°= (90,70,100,60,110,50) .

Thit nghiém 1: Trong tinh todn nay, ching t6i chon nhitng tham s6 nhu sau:

e Trong thuat toan PSA, ¢, =0, pp =1, B = m Vk > 1.

e Trong thuat toan SGA, & =0, ¢, =0, p. = 1, 5 G +15>0 = Vk>1
e Trong thuat toan MPA, pp =1, 8, = (k:+15)0 = Vbk>1,D=C

e Trong thuat todn PSPM, ry — m k> 1.

e Trong cac thuat toan iTSM, SESM, va TESM, 2! = 2% 6 = 0.75, ¢, =

1
ﬂk‘ = <k+5>0'557 Ay

1
T
=aqp Vk>1.

Chiing toi stt dung diéu kien ||z* — 2*|| < 1076 dé dimg tit ca cic thuat toan,
trong do

o* = (11.3361, 11.4868, 11.3533, 10.8748, 10.7930, 10.7930) "

14 nghiém gan dung cta bai toan (2.53). Hieu suit ctia bay thuat toin dugc so
sanh trong Bang 2.3. Hinh 2.1 minh hoa két qua ctia thit nghiém nay véi 20 = 2.
Bang 2.3 va Hinh 2.1 cho thiy ring cic thuat toan phan ra kiéu Tseng két hop
vai k¥ thuat quan tinh do ching toi dé xuat tiéu t6mn it thoi gian tinh todn va
s6 vong 1ap hon so v6i cac phuong phap khac nhu SGA, MPA va PSPM, dic
biet khi diém khdi tao cach xa nghiém ciia bai toan. Két qua nay cé thé duge
ly giai bdi viee cac thuat toan dé xuat chi thao tac tric tiép véi tiing song ham
thanh phan trong mdi budc lap, thay vi x Iy toan bo song ham gbc nhu cac
thuat toan néu trén. Ngoai ra, so v6i thuat toan chiéu phan ra PSA vén trién
khai theo co ché song song, phuong phap clia chiing to6i - v6i cau tric tuan ti
két hop yéu t6 quan tinh - van dat duge hiéu qua cao hon, cho thay wu thé ro
rét vé hiéu qud tinh toan trong thic nghiem.
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0

x” =a 20 = 20 2V = 2¢

Running time Iter. | Running time Iter. | Running time Iter.
PSA 0.4274 12417 | 4.2556 63172 | 61.8338 167691
SGA 0.0134 542 | 0.2149 7013 | 0.8056 24257
MPA 0.0837 2210 | 1.9088 31303 | 13.8827 110342
PSPM | 0.6335 18847 | 5.5718 79695 | 78.3686 210691
iTSM | 0.0089 118 | 0.0488 653 | 0.0893 1748
SESM | 0.0040 117 | 0.0358 652 | 0.0492 1747
TESM | 0.0036 126 | 0.0690 652 | 0.0488 1747

Bang 2.3: Hiéu suat cia cac thuat toan PSA, SGA, MPA, PSPM, iTSM, SESM
va TESM trong Thit nghiém 1

; ; ; ; ; | . 10% ¢
<
S~o PSA
~a ——SGA

\ - = MPA
100 | —PSPM| | 10°

iTSM

ot~ o]

1

1

1

1

1072 !
1

1

1
1

10

10°°

0 1 2 3 4 5 6 7 8
Iteration x10*

Running time

Hinh 2.1: So sanh hiéu suat gitta thuat toan iTSM va cac thuat toan PSA, SGA,
MPA va PSPM, véi 2V = 2° trong Thit nghiem 1

Thit nghiém 2: Ta chon cic tham s6 nhu sau:

e Trong thuat toan SSA, 8, =
1
e Trong thuat toan SAL, \, = —— Vk > 1.
k+5
e Trong thuat toan EGA, p = 0.1, G(z) = &z|.

o Trong thuat todn 3-CSA, fi(z,y) = (A+3B)x,y—=), f2(z,y) = (3By+s,y—

), f3(x,y) = ply) — p(x), \p = T Vk > 1.
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e Trong cac thuat toan iTSM, SESM, va TESM, z! = 2% 0 =04, ¢, = #7
1
P = (k + 5)055° @

St dung uwéc lugng ||2* — 2*|| < 107* hoiic s6 budc lip khong vugt qua 10* 1a
diéu kien ditng ctia tat cac cac thuat toin. Két qua duge tong hop trong Bang
2.7 va Hinh 2.2. Nhan thay ring, trong hau hét cac truong hop, cac thuat toan
chiéu phan ra kiéu Tseng ma chiing to6i dé xuat tieu ton it thdi gian hon so véi
cac thuat toan SSA, SAL, EGA, 3-CSA. Ly do vi cac Thuat toan 2.1, 2.2, 2.3
tai moéi budce lap, ta chi can cac phép chiéu, trong khi dé, cac thuat toan con
lai, tai mdi budc lip, ta phai giai cac bai toan quy hoach 13i téng quat hoic bai
toan quy hoach toan phuong vdi song ham gbc hodc cac song ham thanh phan,
c6 chi phi tinh toan dit hon.

p=ar Vk>1.

102

SSA
. ——SAL
10 —_—EGA
- = .3-CSA
) iTSM
10 p 4
N
| 1071
1072 ¢ -~
1073 £
104 L L L L L
0 2000 4000 6000 8000 10000 12000
s Iteration
10
SSA
. — SAL
10°f ——EGA
- = .3-CSA
100 iTSM
§S
| 107t
&
1072
10°°
104 L L L L
0 50 100 150 200 250

Running time

Hinh 2.2: So sanh hiéu suat gitta thuat todn iTSM va cic thuat toan SSA, SAL,
EGA va 3-CSA, v6i 2V = 2% trong Thit nghiém 2
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Vi du 2.2 (Ap dung cho bét ding thic bién phan hén hop).

Trong vi du nay, ta so sanh thuat toin dugc dé xuit véi cac thuat toan da
duge néu trong Vi dy 2.1. Xét bai toan bat ding thitc bién phan hén hgp, da
duge xét trong cac tai lieu [88, 89|, nhu sau:

Tim z € C sao cho (Ax + P(x),y —x) + ¢(y) —(x) >0 Vy € C,
trong do, tap chap nhan duge C ¢ R® duge cho béi
C={zeR°:-5<z;<5Vi=1,....5}, ¢:R* =R, o) =|z|?

G:R> =R, G(z)= Az + P(z),

v6i ma tran A duge 1y nhu sau

3 1 0 1 2
1 5 -1 0 1
A=|o -1 4 2 —2f,
1 0 2 6 -1
2 1 2 -1 5
va P:R> — R’ la anh xa gan ké cta h(z) := @'4, tiic 1,
_ -yl 2 5
P(z) := argmin 4t —Hy |y e R 5.

Chil ¥ rang viéc tinh to4n gié tri clia P ¢6 thé tén kém vi chiing ta phai giai cac
bai toan 16i manh.

e Trong ba thuat toAn ma ching t6i dé xuat, thuat toan SAL, PSA, v SSA,
lay fi(z,y) = (Az + P(2),y — x), fo(z,y) == o(y) — o(x) va [ = fi+ fo

e Trong thuat todn 3-CSA, lay fi(x,y) := (Azx,y — z), folx,y) == (P(z),y — x),
fa(@,y) == o(y) —p(x) va = fi+ fa + f5.

Ta c6 thé chiing minh song ham f gid don diéu manh. That vay, véi moi
z,y € R, ta xét

f(@,y) + fly,2) = ((Az — Ay) + (P(2) = P(y)) + (* —y) + (y — ),y — @)
=(A(r —y) + P(z) = P(y),y —7) = —(A(z —y),z —y) — (P(z) = P(y), — y).

Vi A 13 ma tran déi xting véi cac gid tri rieng duong, nén ton tai x> 0 sao cho
(A —y),x —y) > plle -yl

Mat khéc, h(z) 1a mot ham 16i manh, nén P(x) la anh xa don diéu manh, do d6
ton tai hang s6 7 > 0 sao cho

(P(z) — P(y),z —y) > nllz —y|*
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Két hop hai bat dang thic trén ta c6 danh gia
fla.y) + fly,2) = —(A(x —y),x —y) = (P(z) = P(y),z —y) < —(p+n)z—yl*

Vay néu f(z,y) > 0, thi

fly.z) < —(u+n)lz —yl*

Diéu d6 c6 nghia song ham f gid don diéu manh. Ta ciing dé dang chinh minh
duge song ham f para-don diéu. That vay, gia sit = € Sol(f,C) va f(y,x) =0, ta
can chiing minh y € Sol(f,C). Do = € Sol(f,C), ta c6 f(z,y) > 0, két hop tinh
gid don diéu manh, suy ra riang

fly, o) < —(u+n)lz -yl
Két hop diéu kien f(y,z) = 0, ta dugc
0 —(u+n)lz—yl?=lz—yll=0=z=uy.

Khi do6, ta cé dieu sau
fly,2) = f(z,2) >0 VzeCl.

Do d6, tinh para-don diéu ctia song ham f dugc thoa man. Hon nita, ta ciing
c6 thé chitng minh dude song ham f va cac song ham thanh phan théa man céc
diéu kién ctia cac Dinh 1y 2.1, 2.2, 2.3. Mat khac, anh xa P 13 khong gian va cac
héing s6 Lipschitz ctia f (duge dinh nghia trong [26]) 1a ¢1 = ¢ = 1(||A]| + 1).

Ap dung céc thuat toan da dé cap trong Vi du 2.1 nhim xép xi nghiem bai
toan bat ddng thic bién phan hén hop dang xét véi cac tham sé dugce lua chon
phu hgp nhu sau:

e Trong thuat toan EGA, p = 0.2, G(z) = ||=||*.

1
e Trong thuat toan SGA, &, =0, ¢, =0, pp =1, B = 706 Vi > 1.

1
e Trong thuat toan MPA, pp, =1, 8 = 706 Vk>1,D=C.
1

e Trong thuat toan SAL va 3-CSA, )\, = 0%

VE > 1.

1

e Trong thuat toan PSA, ¢, =0, pp =1, B = X

VE > 1.

1

e Trong thuat toan PSPM, r, = g 108t

VE > 1.

e Trong cac thuat toan iTSM, SESM, TESM, z' = 20, 0 = 0.2, ¢, =

1
5k:W,0zk:dk vk > 1.

1
FiT
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Tat ca cac thuat toan déu st dung ciing mot diém xuit phat va cling mot
tieu chuan dimg: ||zF — 2*|| < 1075, trong dé z* = (0,0,0,0,0)" 14 nghiém duy
nhat clia bai toan dang xét. Két qua duge trinh bay trong Hinh 2.3 va Bang 2.5.
Két qua thire nghiem cho thay hiéu qué cia viéc stt dung phuong phap phan ra
va két hop ki thuat quan tinh trong cac thuat toan ma ching toi dé xuat.

10? ;
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—+—SGA
T MAP | ]
100 118 —4—SAL ||
) —A&—PSA | ]
—A—3-CSA| ]
= —6—SSA ||
T? 10-2 —&—PSPM]| |
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1074 L 1
1076 L -
0 100 200 300 400 500 600 700
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102

10° |

1041
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Running time

Hinh 2.3: So sanh hiéu suat thuat toan iTSM véi cac thuat toan EGA, SGA,
MPA, SAL, PSA, 3-CSA, SSA va PSPM, véi 2° = (10, 10, 10,10,10) "
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2.2. Phuong phap phan ra mot phép chiéu

2.2.1. Pong luc xay dung phuong phap phan ra mot phép chiéu

Trong nhiéu tng dung thite té, khi tap chap nhan dugde cé cau tric phiic
tap hodc khi bai toan con lien quan dén song ham c6 do phic tap cao, chi phi
tinh toan clia cac phuong phap phai thyc hién nhidu bude chiéu hodc giadi nhidu
bai toan con tai mdi vong lap thudng tré thanh nat that chinh can gidi quyét.
Xuat phat tit thyc té d6, phuong phap mot phép chiéu duge dé xuat véi muc
tieu gidam dang ké chi phi trén mdi vong lip bang cach xay dung mot cong thiic
cap nhat chi stt dung maot phép chiéu duy nhét, trong d6 két hop k¥ thuat quan
tinh va hieéu chinh, qua d6 van bdo dadm haoi tu dudi cac gid thiét thich hgp,
dong thoi tao ra mot khuon kho thuat toan gon nhe, linh hoat, phit hgp cho
thyc nghiém tinh toan.

2.2.2. Xay duyng thuat toan va phan tich hoi tu

Thuat toan phan ra mot phép chiéu ma ching toi dé xuat duge thiét ké
nhu dudi day.

Thuat toan 2.4 (Thuat toAn phan ra mot phép chiéu giai bai toan can
bing [oPSM])
Khdéi tao: Chon hai day s6 tham s6 {e;} va {8} thda man

iﬁkzoo, i5£<oo, iek<oo. (2.54)
k=0 k=0 k=0

Chon tuy ¥ cac diém z',4° ¢yt € C, 0 €[0,1) va dat k = 1.
Budc 1ap: T 2, y*~! va ¢* (k> 1), chon a; sao cho 0 < oy, < @y, trong d6

. €k €k % k k1
w0, e ) e A

0 néu y*¥ =y 1,

(2.55)

va tinh wF = y* + ag(y* — yF 7). Lay ui(a¥) € 9f1(a%, 2F), ua(a?) € Do fo(aF, aF),
thuc hién cac cap nhat sau

e = max(1 () o) e = 2, (2.56)
rhtl — Pc(wk — /\kul(xk)),

yk+1 _ karl _ Aku2($k>

Diéu kién ditng: Néu ||2F — 251 + ||yF+! —wk|| = 0, thi dimg thuat todn. Nguge
lai, dat k := k + 1 va quay lai Buéc lap.
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Chi y 2.2. (1) Khéac v6i cic thuat toan phan ra duge gidi thiéu trong cac cong
trinh trudce nhu [5, 29, 32, 33|, von yéu cau giai tit hai dén ba bai toan t6i wu
161 manh tai mdi vong 1ip, hodic st dung hai phép chiéu trong [42|, Thuat
toan 2.4 ma ching t6i dé xuédt chi can mot phép chiéu duy nhat lén tap
chap nhan duge tai mdi buée lip. Didu nay gitp giam dang ké chi phi tinh
toan va phit hop hon vé6i cac bai todn c6 cau tric phic tap.

(2) Tu (2.55) suy ra rang

(o] oo
S ol -y <o, Sl -y R <o, (259)
k=1 k=1

(3) Theo (2.58), ta c6
"+t = aF ) = Al (@) < B = 0 khi koo, (2.60)

Do d6, ta ciing nhan dugc ||y* — 2¥|| — 0 khi k& — oo. Nghia 14 khodng cach
gitta hai day lap {z*} vA {y*} s& dan vé 0 theo s& vong lip, ddm bdo tinh
hoi tu cua thuat toan.

Truée khi phan tich sy hoi tu cia Thuat toan 2.4, ching t6i trinh bay mot
bé dé c6 vai tro then chdt cho cac lap luan sau.

B6 dé 2.3. Néu 251 = 2% va y*+1 = wk thi 2F € Sol(f, C).

Chaing minh. Trudce tien, do s f1 (2%, 2%)+0a fo(z¥, 2%) C O f(xF, 2), titc 12 ton tai
u(x®) € daf (¥, 2%) sao cho u(a®) = up(2¥) + ug(x¥), trong d6 up (z*) € Oafr (¥, 2¥)
va ug(xF) € O fa(x¥, 2%). Theo dinh nghia ctia dudi vi phan duong chéo, ta co
diéu sau

f(:zck,y) > <u(:1:k),y — :L‘k> Yy € C. (2.61)

Néu oF+1 = 2% v yF+1 = ¥ thi theo (2.57), (2.58) v Ménh 1.1(1), ta c¢6 danh
g1a sau

(2% — Npup (2F) — ug(2F) — 2F y —2F) <0 Wy e, (2.62)
hodc tuong duong,
(u(z®),y —2¥y >0 wyec. (2.63)
Do do, tit (2.61) va (2.63), ta nhan dugc
fF ) >0 wyecd. (2.64)
Vi vay, z* € Sol(f,C). ]
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Tiép theo, ching to6i trinh bay mot bd dé quan trong, déng vai tro hd trg
chiimg minh sy hoi ty cia Thuat toan 2.4.

B6 dé 2.4. Gid st ring {«*} va {y*} la hai day sinh béi Thudt todn 2.4. Khi
do, véi moi z € C, bat dang thic sau dugc théa man

¥+ = 21> < flwk = 2| = 2™ —wF)|? = 20 {u(a®), o — 2)
+ 46 + 657 + 487, (2.65)

Chiing minh. Chon u(z*) € 9y f (2*, %) sao cho
w(x®) = uy (2F) + ug (), (2.66)

trong d6 ui(z*) € Oofr(z¥, 2%) vA ug(a¥) € O f1(2F, 2¥). V6i mbi 2z € C, theo dinh
nghia ctia y*+1, ta c6

Iy = 2] = " = Az () - 2|

= [ — 2P — 2 (ua(2"), T = 2) 4 AT Jua ()], (2.67)
Mit khac, theo dinh nghia ctia z#+!, ta c6 bat ding thic sau

2"+ = 2[* < Jlw* = Agua (&%) = 2[|* = [Jw* = Agua (2F) — 1)
= |w® — 2| = Jw® — 2F T2 — 2Xp (uq (2F), 2FH — 2). (2.68)

Két hop hai bat dang thitc (2.67) va (2.68), ta thu duge

yF T — 2|2 < [l — 2| — 2" = PP = 2X (@), 2P — 2) + A7 |ua(2F) |12
= [JwF — 2|2 — ||l2F T — k) - 2/\k<u ok, 2k — 2)
— 2\ (u(z®), 2R — 2Ry 4 N2 [lug(2F) |2 (2.69)

Ap dung tinh khong gian ctia anh xa chiéu Po va tit cac biéu thiic (2.57), (2.58)
va (2.60), ta c6

2" — 2| < [Jw® = M (%) = 2| < ly* = 2P+ arlly® — oF 7+ Akl (M)
< Br-1+ €k + B, (2.70)

do do
kaH — kaQ < (ex + Br + ﬁk_l)Q. (2.71)

Tiép theo, ap dung bat dang thic Cauchy-Schwarz va gia thiét |jui(w®)|| < g,
|ug(w®)|| < mp, ta c6 wée lugng sd hang thit tu ¢ vé phai clia (2.69) nhu sau

20 (u(a®), P — ah) < 4p |2t — 2P|
< 2l|zP L — 2R||2 4262 < 4ef + 687 + 487 . (2.72)
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Két hop (2.61), (2.69) va (2.72), ta c6

944 = 22 < k= 2 = 24 w2 20 (ula®). 2 — )+ 4k + 66 + 457

(2.73)
<l = 2] = ™t = wF|? + 22 f (28, 2) + de + 657 + 457y
(2.74)
Suy ra bat ding thitc can ching minh. O

Dinh 1y duéi day thiét lap tinh hoi tu yéu ctia Thuat toan 2.4.

Dinh 1y 2.5. Gid st rang cic dieu kien (A1’), (A2)-(A6) dugc théa man. Khi
dé, day {2*} sinh bdi Thudt todn 2.4 hoi tu yéu dén mot diém thuoc tap nghiém
Sol(f,C).

Chatng minh. Ching ta tién hanh chiing minh dinh 1§ thong qua ba budc nhu
dugce trinh bay sau day.
Buéc 1: Chiing minh rang

lim inf <u(xk),xk - z> <0 VzeSol(f,CO). (2.75)

k—o0
Gia stt ngugc lai, tic 13 ton tai z € Sol(f, C) sao cho

lim inf (u(z"), 2% — 2) > 0. (2.76)

k—o0
Khi d6, ton tai mot hing s6 € > 0 va chi sb k sao cho

(u(ah), 2% —2) > e Yk >k (2.77)

Ap dung dénh gia cta chudn, ta c6
lw® — 2] = |(1+ ar) (" — 2) — aw(y* " = 2)?

2P+ an (L4 o)yt - g
— 2% + 20 [ly" — yF 1. (2.78)

= (L+ap)ly" = 2|* — axlly

< (T4 ap)lly” = 2l” — ally*
Tit bat dang thitc (2.74), suy ra

Iy — 2012 = 1" = 21® < awllly® — 2I17 = g = 2)|%) — lw® — 252
+ 200 ly" — P+ 20 f (2F, 2) + 4ep, + 687 + 4854
< opllly® = 217 = Iy = 2]
+ 205 ly* — o TP+ ek + 687 + 484y (2.79)

T do, ta thu dugce

ly* =202 = ly* = 21® < awllly® = 217 = lly" " = 21%) + 20xlly" — o717
+4e + 667 +487 ,  (2.80)
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va thém vao do
1 _
§Hw"’ — P <P =2 = M = 2Pl - 2l - 2l
+ 20|yt = vF P + 462 1682 482 . (2.81)
Ap dung B8 dé 1.2 cho bét ddng thiic (2.80) véi cac day

ok =" —2lP k= 2ally® — ¥+ def + 653 + 46, (2.82)

va luu ¥ réng Y 6 < oo (nho vao (2.54), (2.55) va (2.59)), ta két luan ring day
k=1

{lly* — 2|} hoi tu. Diéu nay kéo theo tinh bi chin ctia {¢*}, va do d6, day {w"}

ciing bi chin. Qua gidi han bic¢u thitc (2.81) va st dung su hai tu cta day {¢},

{6;} hoi tu vé 0 khi k tién t6i oo, ta c6 dicu sau

lim [Jw® — 28 = 0. (2.83)
k—oo

Hon nita, tit (2.73), ta c¢6

Iy =21 < Jlw® = 2]* = [la™ — Wb = 22 (u (@), «* — 2)

+4ed + 687 + 467, (2.84)
Két hgp (2.78) va (2.84), ta thu duge
- B
" = 212 = [ly* = 211* < ar(lly” — 217 = ly* " = 2)1*) - 277—:(“(%'“),37’“ -z)
+ 20y |ly*F — yF P + 46k + 687 + 467_,. (2.85)
Mot 1an nita, 4p dung Bo dé 1.2 véi

O = Iy — 2l G = 2uly* — o P+ A + 667 + 457, (2:86)

oo

suy ra day {||ly* — 2|} hoi tu va Y7 [0k]4 < oo, VOi O = ¢ — dk—1, [t]4 = max{t,0}.
k=1

Do d6 {y*} bi chan, va {w*} ciing vay. Ngoai ra, tit (2.85), ta ¢6

2%<u<xk>, P 2) < b — drrr + 06k + Ok, (2.87)

va diéu nay suy ra rang

|Tb

22 77]/: <u(xk),:ck — z> < o1+ ZG[G;CM + Zék < 0. (2.88)
k=1 k=1 k=1
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Hon nita, do {w*} bi chin, nén theo (A5), ton tai hing s6 M > 0 sao cho
lur (z5)]| < M, |Jus(z*)|| < M vé&i moi & € N. Do d6, ta ¢6 thé lay L > max{1, M}
sao cho v6i méi k € N, ta co

e = max{L, [|ur ()], [luz(a®)|[} < L. (2.89)

Két hop (2.77), (2.88) va (2.89), ta thu duge > B < oo, diéu ndy mau thudn
k=0
vdi gid thiét > By = co. Vay gid thiét phan chiing 13 sai, diu d6 ¢6 nghia Budc
k=0
1 dudgce ching minh.
Budc 2: Ta chiing minh
lim sup f (xk, z) =0 VzeSol(f,C). (2.90)
k—o00
Xét mot diem z € Sol(f,C). St dung dinh nghia dué6i vi phan dusng chéo va f
la song ham gia don diéu trén C, ta co

0> f (:Ek,z) > <u (mk) 2= xk> Vz € Sol(f,C). (2.91)
Do d6, st dung BuGce 1, ta suy ra rang
0 < —limsup f (xk,z) = likrgioréf [—f (xk,z)}

k—o0
< liminf (u (%), 2% — 2) < 0. 2.92
< liminf (u (2%) 2" = 2) < (2.92)
Chudi bat déng thitc trén cho thiy céc gidi han lien quan déu tién vé 0, tir d6
khang dinh dugc két qua mong mudn.
BudSce 3: Chitng minh rang w, (y*) C Sol(f, C).
Lay Z € wy(y¥) va day con {y*} clia day {y*} sao cho
ykj — Z.
Tt danh gia trong (2.60), ta cling suy ra rang z¥ — z. Theo két qua trong Budc

2, ton tai day con {2} ctia day {z*} sao cho limsup f(z*,2) = lim f(z",2) = 0.
k—o0 J—0

Két hop gia thiét (A2) véi Budc 2, ta co

f(z,2z) > limsup f (mkﬂ', z)

Jj—00

= lim f(xkj,z)

J—00

= limsup f (xk, z) > 0. (2.93)

k—00
Tu gid thiét (A1), ta c6 f(z,2) <0, vi vay
f(z,2z) =0. (2.94)
Theo d6, tir (A4) suy ra ring z € Sol(f, ), diéu nay c6 nghia w,(2*) C Sol(f, 0).
Khi d6, theo Ménh dé 1.2, day {*} hoi tu yéu t6i mot phan tit ctia Sol(f,C). [
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Tiép theo, ching t6i dua ra thuat toan chiéu phan ra hiéu chinh giai bai toan
(1.8). Cau truc cua thuat toan duge xay dung nhu sau: Chon céc day sd duong
{8} {m} va {e} thoa man

iﬁk:oo, iﬁ%<oo, iek<oo, (2.95)
k=0 k=0 k=0

oo

kh—{rolo% =0, kz_;% =00, lim Tk _ 0. (2.96)

k—oo ﬁk

Ta tién hanh cac budce 1ap nhu sau:

Thuat toan 2.5 (Thuat toAn mot phép chiéu phan ra hiéu chinh giai
bai toan can bing [roPSM])

Khéi tao: Chon tiy v cac diém 2!, 4% y' € C, 0 € [0,1) va dat k = 1.

Budc 1ap: T 2, y*~1 va ¢* (k> 1), chon a; sao cho 0 < oy, < @y, trong d6

. € € P _
min {9, i i } néu y* # yF1,
AL =

(7 T A T [
1

(2.97)
0 néu y* = yF 1.

Tinh w* = (1=y)y* +ax(y* —y* ). Lay ui(a") € 9o f1 (2", 2%), ua(a*) € s fo (2", ¥)
va tinh

B

e = max{L, Jaa (&) o), e = 25 (2.98)

va cap nhat
2P = Po(w® — Mpui (), (2.99)
YR = 2P N g (2F). (2.100)

Diéu kién dirng: Néu ||z — 2*+1|| + ||yt —wP| = 0, thi dimg thuat toan. Ngudc
lai, ddt &k := k + 1 va quay lai Buéc lap.

Truée tién, chung t6i ching minh tinh bi chan cua cac day duge sinh bdi
Thuat toan 2.5.

Bo6 dé 2.5. Gid si cic diéu kien (A1’), (A3) va (A6) dugc théa man. Khi do,
hai day {z*} va {y*} sinh bdi Thudt todn 2.5 déu bi chin.

Chitng minh. Gid st z € Sol(f,C) va dit & = —f(z*, 2). Tl chitng minh ctia B3
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dé 2.4, ta co
[yF T — 2|2 < flw = 2| — |2 = WP+ 20 f (2, 2) + des + 687 + 487,
< lwk — 2|2 — 20\ + 4e2 + 667 + 457
= 11— 7)y* — 2+ e (¥F — 2" ||? — 208 + 4ef, + 687 + 487,
<@ =)y — 2]+ 205 ]1(1 = w)y* — 2|lly" — ¥* 71
— 2N+ ad ||yt — o R+ 46 + 687 4+ 467,
= [y — 2|1 + 20| (1 = )y" — 2|l[ly* — v* | — 200k — 296 (W7, ¥ — 2)
+ARIE P + o lly® — yF TP + 4l + 687 + 487, (2.101)
T d6, ta c6 bat dang thic

I = 1P = ¥ = 2P + 25 < 2ot - )+ (2.102)

trong do

b = 20| (1 = w)y® — zlllly* — " + A2 lF P
a2l — Y + 46 + 687 + 467, (2.103)

Do diéu kién (A1’) dam béo réng &, > 0, ta suy ra
D1 — T < =29 (0%, oF = 2), (2.104)

v6i day {I't}r>0 dude dinh nghia béi
k—1
= ly" =27 =) vy (2.105)
j=1

Dé chitng minh {z*} bi chin, ta xét hai trudng hop:
Trudng hgp 1: Gid st ton tal ko sao cho day {Ty}r>k, 12 khong tang. Khi
do, véi moi k > kg, ta co

k—1
Tp = lly" =2l = > 4 < Ty (2.106)
j=1
Do Y ¢y < o0, suy ra
ly* = 21” <) g + Ty, < 0. (2.107)

k=1
Tic 1a, day {y*} bi chan. Suy ra tir (2.60), day {z*} ciing bi chan.
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Trudng hgp 2: Gid sit ton tai mot day con {Ty, }j>0 sao cho Ty, < Iy, véi
moi j > 0. Khi dé, xét day chi s6 {r(k)} nhu trong Bb dé 1.3, ta c6

Trget — Doy > 0, (2.108)
va danh gia sau diang
T < Trpyor. (2.109)
Do d6, tit (2.104) va (2.108), ta suy ra
("W, g — 2) <0, (2.110)
tic la,
ly™ @17 + [ly™® = 22 = |12)1* < 0. (2.111)

Suy ra, {y"®} bi chiin, nén theo (2.60), day {z"*)} ciing bi chin. Tit (2.70), ta
c6 {z7*)*1} bi chan, do d6 {y"*)*1} ciing bi chan nhds (2.60). Hon nita,

Lo = Iy — 22 = 37wy <y — 2
j=1

T (2.109), ta suy ra rang {I'x} bi chan trén. Do d¢6, lap lai lap luan nhu &
Trudng hop 1, ta suy ra day {y*} bi chan. O

Bay gio, ching ta dua ra két qua hoi tu manh sau day.

Dinh ly 2.6. Cho day {«*} sinh bdi Thudt toin 2.5 va cic dieu kien (A1’),
(A2)-(A6) dugc théa man. Khi do, day {z*} hoi tu manh téi nghiém cé chudn
nhé nhét z = PSOl(f,C)<O)'

Chiing minh. Goi z = Pso(7.0)(0) va dit & = — (2%, 2). Tt bat dang thic (2.102),
ta co

941 = 21 = o = 217+ 2255 < o - ) + (2.112)
trong do,
vk = 20 l|(1 = )y = 2llly"* — o* ] + 7 lly* I
+o2||yF — yF 2 + 4 + 682 + 452, (2.113)
Do dé, ta thu dugce
L1 — er% < =2 (y", " - 2), (2.114)
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trong do, day {I'x}r>0 dugc xéc dinh bdi

k-1 ﬁf k-1
Do=lly" =P+ 35> = v (2.115)
=1 7 =1

Ching ta xét hai truong hgp sau:
Trudng hgp 1: Gia st ton tai chi 86 kg sao cho day {I')}x>k, 13 khong tang.
Trong truong hgp nay, ta c6 I'yy g < T Vk > ko, do do

I+ =2l = g = 1P + 25 < (2.116)

Do } ¢y < o0, ta suy ra

lim ||y* — z|| ton tai (2.117)
k—ro00

va tong sau kha tong

G

2.118
m (2.118)

Tt dinh nghia ctia {n;} v& tinh bi chin ctia day {«*}, d& thiy ring day {n;} &
bi chin. Do d6, ton tai hing s6 duong 6 sao cho

1< <6 Vk>1 (2.119)

va tit do, suy ra ngay > Sk < oo. He qué la

liminf &, < 0.

k—o0

Vi song ham f gia don diéu trén C, nén ta c6

0 < —limsup f(z¥, z) = liminf [—f(a:k, z)} <0, (2.120)
k—o0 k—o0
tic la,
limsup f(z¥,2) =0 Vz € Sol(f, 0). (2.121)
k—o0

Két hgp diéu nay véi Bude 3 trong Dinh 1y 2.5, ta suy ra moi gidi han yéu clia
day {z*} déu thuoc Sol(f,C). Dé chiing minh sy hoi tu manh ciia day {z*}, ta
sé chitng minh

limsup(y*, z — y*) > 0. (2.122)

k— 00
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Gia stt nguge lai rang [ := limsup(y*, = — y*) < 0. Khi d6, tdn tai ko du 16n sao
cho v6i moi k > kqy, ta co o
(" 2 —y*) < %l. (2.123)
Khi két hop véi bat dang thite (2.114), didu ndy din dén
Ty — Tp+ 22k < (2.124)
tic la,
- % <y — Ty, (2.125)

Lay tong hai vé tit ko dén k, ta thu dugc

k

11 7 < Tk, = Tt (2.126)
J=ko

Lay gidi han khi k — oo, ta thu dugc mau thudn véi gid thiét > v = oo vi vé
k

phai bi chan trong khi vé trai ¢ thé tién ra vo ciing. Do d6, diéu gia st 1a sai
va bat déng thic (2.122) dude chitng minh. Mat khéc, ta c6 ding thiic

(W 2 —yFy = (2, 0" — 2) — |lv* — 2|2 (2.127)
X6t tit bidu thiie (2.122) va (2.127), ta thu dugc

0 < limsup(y*, = — y*) = limsup(—(z,¢* — 2) — [[y* — z[*)

k—o0 k—o0
< —liminf(z, y* — 2) — liminf ||y* — 2|2, (2.128)
k—ro00 k—ro00
suy ra
liminf [|y* — 2||? < — liminf(z,y* — 2). (2.129)
k—o0 k—ro00

Do day {¢*} bi chin, nén ton tai mot day con {y*} ctia day {¢*} hoi tu yéu vé
mot diém z € H, sao cho

liminf(z, y* — 2z) = lim (2,5 — 2). (2.130)

k—o0 j—o0

Do tap Sol(f,C) la 16i, déng khac réng nén ton tai duy nhat hinh chiéu z =
Psoi(£.0y(0) .Vi moi gi6i han yéu ciia {y*} déu thuoc Sol(f,C) (do z € Sol(f,C))
va z = Pgq1,c)(0), nén

liminf(z,y* — 2) = (2,Z — 2) > 0. (2.131)

k—o00
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Tu d6 va (2.129), ta suy ra

lim inf ||y* — z||? = 0.
k—o00

Do gidi han klim |y — 2| ton tai ti trude, ta két luan
—00

lim ||y* — z|| = 0. (2.132)
k—oo

Do do, tit (2.60), ta suy ra
lim ||z% — z|| = 0. (2.133)
k—o00

Néi cach khéc, day {z*} hoi tu manh t6i nghiem 2 = Psoi(£,0)(0).

Trudng hgp 2: Gid sit ton tai mot day con {Ty,}j>0 clia {T')}g>k, sao cho
Iy, < Di,e1 v6i moi j > 0. Khi d6, ta xét day chi s6 {r(k)} duge dinh nghia nhu
trong B& dé 1.3. Theo Bo dé nay, ta c6

Froyrs — oy > 0, (2.134)
va danh gia sau ding
Pe < Ty, (2.135)
Do d6, xét tir bat dang thic (2.114) ciing v6i (2.134), ta suy ra

57' k 67' k T
Nz (k)

(k) _ 2), (2.136)

nén, ta co
("W, ® — 2) <0, (2.137)
tic 1a 4% ¢ Q, véi Q duge dinh nghia béi
Q={yeH:|ly—zIP+Ilyl* < ll=*} ={y € H: (y,y —2) <O} (2.138)
Dé& thay rang Q 1a tap 161, déng va bi chan trong H, nén ciing 13 tap dong yéu

va bi chiin. Vi vay, ta c6 wy,(y™®) # 0 vi we(y™ ™) ¢ Q. Hon nita, tit (2.136), ta
thu duge danh gia sau

8,y _ ). (2.139)

0 <&y < =200 (k)

Do {z7®}, {y7®)} bi chan, tit gid thiét (A5), vi (2.95), ta suy ra

lim &) =0,

k—o0
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nén theo Budc 3 cua Dinh ly 2.5, ta cé
wu(y™™) € Sol(f.0).

Do dé
wo(y™®) c Sol(f,C) N Q.

Ta s& chitng minh Sol(f,C) N Q = {z}. Trudc hét, do z = Psai(1,0)(0) nén rd rang
z € Q va Vi (z,z—2) = 0, nén theo dinh nghia (2.138) ta ¢6 z € Q, dong thoi
z € Sol(f,C). Vay z € Sol(f,C)N Q. Gia st ton tai y € Sol(f,C) N Q, ta sé chiing

minh y==z. Do y € Q Va2 = PSol(f,C’)(O)v nén ta co

(—z,y —z) <0.

Két hgp vé6i didu kién (y,y — 2) <0 (vi y € Q), cong hai bat dang thitc nay ta

nhan duge diéu sau
-yl 20y ==

Vay Sol(f,C) N Q = {z}. Tit d6, két hop w,(y™™) c Sol(f,C) N Q = {z} v&
wo(y™ ™) #£ 0, suy ra day y™*) hoi tu yéu t6i z khi k — co. Tir (2.127), ta c6

ly™®) — 2|2 = (70 yT®) — 2) 4 (2,2 — y™W).
Dura vao (2.137) va (2.140) suy ra
ly™ = 2| < (z,2 = y™®).

LAy gidi han tren, va vi y"*®) — 2 ta duoc

limsup [ly™* — 2[|* < Timsup(y™™®), y7™ - 2) 4 limsup(z, 2 — y™™)
k—o00 k—00 k—00
<limsup(z,z —y™ ™) =  max (2,2 —2) <0,
k—00 2€w (y™®)

do do,

limsup [|ly™*) — 2|2 = 0.
k—00

Tit d6, ta suy ra rang

Theo B6 dé 1.3, ta c6

tic 1a,

—1 k=1 7(k) 7(k)

e

i€ v Bi&;
Iy =2l 43 = =D s SO e Y SR =R
gl X -

I
=)
<
I
S
<.
I
S
=
<
|
S

J
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Suy ra

Big k—1 Big; k-1 7(k)
ly* — 2||* < [ly7 ™+ zu2+2 o) —Z oIy ( wj—ij)
i =0 =0
r(k) k—1 k—1 7(k)
S D S ED SE- R O DITE i)
= = j=0 j=0
+ = 4
D
j=7(k)
O 2 5k§k
= lly — 2|7+ ===+ Z V- (2.146)
Ta ciing suy ra mot s6 khang dinh sau:
(i) klim Zk g ¥ =0, do 7(k) = 0o va 37 iy < oo
—
(i1) khm % = 0, that vay, ta co
—00
0< Prse _ @(—f(xk,z) < @(u(xk),xk —2). (2.147)
Tk Tk Nk

Do day {z*} bi chin, két hop gia thiét (A5) ta suy ra day {u(z*)} ciing bi chan.
T he thice (2.147) va lim % = 0 suy ra diéu phai chiing minh.

k—o0

(iii) Jim |y™®+L — 2|l = 0, that vay, tit (2.70) v& B, — 0, ¢, — 0, ta ¢
—00

2™ ®T — 2T E) | < B 1 + € ry + Brgiy — 0. (2.148)
Két hop diéu trén véi (2.60) va (2.144), ta suy ra rang

2P = 2] < T+ = TR 4 a® 2
< 70— B 4 7 B 4 7 o 0. (2.149)

Do do, ta co

||y7'(k)+1 o Z“ < HyT(k:)—i—l _ Ir(k‘)—HH + ||x7'(k:)+1 N Z“ 0. (2150)
Khi d6, tit (2.146), ta c6 két luan réng Jim |y — 2|l = 0, v& Jim |2% — 2| = 0.
Chitng minh dugc hoan thanh. ]

2.2.3. Thit nghiém sb va so sinh

Trong phan nay, ching toi sé 4p dung Thuat toan 2.4 dé giai mot bai toan
can bang dugc xét trong Vi dy 2.1. Ngoai ra, ching toi ciing 4p dung Thuat
toan 2.5 cho mot vi du trong khong gian vo han chiéu.
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Vidu 2.3 (Ung dung vao mo hinh can bing Nash—Cournot cia thy truong dién).

Ta xét lai Vi du 2.1 & muc trude. Ching toi tién hanh thit nghiém hiéu suat
ctia Thuat toan 2.4 (oPSM) va thuyc hién déi chiéu véi bay thuat toan khéac, cu
thé 1a: NSAA trong |6, Thuat toan 1], SSA trong |29, Thuat toan 1], PSA trong
[42, Thuat toan 3.1], PSPM trong [80], SAL trong [5, Thuat toan 1], MPA trong
[97, Thuat toan 3.1] va SGA trong |96, Thuat toén 3.1]. Chung toi chon a = 110.
Trong cac két qud tinh toan s6, ching t6i chon ngau nhién dudi dao ham cia
song ham f va cac song ham thanh phan f; va fo.

Thit nghiém 3: Trong lan thit nghiém nay, chting t6i khio sat hiéu niang
clia cac thuat toan khi lua chon ba diém khdi dau khac nhau nhu sau:

z = (54,42,60,36,66,30) ", x% = (72,56,80,48,88,40)", ¢ = (90,70,100,60,110,50)".

Cac tham sb trong cac thuat toan dugce lira chon nhu sau:

at b 1 .
o Trong thuat toan MPA: Pk = 1, ﬂk = m, Vk > 1, vélr D =C.
A . 1
L TI'OIlg thuat todn PSA: € — O, Pk = 1, Bk = m, Vk > 1.
1
® TI'OIlg thuat toan PSPM.: T = m, Vk > 1.
A . 1
L TI'OIlg thuat toan SGA: ék = 07 € = 0, Pk = 1, ﬁk = m, Vk > 1.
1
e Trong thuat toan oPSM: y! = 30 = 2! = 20, 0 = 0.99, ¢, = i1 k= ag,
1
be = Gy k2 L

Tiéu chi ditng duge ap dung cho tat ca cac thuat toan I3 ||2%F — 2*|| < 1076, Két
qué so sanh hiéu suat ctia ndm thuat toan duge trinh bay trong Bang 2.6. Hinh
2.4 minh hoa truc quan két qua khi liya chon diém khéi dau 20 = 7.

Running time Iter. Running time Iter. Running time Iter.

MPA 2.0087 31302 D.7577 64179 12.4285 110341
PSA 5.8804 79695 15.8729 114287 30.2254 147201
PSPM 4.2868 63171 11.8202 108542 54.0647 167690
SGA 0.2053 7012 0.4639 14206 0.9531 24256
oPSM 0.1283 3646 0.2125 3658 0.2196 3685

Bang 2.6: Hiéu suét clia cac thuat toan MPA, PSA, PSPM, SGA va oPSM trong
Thit nghiém 3
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10* ‘ ‘ ‘ ‘ ‘ 10! , ,
MPA MPA
——PSA —PSA
102 PSPM| | 102 | PSPM| |
——SGA ——SGA
oPSM \ oPSM
— 10 = 10°
B ;
2 102 = 1073
1074 | ] 1074
10-6 ‘ ‘ ‘ ‘ ‘ 106 : ; : ; : '
0 2 4 6 8 10 12 0 2 1 6 8 10 12 14 16
Tteration x10* Running time

Hinh 2.4: So sdnh hiéu suat giita thuat toan oPSM va cic thuat toan MPA, PSA,
PSPM va SGA, vé6i 2° = 2¢ trong Thit nghiém 3

Thit nghiém 4: V6i lan thit nay, ta xét cic diém khéi tao sau:

2% = (0,0,0,0,0,0) ", ¢ =(1,1,1,1,1,1)T, o/ = (45, 35,50, 30,55, 25) .

P Y Y )

Cac tham s6 duge chon nhu sau:

1

e Trong thuat toan NSAA, )\, = W

VEk > 1.

1
e Trong thuat toan SAL, )\, = T Vk > 1.

e Trong thuat toan SSA, g =

1
e Trong thuat toan oPSM, y' = ¢ = 2! = 2% 6 =099, ¢, = 5, u = ay,

1
=——— Vk > 1.
B (k + 5)0-55 =
Stt dung udc lugng ||z* — 2*|| < 107* ho#ic khi thai gian tinh todn vugt qua 50s
14 diéu kién ditng cia tat cd cac thuat toan. Két qua duge dua ra 6 Bang 2.7 va
Bang 2.8.

Thuat todn | Xap xi nghieém z* 2% — x|

NSAA 11.3361 11.4868 11.3532 10.8748 10.7930 10.7930] 9.9999e-05

SAL 11.3375 11.4881 11.3546 10.8761 10.7945 10.7943| 0.0033

SSA 11.3361 11.4868 11.3533 10.8748 10.7931 10.7931| 9.9796e-05

oPSM 11.3361 11.4868 11.3532 10.8748 10.7930 10.7930] 9.7038e-05

Bang 2.7: Xap xi nghiém clia cac thuat toan NSAA, SAL, SSA va oPSM, véi

20 = ¢
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20 =2/

Times Iter. Error Times Iter. Error Times Iter. Error

NSAA 27.0440 136884 9.9999e-05 22.7085 137415 9.9996e-05 62.4650 160035 9.9996e-05
SAL 50.0189 2157 0.0033 50.0306 2235 0.0032 50.1891 1636 0.0042
SSA 37.0305 1750  9.9796e-05 31.2968 1599  9.9956e-05 50.0673 1722 22.9009
oPSM  0.1239 2441  9.7038e-05 0.1367 2276  8.1164e-05 0.1354 2627  9.9573e-05

Bang 2.8: Hieu suat ciia cac thuat toan NSAA, SAL, SSA va oPSM trong Thit
nghiém 4

C6 thé thiy ring thuat toan oPSM vuct troi hon so véi ba thuat toan con
lai (NSAA, SAL, SSA) vé ca do chinh xac va hieu suét tinh toan. Két qua nay
chii yéu nho thuat toan oPSM chi can mot phép chiéu dong thoi két hop phuong
phéap phéan ra va ky thuat quan tinh, trong khi thuat toan NSAA khong st dung
hai ky thuat nay, con SAL va SSA tuy c6 st dung phuong phap phan ra nhung
phai gidi hai bai todn quy hoach 15i tai méi vong lip.

Thit nghiém 5: Trong thit nghiém s6 tiép theo, ta so sanh cic thuat toan
oPSM, SESM, iTSM, va TESM. Ta xét cac diém khdi tao sau:

2= (1,1,1,1,1,1) 7, 29 = (36, 28,40, 24,44,20) ", 2" = (72,56, 80,48, 88,40) " .

Cac tham s6 clia cac thuat toan duge chon tuong ing nhu da néu § trén. Két
qué duge thé hién trong Bang 2.9 va Hinh 2.5.

10*
—«—oPSM
—A—SESM
102 Rt ITSM ]
1 —46— TESM
— 10 4
kS
|
= 102 ]
10 E
1076

0 0.02 0.04 0.06 0.08 0.1 0.12
Running time

Hinh 2.5: So sanh hiéu suat clia cac thuat toan oPSM, SESM, iTSM, va TESM
véi 2V = 2
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20 = ¢ 20 = 9 " =z

Times Iter. Error Times Iter. Error Times Iter. Error

oPSM  0.1242 3308 8.5873e-07 0.1136 3623 9.7205e-07 0.1118 3658 9.9397e-07
SESM  0.0077 139  9.9651e-07 0.0087 286  9.9838e-07 0.0287 1132  9.7982e-07
iTSM  0.0314 140 8.8377e-07 0.0371 287  9.3992e-07 0.0495 1133  9.5540e-07
TESM 0.0065 144  9.2216e-07 0.0084 286  9.9838e-07 0.0244 1132  9.7988e-07

Bang 2.9: Hiéu suit clia cdc thuat toan oPSM, SESM, iTSM, va TESM trong
Thit nghiém 5

Vi du 2.4 (Vi du vdi khong gian vo han chiéu).

Trong vi du nay, chiing ta so sanh hiéu qua tinh toan ctia Thuat toan 2.5
(roPSM) v6i mot s6 thuat toan da co, cu thée NSAA trong |6, Thuat toan 1|,
SSA trong [29, Thuat toan 1], PSA trong [42, Thuat toén 3.1], OSOM trong [43,
Thuat toan 1], SAL trong |5, Thuat toan 1|, PSABE trong [109, Thuat toan 1],
SGA trong |96, Thuat toan 3.1].

Xét khong gian Hilbert cac ham binh phuong kha tich trong doan [0, 1], H :=
L2([0,1]) vdi tich vo hudng

(u,v) := [ w(t)v(t)dt Yu,v € H,
/

va chuan || - | tuong ting. Xét bai toan (1.8) vdéi C := {u € H : ||lu|| < 1} vA song
ham duge chon cu thé nhu sau

f:CxC =R, f(u,v) = (u,v—u)+ |o||* = [Ju]* Yu,veC.

Dat fi(u,v) = (u,v—u) va fo(u,v) = ||v]|* = |Ju||*. D& dang chitng minh dugc rang
cac song ham théa man cac gid thiét clia cac thuat toin. Hon nita, phép chiéu
lén C' c¢6 cong thitc hién nhu sau

ey J @ néu [u()] <1
c(u(t)) = %, néu [Ju(t)]| > 1

Thit nghiém 6: Xét cic diém khéi tao sau:

1 sin(—3t) 4 cos(—10t) 1
0 2 0 0 5t
= 1 t — = —(t+1 .
T = gt F Deost, @ 200 T = gyt e
Véi cac tham s6 duge chon nhu dudi day:
1
° Trong thu?it toan NSAA, )\k = W vk > 1.
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1

e Trong thuat toan PSA, ¢, =0, pp =1, B = S Vk > 1.

e Trong thuat toan PSABE, g(u,v) =0, p = 0.6 A\ = %,ak = ﬁ Vi > 1.
e Trong thuat toan SGA, &, =0, 6. =0, pp =1, B = # Yk > 1.

e Trong thuat toan roPSM, y' =40 = 2! = 2% 0 = 0.15, ¢, = %, B = ﬁ,

_ 1
Uk = Ok Yk = 1556 Vk > 1.
Stt dung diéu kién ding 1a ||2* — 2*|| < 10716 (v6i 2* = 0 14 nghiém duy nhat cia
bai toan) hodic s6 budc lap khong vugt qua 1000. Két qua thit nghiem sb dugc
trinh bay trong Bang 2.10 va Hinh 2.6.

1¥ = ;= (> + 1) cost 2= sin(=8) teos(Z108) - .0 — 555 (6 +1)e

200
Times Iter. Times Iter. Times ITter.
NSAA  2.3340 1000 2.0511 1000 4.0733 1000
PSA 3.8144 1000 3.6121 1000 4.9719 1000
PSABE 0.5192 175 0.3424 171 0.5848 175
SGA 1.3082 471 1.0209 448 1.4448 491
roPSM  0.3369 78 0.2851 77 0.3326 78

Béang 2.10: Hiéu suat ctia cac thuat toan NSAA, PSA, PSABE, SGA va roPSM trong
Thit nghiém 6 cta Vi du 2.4

2% — 2|

q
107101 4

0}

, , , , , ,
0 200 100 600 800 1000 1200 0 0.5 1 15 2 25 3 35 4
Iteration Running time

Hinh 2.6: So sanh hiéu suét gitta thuat toin roPSM vdi cac thuat toan NSAA,
PSA, PSABE va SGA, v6i 20 = =(t* + 1) cost

Thit nghiém 7: Trong thit nghiém nay, ta xét cac diém khdi tao sau:
o (B4 1) 0 sin(—3t) + cos(—10¢) 0 3+t —t2
185 B 200 ’ 200
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Céac tham sb duge chon nhu dudi day:
1
e Trong thuat toan SAL, \; = 1 Vk > 1.

1 1
(k+ 1055 Y = (k1 1)04 vk 2 1.

1
° TI‘OIlg thuﬁt toan SSA, Bk = m Vk > 1.

e Trong thuat toan OSOM, )\, =

9 . 2 1_ e
%L(?ﬂf)et,ylzﬂ,g:o.w,
100

e Trong thuat toan roPSM, 2! =29, 4° = o
vk > 1.

1 1
€ = = B = 7——mF5> Ok = Oy Tk = “oFa
AR (k 1 1)055 1056

St dung u6c luong ||z* — 2*|| < 1078 hodc thoi gian tinh todn vugt qui 20s nhu
1 diéu kién dimg cho tat ca cac thuat toan. Két qua duge trinh bay trong Bang
2.11 va minh hoa trong Hinh 2.7.

0 _ (t3+1)edt 0 __ sin(—3¢)+cos(—10t) 0 _ 3+t—t2
T = 185 T = 200 T = 200

Times Iter. Error Times Iter. Error Times Iter. Error

SAL 21.1696 3 0.0989 22.8967 3 0.0105 22.7937 3 0.0269
OSOM  20.7950 4 0.0032 22.2626 5 0.0034 20.2039 3 0.0039
SSA 20.2176 2 1.0303e-05 24.3255 2 1.0466e-05 229194 2  3.2235e-05
roPSM  0.0084 20 4.0103e-09 0.0609 20 4.0103e-09 0.0493 20  4.0103e-09

Béang 2.11: Hiéu suat ctia cac thuat toan SAL, OSOM, SSA va roPSM trong Thi
nghiém 7 cua Vi duy 2.4

102 ;
—a+—SAL
—uw— 0OSOM
10°F SSA |1
$ —&6—roPSM
0+ \\Q
o
| 107*
%
== 4
1008
10°8
10—1() 1 1 L L
0 5 10 15 20 25

Running time

Hinh 2.7: So sanh hiéu suit gitta thuat todn roPSM véi cic thuat toan SAL,
OSOM va SSA, véi o0 — 33 Feos100)
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Nhan thiy ring, nho cac vu diém chi st dung mot phép chiéu ¢ méi buse
lip, dong thai két hop cac ki thuat quan tinh vd phan ra, thuat toan roPSM
cho thay hiéu qua thic nghiém vuot troi hon so véi cac thuat toan SAL, OSOM
va SSA, cic thuat todn nay yéu cau gidi mot ho#c hai bai toan quy hoach 161 tai
méi bude Lap.

Két luan

Trong chuong nay, ching toi di dé xuat mot s6 thuat toan chiéu phan
ra dé giai bai toan can bing. Cac song ham dude phan ra thanh téng hai song
ham don gian hon. Khi d6, thay vi giai cac bai toan quy hoach 16i tdng quét véi
cac song ham thanh phan nhu da dugc ap dung trong cac thuat todn phan ra
da c6, thuat toan ciia ching t6i chi sit dung cac phép chiéu, dong thoi ching toi
két hop st dung cac ki thuat quan tinh va hiéu chinh nham tiang tdéc do hai tu
clia thuat toan va thu duge sy hoi tu manh clia cac thuat toan dé xuat. Ching
toi da tién hanh mot vai thit nghiém s6 va so sanh so bo véi mot s6 thuat toan
khéac. Két qua cho thiy, trong maét s6 vi du cu thé, thuat todn méi t6 ra vu viet
hon so v6i cac thuit toan duge dé xuat trude dé.
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Chuong 3

PHUONG PHAP DUGI PAO HAM, DUOI

DAO HAM TANG CUGNG CHO BAT DANG
THUC BIEN PHAN VA BAI TOAN CAN
BANG

Trong chuong nay, ching t6i dé xuat phuong phap chiéu duéi dao ham cho
bat dang thitc bién phan va trinh bay ting dung trong khtt md anh. Trong phan
tiép theo, chiing t6i dura ra thuat toan dudi dao ham ting cuong két hop st dung
ki thuat quan tinh, k¥ thuat gin két véi cd budc tang giai bai toan can bang.
Chiing t6i ciing dua ra cac vi du sé dé minh hoa cho thuat toan dé xuét. Noi
dung ctia chuong duge xay dung dua trén céc cong trinh [1] va [4] trong Danh
muyc cong trinh khoa hoc clia tic gid c6 lien quan dén luan 4n.

3.1. Phuong phap chiéu dudi dao ham cho bat ding thic bién phan

3.1.1. Xay dung thuat toan chiéu duéi dao ham néi 16ng

Trong phan nay, chiing t6i xét bai toan bat ding thitc bién phan dudc
phét bicu trong (1.7), trong dé tap chidp nhan C duge biéu dién dudi dang tap
mitc dudi cia mot ham 161

C={zxeHt:c(x) <0}, (3.1)

v6i ¢ : H — R 1a ham 161, nta lien tuc dudi. Ching t6i can mot sd cac gid thiét
cd ban cho bai toan VIP(F,C) nhu sau:

(B1) Sol(F.C) + 0:
(B2) Anh xa F don dieu manh va lien tuc Lipschitz véi hiing s6 L;

(B3) Oc bi chéan trén tap bi chin.

Thuat toan chiéu dao ham néi 16ng cho bat dang thic bién phan dude thiét
ké nhu dudi day.
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Thuat toan 3.1 (Thuat toan chiéu du6i dao ham néi long [IGPM])

Budc 0 (Khdi tao): Chon céac diem bt dau 202! € €, 6 € [0,1) vA hai day sb
thie duong {f}, {ex} thoa man

klggo Br =0, Zﬁk =00, € = 0(B), (3.2)
k=0

trong do6 e, = o(Bx) 1a vo ciing bé cap cao hon {8} Dit k := 1.
Budc 1: V6i 281 va 2% (k > 1), chon a4, sao cho

o = min {0, m} néu mk 7A xk—l’ (33)
0 néu zF = 2F1.
Tinh w* = 2% + ap (28 — 2771 va 14y €F € dc(w¥). Xay dung nita khong gian
Cp = {z e H:c(wh) + (€8, z —wk) <0}, (3.4)
va tinh
M = po (W — B Fwh). (3.5)

Buédc 2: Néu ¢! = w* thi dimg. Nguge lai, diit k := k+ 1 va quay lai Buéc 1.

Chu y 3.1. Nhan thidy C C O} v6i moi k > 0. That vay, do &* € dc(wh), tiic 1a
c(z) —c(w®) > (¥ x —w) Vren.

NéP z € C thi ta c6 c(wk) + (¥, x — w*) <0, didu d6 c6 nghia 2 € Cy. Do d6,
khang dinh la dang.
3.1.2. Phan tich sy hoi tu

Trudce tién, can xac lap tinh hgp 1y clia diéu kién diung trong Thuat toan 3.1,
diéu nay duge khang dinh thong qua bd dé sau.
Bé6 dé 3.1. Néu w* = 25! thi w* € Sol(F, ).
Chitng minh. Néu w¥ = 2%*1 thi tir (3.5) va Menh dé 1.1(1), ta c6

<wk — M Fuf =k y — wk> <0 Vyedly,

hoac tuong duong,

(Fu® y —wk)y >0 Vye Q. (3.6)
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Theo do, ta nhan duge
(Fu* y—uw®) >0 Wyecd. (3.7)
Vi vay w* € Sol(F, ). O

Mot bd dé déng vai tro nén tang trong viec thiét 1lap dinh 1y hoi tu ctia Thuat
toan 3.1, sé dudc trinh bay dudi day.
Bo dé 3.2. Gid si cdc gid thiét (B1)-(B3) dugc théa man. Khi do, day {«"}
sinh boi Thuat toan 3.1 bi chan.
Chiing minh. V6i moi z € C, ta c6
12"+ = 2| = || P, (w* = BrFuw®) — 2|
< " = BpFuw® — ||
= |(I = BpF)w* — (I = BiF)z — BrF ||

<N = BrF)w" = (I = BeF)z]| + Bl F=|. (3.8)
Do B — 0 khi k — oo, nén ton tai s nguyén duong kg sao cho
0< B <5 (3.9)

v6i moi k > ko. Mit khac, theo gid thiét (B2) va 4p dung Bd dé 1.8, ta c6
(1 = BrF)z — (I = BeF)yll < (1 —)llz =yl
trong do6 v = 38k(2n — BxL?). Khi d6, bat dang thic (3.8) tuong duong

2% = 2] < (1 =) [[w® = 2| + Byl Fz]|- (3.10)
Hon nita, ta lai co
lw’ == = [J* = = + ay, (o* =T |
< ¥ = 2| + o ||2F = 25| (3.11)

Két hop (3.10) va (3.11), ta suy ra
2" — 2] < (U= )l = 20l + (1= y)all=® — "7 + Bel| 2l (3.12)

T (3.3), ta thiy réng

b (L= yp)aglla® — Y|+ Byl P2
lim — = lim )
k—00 Yk k—o0 Yk
- 20 =) k& k-1 2 | F'z||
= lim | ———=Z=||2" — x +— |Fz||| = , 3.13

trong d6, by = (1 —yg)ag|lz® — 2%~ + 8| F2||. Diéu nay suy ra day {%} bi chén.
St dung Ménh dé 1.6(1), ta ciing c6 két luan day {||z* — z||} bi chan. Diéu nay
ching t6 day {«*} bi chan vd {w*} ciing vay. ]
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Trude khi trinh bay dinh 1y hoi tu chinh, ching toi thiét lap mot bat dang
thic quan trong, lam cong cu ki thuat then chdt trong phan chiing minh hoi ty
Ve sau.

Bo6 dé 3.3. Gid st cic dieu kien (B1)-(B3) dugc théa man va {z*} la day sinh
bdi Thuat todan 3.1. Khi dé, vdi moi z € C, ta cé

a1 = 21 < (1= )l = 2] + 20n]la* = 1 la* = 2] + afla* — * )
—4 40k
—(Fz,w" — — = __||Fz||||Fw"|]|.
| gt F e = 2+ s P Fu|

Chitng minh. V6i mdi z € C, ta ¢6

2% = 2[* = || Po, (w* — BrFuw®) — 2|
<N = BeF)w* — (I = B F)z — BiF 2|
= (1 —y)||w” = 2||* = 2Bp(Fz,w" — 2 — B Fw")
< (1= )llw® = 2|* = 261 (Fz,w® — 2) + 26¢|| P2 | Fu*|

= (1 —m)lw* — ZH2
+7k[ —5 72 Fz,wk—z>+2nf—ﬁgkp||Fz||||ka||}
Hon ntta, ta c6
lwh =zl = [la* — 2 + ag(a® — 21|
< laf = 2| + o l|a® — 2FY) (3.14)
Ta thu duge danh gia sau
2" =2 < (1= ) (l2* = 2l + alla® — 2*71))
| g (Pt =+ g | el | P
= (1 =) (fl2" = 2|* + 2ap]ja® — 2" [Ja* — 2|| + af|la® — 2"

| G P = 2) + e PP |

Do d6, chitng minh dugce hoan thanh. ]

Dua trén cac két qua chuan bi trong cac bd dé & trén, sau day ching toi dua
ra va chiing minh dinh 1y hoi tu chinh ctta Thuat toan 3.1.

Dinh 1y 3.1. Gid st cic dieu kien (B1)-(B3) dugc théa man. Khi dé, day {«*}

sinh bdi Thudt todn 3.1 hoi tu manh dén nghiém duy nhat cia bai todan bat dofng
thitc bién phan (1.7).
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Chatng minh. V6i mdi z € O, stt dung tinh khong gidn ciia toan ti chiéu, ta c6
2"t = 2|* = [|Pey (0" = BuFw") = Po,w® + Po (w") = Pe, ()|
= || Pe,, (w*) = Pe, (2)II” + 28 [[w* — 2| Fw®|| + 7] Fuw*|?
< fJw® = 2|* = [lw® = Py (w")[* + 28il|w® — 2| Fw®|| + 7] Fuw®
= [[w* = 2|* = [lw® — P, (w")[I* + Bk, (3.15)

trong d6 K > sup,{2||w® — z|||| Fwk|| + Bl Fw¥|?}. Mat khac, ta ciing c6

[w* = 2)* = (1 + ap)(z" — 2) — (2" = 2)|
= (L+ ap)lla” — 2[]* — agllz"" = 21> + ap(l + o) [|2* — 2"
<(1+ Oék)HiL'k — 2| - akak’l — 2| + 2akak — xk’lHQ. (3.16)

Két hop (3.15) va (3.16), ta nhan duge

125 = 2l* < (14 aw)|2® — 27 — awl|l2* — 2]|* + 20| — 2"

= [lw* — Pey, (w)|* + B K, (3.17)
Dt Ty, == ||z% — 2||? v6i moi k € N, ta thu duge
W — Po, ()| < T — Ty + ag(Tx — Thy) + 20 |a® — 257 1|2 + BK. (3.18)
Tiép theo, ta xét hai truong hgp sau:

Truong hgp 1: Gia sit ton tai kg > 0 sao cho v6i mdi k > ko, Iy < Ty
Trong truong hop nay, lim Iy, ton tai va lim (I'y — pyq) = 0. Do lim B, = 0 va
k— 00 k— 00 k— o0

lim og||z* — 2¥1||2 = 0, nén tit (3.18) ta suy ra ring
k—o0

|w® — Po,wk|? = 0. (3.19)

lim
k—o0

Ta can chitng minh réng w,(z¥) € C. That vay, lay Z € wy,(2¥) bat ky, do {z*}
bi chin, nén ton tai diy con {z¥} hoi tu yéu t6i z € €. Cht ¥ ring

lim |w® — 2| = lim a2 — 21| = 0. (3.20)
k—o0 k—00

T (3.20) suy ra rang {w*} ciing hoi tu yéu t6i z. Tiép theo, ta can chiing minh
z € C. Do Pg, (wh) € Cy,, nén tir dinh nghia ctia Cy,, ta suy ra rang

c(w™) + (6", Po, (w*) — w®) <0,
trong do, &% € dc(w™). Stt dung Bat diang thitc Cauchy-Schwart, ta nhan dudc
c(w) < [16%||| Poy, (w*t) — w™|. (3.21)
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Dita vao tinh bi chan ctia day {¢*} cling v6i céc bidu thic (3.19) va (3.21), ta
suy ra

c(wh) < [|€M]]| Pey,, (wht) — wh|| — 0. (3.22)

Két hop vé6i tinh nita lien tuc dudi yéu ciia ham 16i c(x) va tinh hoi tu yéu
wkt — &, nén tir biéu thitc (3.22), ta thu dugc

¢(z) < liminf c(w™) < 0,
l—o00

diéu nay c6 nghia z € C. Mat khéc, ap dung Bo dé 3.3, ta ¢

1255 = 2] < (1 =) (l2* = 21* + 204 l2" — 2" H[[|2* — 2]l + af]|2* — 2*7)%)
4 4B

- Fz|I|Fw®|||. (3.23
20— Bl 2n_ﬁkLQHZHHwH (3.23)

- (Fzub = 2) +

Bén canh do, ta ciing c6

2 — 201 + 20lla® — 2llf|2" — 27| + agll2® — 2"
<o = 21 + 20 f|a® — 2[Ja" — 27| + aplla” — M

< ||lz* = 2|)* + 3K oy || — 21 (3.24)
trong d6, K1 = sup{||z* —z|, ||#*¥ —2*~1||}. Két hop céc biéu thitc (3.23) va (3.24),
keN
ta nhan dugc

2" = 2)* < (1= )ll2® = 2)* + 3K1 (1 — e f|2® — 27|

—4 40
—(F ko — ||F Fuw"
b g (Pt = 2) 4 sl
(8}
< (1=l = 217+ 3 3501 = ) et = o)
k
—4 43y,
—(F ko — ||F Fuwk|||. (3.25
e L e L L] RS
Ta dé dang nhan thiy ring
. Ok k k—1 45k k
| 1— — — — || F2|||| = 0. 3.26
i | (1= 9 St — b 4 ﬂ (3.26)

Dé c6 thé ap dung Bo dé 1.6, ta can chiing minh thém ring

lim sup(F'z, wh — zy > 0.

k—o0

That vay, vi z € Sol(F, (), ta co

limsup(Fz,w* —2) = max (Fz,2—z)>0, (3.27)
k—00 2eww ({w})
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trong d6 w, ({w*}) la tap cic gidi han yéu cta day {w*}. Ap dung B dé 1.6
cho bat dang thiic (3.31) véi cac thong sb sau

a = [|a" — 2|, 0=y =0,
—4 454

m(FZ,wk —z)+ WHFZHHkaH,

(692 _
by == 3K1(1 — yp)—|J2" — 21| +
Tk
ta suy ra rang day {z*} hoi tu manh t6i z € Sol(F,C).
Trudng hop 2: Gia st rang ton tai day {I'y, } € {I'x} sao cho I'y, < T} 4
véi moi m € N. Trong trudng hop nay, ta dinh nghia 7 : N — N bdi

T(k) =max{n < k:I')y <Tny1}. (3.28)

Khi d6, 4p dung B6 dé 1.3, ta suy ra rang 7(k) — oo khi k — 0o va T4y < T4
Vi vay, tit biéu thite (3.18), ta c6

lw™™® = P, (w™™)[[* < Try = Trysr + oy (Do) = Trgry-1)

+ 20 (k) ||$T(k T(k)—1||2 —l—,@T(k)K

< sl = 277 (/Try + 4 Tr 1)

+ 204 ||:L,7'(k T(k)—1||2 + 57-(k)K
—0. (3.29)

Tuong ty nhu lap luan trong Trudng hgp 1, tit bat dang thic (3.29), ta suy
ra cac két qud sau

lim [Jw™® — P (w™®)|? =0, (3.30)
limsup(Fz,w™® —2) =  max (Fz :2—2)>0 (3.31)
k—o00 éeww({wT(k)})

va ta c6 bat dang thiic sau

r T Qr (k) T r(k)—
27— 2] < (1= ) |27 = 27 + vy {3K1(1 — ) 2 la”® — 27

40- (k)
21 — By L?

7(

—4
4 (Fz,w™ — 2) +

21 — Brw L? |F2|| | Fw™®][{. (3.32)

Vi Ty < Tr(y41, hén tit biéu thite (3.32), ta suy ra

o
o780 — 2] < B (1~ ) a0 — o701
Vr(k)

—4
(Fz,w™ — 2) +

45,
N : Br(k)
2n — BraL

WHFZHHF%UT(k)H-

(3.33)
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T cac he thic (3.26), (3.31) va (3.33), ta suy ra rang

limsup ||z7® — 2|2 <0,
k—o0

va do doé
lim [|z"®) — 2|2 = 0.
k—o0

Tiép theo, tit bat dang thic (3.32), ta c6

limsup [|]2" ™+ — 2|2 < limsup [|27®) — 2|2,
k—o0 k—o00

nén suy ra
lim [J2" 8+ — 2|2 = 0.
k—o0

T Bé dé 1.3, ta nhan dudc
0 < [l2* — 2] < max{|]a™® — z||, |]2* — 2||} < []2"®T — 2| > 0.

Vi vay, {z¥} hoi tu t6i 2 € Sol(F, C). O

3.1.3. Thit nghiém sé va tng dung trong khit md anh

Trong phan nay, chiing to6i dua ra thit nghiém s6 nhim minh hoa hiéu qua
ctia thuat toan dé xuat thong qua bai toan khit ma anh.

Vi du 3.1. Bai toan khoi phuc dnh cé thé phat biéu nhu bai toan ngugc sau:
Tim z, biét A, y va v, sao cho

y= Az + v, (3.34)

trong d6, A € R™*™ 13 toan ti tuyén tinh (chang han, PSF), y € R™*! 13 &nh mg
nhoe, vd v € R™*! 13 nhiéu trong quéa trinh ghi 4nh ho#ic truyén anh, 2 € R™*! [a
anh gbc chuta biét, can khoi phuc, gid st ring = cting s6 chiéu véi y, tidc 1a n = m.
Trong hau hét cac trudng hgp, bai todn nay 1a dit khong chinh, do d6 viéc dung
nghich ddo ctia A (néu ton tai) c6 thé dan t6i vo nghiém hodc nhiéu nghiém.
Dé khic phuc nhude diém nay, mot gidi phap pho bién 1a stt dung phuong phap
hiéu chinh, 6 d6, thong tin ctia &nh mudn khoi phuc ditge cung cap trude. Trong
vi du nay, bai toan (3.34) duge thay bang mo hinh t6i wu héa sau

. 1 o1 2
gflélRI}Lf(I) =5l Az —ylI” + ol (3.35)

thoa man diéu kién [|z|; < t,

trong dé, a 1a tham s6 duong, va ||.|[; 1& chuan ¢;. Ham muc tiéu f 14 16i manh,
kha vi va gradient dugc xac dinh bdéi

Vf(z)=A"(Az —y) + az,
80



trong d6 A* 1a lien hop clia A. Nhan thay rang gradient Vf 1a (||[A]? + a)-lien
tuc Lipschitz va a-don digu manh. Biét ring z* 1 nghiém clia bai toan (3.35)
néu va chi néu z* 1a nghiém ctia bat dang thitc bién phan

Tim z € C sao cho (Vf(z),y —x) >0 VyeC,

trong do6, C := {x € R" : ||z||; < t}. Chat lugng khoi phuc anh duge dic trung
bdi ti 86 tin hidu cuc dai trén nhidu nhu sau:

Tmax
PSNR(z) = 20log) —F———,
(@) 10 Var(zx, )

trong do

S 20) - ()P

2 Y

Var(z,z) =

n

va 7 13 &nh gbc VA xpmax 12 gid tri pixel 16n nhat c¢6 the ctia anh.

Original image Blurred and noisy image

Original image

Hinh 3.1: Anh gbc vA 4nh mo nhoe.

Ching toi 4p dung Thuat toan 3.1 (IGPM) va cac thuat toan hoi tu manh
trong tai lieu bao gom Thuat toan VPRGM [46, Thuat toan 1], Thuat toan GPM
[58, Thuat toan 3.1], vA Thuat toan GRA [74] v6i cac ¢d bube gidm dé khoi phuc
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anh md nhoe Lena va Cameraman. Kich thude clia anh 1a m = n = 256. Anh gbc
va 4nh mo nhoe duge dua ra trong Hinh 3.1. Trong tat ca cic thuat toan, ching
toi st dung chung diém khéi tao 2° = 21 = 0 (0 14 vecto trong R™ ma tat ci cac
thanh phan déu 13 0) va gidi han s6 budc lap 1a 2500. Hon nita, dit A = RW,
trong dé R 14 ma tran md va W 13 bién doi wavelet nghich ddo. Nhan md duge
XAac dmh bél hz‘j = m, véi i,j = —4,4.

V6i Thuat toan 3.1 (IGPM), 1y €, = 1, 0 = 0.6 v oy, dudc tinh bdi (3.3).
Ching t0i 14y cling ¢d budc A, = 3, tham s6 hiéu chinh o = 2e—5 cho tat ca
cac thuat toan. Bén canh do, chon 6, = 1 cho VPRGM cua [46]. Ké qué so sanh
ctia bom thuat toan cho &nh Cameraman va Lena dugce trinh bay trong Bang 3.1
va Bang 3.2 tuong ting. Cac hinh dnh khoi phuc duge thé hien ¢ Hinh 3.3, 3.5.
Dang diéu hoi tu cia cac thuat toan duge duwa ra ¢ Hinh 3.2, 3.4.

Times  Iter. PSNR

GRA 112.9531 2500 28.4390
VPRGM 113.5313 2500 31.8681
GPM 113.6406 2500 31.8692
IGPM 83.6 2500 37.0024

Bang 3.1: So sanh bén thuat toan dé khoi phuc lai Anh Cameraman bi mdg.

Times  Iter. PSNR

GRA 112.9531 2500 31.9244
VPRGM 117.6094 2500 35.2395
GPM 117.0469 2500 35.7691
IGPM 94.2031 2500 44.5633

Béng 3.2: So sanh bén thuat toan dé khoi phuc lai anh Lena bi ma.

Hinh 3.2, 3.4 cho thiy rang IGPM c6 thoi gian chay it hon so vdi cac thuat
toan khac. Hon nita, phuong phap ctia ching t6i dua ra hinh anh khoi phuc ro
rang hon va gia tri PSNR dugce cai thién.
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Hinh 3.2: Sy bién thién ctia PSNR ctia anh Cameraman

Reconstructed image using GRA Reconstructed image using VPRGM

Reconstructed image using GPM

Hinh 3.3: Anh Cameraman duge khoi phuc
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Hinh 3.4: Su bién thién ctia PSNR ctia anh Lena

Reconstructed image using GRA Reconstructed image using VPRGM

Reconstructed image using GPM Reconstructed image using IGPM

Hinh 3.5: Anh Lena duge khoi phuc
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3.2. Phuong phap duéi dao ham ting cudng giii bai toan can bing
Trong phan nay, chiing t6i xét bai toan can bing duge phat biéu nhu sau:
Tim diém z* € C sao cho f(z*,9) >0 Vye C, (3.36)

trong d6 f : H x H — R 1a song ham. Dé nghién cttu cac thuat todn va két qui
thit nghiém s6 ctia bai toan can bang (3.36), ching t6i stt dung céc gia thiét sau

(C1) f gia don diéu trén C;

)
(C2) Véi mdi y € O, 4nh xa f(-,y) 1 nita lién tuc trén yéu tren C;
(C3) Véi méi x € C, anh xa f(z,-) 13 161 va nita lien tuc dudi trén C;
(C4) Ton tai cac hing sb duong ¢; va ¢y sao cho didu kién kiéu Lipschitz sau
dugc théa méan

f(fE,y)+f(y,Z) Zf(x,z)—01\|x—y||2—02|]y—z||2 VCL’,y,ZGH; (337)

(C5) Sol(f,C) # 0.

Gan day, cac tac gia trong [28, 38, 39] da dé xuat nhiéu phuong phap khéc
nhau nham xap xi nghiém ctia bai toan can bang vdi song ham f gid don dieu
manh v thoéa man didu kién kicu Lipschitz (3.37). Can luu ¥ ring ¢d budc cta
cac phuong phap nay thuong phu thuoc vao hai hiing s6 ¢; v co. Tuy nhién,
trong céc bai toan can bang tong quat, viec xac dinh céc hing s6 ¢; vi ¢ khong
dé dang, diéu nay cé thé anh hudng dén hiéu qua ciia cac phuong phap dude
stt dung. Dé khic phuc nhuge diém nay, Yang va Liu [117] da dé xuét phuong
phap sau:

Thuat toan 3.2 (Thuat toan dudi dao ham tang cudng véi c¢d bude ty
thich nghi)

Budc 0: Chon A\ > 0,2 € H, € (0,1). Dat k = 1.

Buéce 1: V6i k > 1, tit 2, tinh

. 1
y* = argmin {\pf (2", y) + S| = y|%y € C} = proxy, p y (2F)

2
BudGc 2: Chon w* € o(f(2*,.)(y*) sao cho z¥ — \pw® — y* € No(y), tinh
. 1

2 = argmin {0 f (v, 9) + Sl — oIy € Tic},

voi Tj, = {v € H | (2% — Nk — ¥, 0 — y¥) <0}
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Thuat toan 3.2 (Thuat toan dudi dao ham tang cudng véi c¢d bude ty
thich nghi)

Bué6c 3: V6i énh xa S : H — H, tinh

t* = a2 + (1 — o) 2", 2Pt = 628 + (1 — B;)StF,

~

va

News — min { prrAlo L) s A} méu S, 2) — SR ) — () > 0,
Ak, ngugc lai.

bat k := k+ 1 va quay lai Budc 1.

Céc tac gia trong |117] da ching minh réng day ¢6 bude {\;} tao bdi Thuat
toan 3.2 14 mot day don diéu giam va bi chin dudi nhu sau:

. 1
> - k.
Ak _mm{QmaX{cl,CQ}’)\o} v

Dé tranh tinh gidm cta day ¢d budc {\;}, gan day Ngamkhum va cong sy
[86] da dé xudt mot thuat todn véi quy tic chon ¢ bude khong don digu gidm
va thiét 1ap duge tinh hoi tu manh ctia thuat toan nay dudi cac diéu kien gia
thiét thich hop.

Thuat toan 3.3 (Thuat toan dao ham tang cudng quan tinh véi co
budc khong don diéu gidm)

Khéi tao: Chon cac tham s6 Ay >0, 7 € [0,1), u € (0,1), o € (0, ﬁ), n € [o, %),

{v} < [0,1] sao cho klim v = 1, {ax} € (0,1) v6i 0 < infoy, < supay < 1,
— 00

{fk} - [1700)7 li)(gk - 1) < 00, {pk} - [07 00)7 ];i.éopk < 00, va {Ek} - [0, OO)?

o0
{8k} C (0,1) sao cho }_ By = oo, lim f =0, va lim g = 0. Chon céc diém 29,
k=0 k—o0 k—o0 Pk

e vadat k=1.
Budc 1: Chon 6, théa man 0 < 6, < 05, trong d6

. . A k—1
é {mln{ﬁﬁ}, neuxk#x
k:

T, ngugc lai,

va tinh
wh = (1—-4) (:Uk + Oy (xk - xkfl)) :
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Thuat toan 3.3 (Thuat toan dao ham tang cudng quan tinh véi co
buéc khong don diéu gidm)

Buéc 2: Giai hai bai toan 16i manh sau

y* = argmin {n)\kf (wk,y) + % Hy — wkH2 Ly € C}
zF = argmin {oAkf (yk,y) + % Hy — w’““”2 Ly € C} .

Buéce 3: Tinh

N e B,
mm{2(f(w’“>zk)—f(w’“,y’“)—f(y’“,z’“))’gk)"f ok
Akl = néu f (wk7zk) _f (wk’yk) —f (yk’2k> >0,
ExMie + Dk, ngudce lai.

Buéc 4: V6i anh xa T : H — H, tinh

P =y + (1= ) T,

2F T = qpof + (1 —ay) Tk,

Buéc 5: Dat k£ := k + 1 va quay lai Buéc 1.

Céc két qua khac lien quan dén c¢d budce nay c6 thé tham khao cac tai lieu
[31, 95, 98, 99, 108, 116] va céc tai lieu tham khéo trong d6. Tuy nhién, day {\.}
sinh bai Thuat toan 3.2 1a mot ddy don diéu gidm. Néu c¢d buéc qua nhd, khdi
lugng tinh toan sé 16n va tiéu ton nhiéu thoi gian. Hon nita, phuong phap chiéu
kiéu tim kiém theo tia (line-search) nhu trong [26, 113] thuong lam cho ¢d budc
gidm vé 0, dan dén téc do haoi tu clia thuat todn cham & cac bude lip 16n.

Nhitng luu ¥ nay dan dén cau héi sau: Liéu c6 thé zay dung cdc thudt todn
sao cho day cé budc tang dan sau mot s6 bude hitu han nao dé khong? Dudc thiic
day bdi cac nghién citu clia Yang va Liu [116], Hoai va cong sy [48, 49| ciing véi
cac phuong phap da duge dé cap, ching toi dé xuat hai thuat toan dudi dao
ham tang cudng xap xi nghiem bai toan (3.36). Uu diém chinh clia cac phuong
phap nay la day cd bude thich nghi ting dan sau mot s6 hitu han budc lap. Dic
diém nay giup khic phuc nhitng han ché ctia mot s6 thuat toan da dude néu
trude do.

3.2.1. Thuat toan véi cd buéc tang

Duta trén ¥ tudng tit cac thuat toan duge trinh bay trong [47, 48, 112, 116],
chiing t61 xay dyng mot thuat toan véi cd budce ting xip xi nghiém bai toan can
bang v6i song ham gid don diéu.
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Thuat toan 3.4 (Thuat toan dudi dao ham tang cudng véi cd budc
tang [NISEM])

Khéi tao: Chon cac tham s6 A >0, 0 < jq < po < o < 3, 8 € [0,1). Chon cac

o0 o0

day tham s6 {e;}, {&} C [0,00) thda man 3~ ¢ < 0o, Y & < co. Chon cac diém
k=0 k=0

khdi tao 20, 2! € C va dat k= 1.

Budc 1: T cac diém 2*~1 va 2% (k > 1), chon ay sao cho 0 < oy, < ay, v6i

: , A ook g k-1
- {mm{@,#} neu x% # "7,
Q. =

0 ngugc lai.

Tinh

wk = 2k + ak(xk _ xkfl)’

. 1
= argmin{ A f (0¥, ) + 5l — )P},
yel

Néu y* = w* thi 2* 15 nghiém va ditng thuat toan. Ngudc lai, chuyén Buée 2.
Budc 2: Lay ¢* € o(f(w”,.)) (") sao cho w¥ — \,.¢F —y* € No(y¥). Xét nita khong
gian T}, ¢6 cau tric nhu sau

Ty = {z e H: (W — NP —oF 2 —oF) <0}
Tinh

) 1
2kl = argmm{)\kf(yk,y) + sy — wkHQ}v
yeTy 2

e = f(wkvkarl) - f(wkhyk) - f(yk7xk+1)7 6k‘ - ||wk - ka2 + Hyk - xk+1||2'
Cap nhat ¢d budc N\, theo cong thiic

O

o
Aky1 = Mk
(1 +ex)Ar, ngudc lai.

Iléll e > K_Z(Skf’ (3 38)

Dat k:=k + 1, vi quay lai Buéc 1.

Cha y 3.2 (Binh luan vé chién lugce ¢d bude tang thich nghi). Chién luge ¢
bude trong Thuat toan 3.4 thudc 16p cac phuong phap adaptive non—monotone,
trong dé6 ¢d bude khong bi ép phéi gidm don diéu theo s6 vong lip, nhung moi
st gia tang déu duge kiém soat chit ché. Ty sb

flwk, a* 1) — fwk, %) — fy* 2T

[k = 2+ [lF = T2 (3.39)
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xem nhu mot uéc lugng cuc bo, thay thé cho céc hing sb kicu Lipschitz toan
cuc. Diéu kien

. 140 .
Flw®, a ) — f(wF,yf) = flF, 2" < Sl =y (g = 2 THP), 0 < po < 1

Ak
(3.40)
déng vai tro nhu mot tieu chuan an toan, bdo dam ring ¢d budc hién tai khong
vugt qua ngudng 6n dinh cuc bo xac dinh bdi (3.39). Khi didu kién ndy dugc
théa man, ¢ budc duge phép tang theo quy tic A\pi1 = Mp(1 + €;), nham khai
thac cac viing md ¢d buée nhd hon nghich ddo (¢6 trong s6) cia ty s6 (3.39).
Ngudc lai, khi diéu kién bi vi pham, ¢d buéc duge diéu chinh gidm ngay 1ap tic
bdi cong thite (3.38), dua thuat toan trd lai ving 6n dinh. Viéc cho phép c¢d budc
tang c6 tac dung cai thien dang ké hiéu nang thuc nghiem, dic biet 1 gidm s6
vong 1dp hodc thoi gian tinh toan. Mat khéac, c¢d bude tang khong gay phan ky.
o
That vay, chudi didu khién {e;} théa 3~ e < oo, nén sy gia ting ciia Ay 14 hitu
k=1
han. Hon nita, mdi khi ¢& budc tré nén qua 16n, tic 1a dicu kien (3.40) bi pha
v3 va cd ché gidm ¢d bude duge kich hoat ngay. Do do, thuat toan dat dudgc sy
can bang giita tinh thich nghi, hiéu qua tinh toan va tinh 6n dinh ctia sit hoi tu
toan cuc.

B6 dé sau dam bao ring néu thuat toan két thic tai bude lip thi &, thi xap
xi thu dugc tai budc nay chinh 14 nghigm ctia bai todn can bang (3.36).

B6 dé 3.4. Néu y* = wF thi y* € Sol(f,C).
Chitng minh. Ta c6
. 1
yk:a@mm{MJWﬁy%+yw—uMP}
yeC

Do dé, ap dung Bé dé 1.1, ta c6
1
00|ttt + gl = 2|+ Nt

¢ nghia, 0 € 0(Apf(w”, ) (%) +y*F —wk+Ne(y¥). Vivay, ton tai n* € o(f(wF,.))(y*)
sao cho
wh — \en® —yF € No(yF).

T d6 suy ra rang
(wh =N —y*y—yF) <0 wyed.
Néu y* = w* thi
"y =) =0 wec
Theo gia thiét (C3), ta ¢
FO5 ) = F65y) = 50N = 0y =) >0 vy e
diéu d6 c6 nghia rang y* € Sol(f, C). O
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Chu y 3.3. Tit chitng minh ctia B6 dé 3.4, ta suy ra rang C' C Tj.

Bé dé sau dua ra cac tinh chat clia diy ¢d bude duge xac dinh trong Thuat
toan 3.4.

Bo6 dé 3.5. Gid su {\,} la day cd budc sinh bdi Thudt todn 3.4. Khi dé, ta cé
cdc khing dinh sau

(i) Vi moi k> 2, ta ¢6 Ap > Apin = min {“— Al} > 0;

max{ci,c2}’
(ii) Day {\} hoi tu;
(iii) Ton tai s6 nguyén duong ko sao cho M\py1 > N\, véi moi k > k.

Chatng minh. (i) That vay, do f thda man gid thiét (C4), nén ta suy ra rang

Jwh — yF |2 + ||ly* — 2F 1|2 Jwh — yF |2 + ||ly* — 2F 12
Mk U arlJwk — yF||? + ol |yk — b2
> M yr>o

~ max{cy, c2}

Vi vay, ta suy ra rang

A9 > min {L, )\1}
max{cy, 2}

Dung quy nap, ta suy ra day {\;} bi chdn dudi bdi min{m, )\1}.
(ii) Lap luan tuong tu nhu trong [47, 48|, dat up =InAp; —In X, VE >0, ta
co uy = u}g" —uy , VO

uf = max{0,u;} > 0 v u;, = —min{0,uz} >0 v6i moi k > 0.
Dya vao biéu thitc xac dinh A, trong Thuat todn 3.4, ta suy ra ring

A
wp =l 0 <In(l+e) <ep k20,

k

oo oo
dieu d6 c6 nghia u; < ¢;. Do d6 chudi Y ¢, hoi tu, ta suy ra Y u; < oo. Ta

k=0 k=0
o0
nhan thay rang Y u; 1& mot chudi khong am va sit dung he thic sau
k=0
k k k k
InAg1 —In)g = Zu, = Z(uz+ —u; ) = Zu;’ — Zu;, (3.41)
i=0 i=0 i=0 i=0
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k
ta thay rang néu lim Y u; = oo thi lim (In\x4q) = —oo, titc 14, lim A, = 0. Diéu
k—o0 ;" k—o0 k—o0

o
nay mau thuin véi (i) va do d6 chudi > u; phéi hoi tu. Cudi cuing, tit he thic

k=0
(3.41), ta c¢6 két luan can chiing minh klim e = N, VO Apin < A\ < o0.

— 00

(iii) Ta can chiing minh ton tai hiang s6 kg sao cho

n < %51@ VE > ko.
k

Khi d6 theo cong thitc cap nhat ¢d bude, ta c6 A1 = (14 ep) A\ > A Gia st
ngudc lai ring ton tai mot day chi s6 con {k;}, k — oo sao cho

Ho
> —0g, .
/r]kl Akl kl

Khi d6, theo quy tic cap nhat ¢d bude trong truong hgp nay, ta co

O
Mol = p1—
ki
Do dé
1410k, 1o
— =Nk > Ok,
)\kl+1 : Akl :
tc 1a,

Ak, o
Mat khéc, tir két qua (ii), ta biét rang

Matl

lim )‘kz = lim )‘kz+1 = lim )\k: = \"
=00 l—o0 k—o0

Két hop vé6i bat ding thic trude, ta suy ra

A*
AT o

Diéu nay mau thudn. Do dé, gid st ban dau 1 sai va Bé dé dugce ching minh. O

Bo6 dé tiép theo dong vai tro then chét trong viec thiét lap tinh hoi tu cla
Thuat toan 3.4.

B6 dé 3.6. Gid st cic day {«F} va {y*} sinh bdi Thudt todn 3.4 va z € Sol(f,C).
Khi d6 Yk > ki, bat dang thic sau duoc théa man

A A
a1 = 22 < k= 212 = (1= 20525 ) ook = gF)2 = (1= 20525 ) 24 - )2
Ak+1 Akt1
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Chitng minh. Tt «F*! = argmin{)\kf(yk,y) +35lly — wkHQ} va B dé 1.1, suy ra
yETk

0= Mpg® + 2P —wk + ¢F,

trong d6 ¢ € a(f(y*,.))(2**1) v ¢* € Ny, (#F*1). T dinh nghia

Np, (") ={g e H : (q.y — ") <0, ¥y € T}
va do C' C T}, ta co

(wh — 251~ Agb, 2 — 2F1y < 0.
Suy ra
(wh — 2R 2 — Y < A (gh, 2 — Y < M(F(F, 2) — FlF, ).

Khi do, ta c6 danh gia sau

ka+1 . Z||2 — Hwk _ ZH2 + ||$L’k+1 . wkHZ + 2<xk+1 . wk,wk . Z>
_ ”wk . Z||2 . ||I’k+1 . wk‘||2 + 2<ZL‘k+1 . wk,xk+1 . Z>
< lwh = 2)® = [J2F T — PP+ 20 (F(WF, 2) — FF, 2R T)
= [Jwh — 2| — |" ! — w0F|? 4 20, [f (wF, yF) — f(wF, 2]
+ 2X[f (W, 2Py = fwh yh) = FF M) + 20 f (07, 2)
= Jw" — 2| — ||2" T — M| + A + Br + 20 f (4, 2), (3.42)

trong do

Ap = 20 [f(wh, yF) — fwP, 2],
By, = 2\ [f(w", 2P ) — f(wF, o) — f(yF, 5]

T dinh nghia ctia tap T), va ¢! € T}, ta nhan duge
<wk - )\k‘Ck - yka xk+1 - yk> S 07

trong d6 ¢* € a(f(w”,.))(y*). St dung dinh nghia dudi vi phan ctia ham 16i, ta
c¢6 danh gia sau

Do do

> 9
> 2wk — yF 2P — by, (3.43)
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Suy ra

Ak: < 2<yk _ wk’$k+1 . yk>
= ]2 — w2 — [ — F|? — [l — R (3.44)
i~ (X) z 2 P
Do chudi duong > ¢ hoi tu va gid thiet 0 < py < o, ta c6 the chon mot so tu
k=0

nhién k1 € N sao cho

< 2 1Yk >k
1o

Viéc lya chon chi s6 k; nhu trén cho phép chiing minh tinh ding dan clia bat
ding thic sau

A
Bie < 20 5 o = 2 4 g = 2 P, Wk = (3.45)
+

That vay, néu n, > §20y, thi tir (3.38), suy ra
Bk = 2)‘k[f(wka xk—‘rl) - f(wkayk) - f(yka xk—’_l)]

Ak
= 2#1—)\ [Nk — yF |12+ ly* — 22
k+1

Ak
<207 [llw® = "I + [ly* — 217, (3.46)
kot

Ngugc lai, néu n;, < 504y, thi ta c6
By = 2X\[f (w”, aFh) — f(wh, yF) = f(0F, ")
< 2pp(flw® =" + [lg* — =7

o k k2 k k+112
<2—Ek[llw — 47+ lly" — 2"

A
= 20 (||w” = yFIP + ly* - P, (347)
k+1

Tt cac bat ding thitc (3.46) va (3.47), ta két luan ring bat dang thic (3.45) 13
ding. Két hop véi (3.42), (3.44) va (3.45), v6i Vk > ki, ta suy ra

A A
aFH = 22 < k= 212 = (1= 20525 ) ok = gF)2 = (1= 20525 ) 2 - )2
Akt1 Akt1

+ 20/ (4", 2). (3.48)
Do z € Sol(f,C), thi theo tinh gid don diéu ctia 4nh xa f ta c6 f(y*,z) < 0. Khi
do, véi Yk > ki, bat dang thic (3.48) dan dén

A
a1 = 22 < ok = 22 = (1 - 20525 ) ok — )2 - (1-20

Ak k K
) Yl — ),
k+1

Ak+1
(3.49)
Ta c¢6 diéu can chiing minh. O
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Stt dung cac bd dé da thiét lap & trén, ching ta c6 thé phat biéu va ching
minh két qud hoi tu sau déi v6i Thuat toin 3.4.

Dinh 1y 3.2. Cho C la mét tap 103, dong, khdc rong trong khong gian Hilbert thuc
H, va f:H xH — R la song ham cin bing théa man cic dieu kién (C1)—(C5).
Khi dé, day {2*} sinh bdi Thudt todn 3.4 hoi tu yéu dén mot nghiém cia bai
todn can bing EP(f,C).

Chatng minh. Gid st z € Sol(f,C). Trudc tién, ta ching minh ton tai giéi han

lim ||z* — z||. That vay, xét gidi han
k— o0

lim (1 - Q,ai) —1-20>0, (3.50)
k=00 k+1

do do6 ton tai chi s6 ko > ki sao cho (1 — 2aﬁ) > 0 v6i moi k > ke. Khi do, tur
bit dang thic (3.49), ta suy ra

|2 — 2| < |k = 2|| Yk > k.
Hon nita, tit cong thic cap nhat clia w”, ta c6

|25 — 2| < ||2¥ — 2| + ag||z® — 2F 7Y VE > ko

Dit ay = ||2* — 2|, bp = ag||z¥ — 21| vA nhan thiy ring by, < &, v6i moi k > 0,
0 4 ? N N .« e . N .

do d6 > ¢ < co. Ap dung Bo dé 1.5 ta suy ra rang giéi han khm |lz* — z|| ton tai
k=0 — 00

va do d6 day {z*} bi chan. Mit khéc, tit mot phép tinh don gian, ta thu duge

JwF — 2] = ||(1 + ag) (=" — 2) — ap(a" 1 = 2)|]?
= (14 ap)llz” — 2| — al|2" = 2| + (1 + o) || 2" — 21|12
< (14 ag)lla™ — 2|7 — o]zt = 2||? + 202" — 22 (3.51)

Hon nita, tit bat dang thic (3.49) ta suy ra

Ak Ak
0< (12075 Yot = I + (1= 20575 )25 = I < ok — 22 — b+ — 22
Ak+1 Ak+1

< Jla® = 2l® = 2" = 21 + axllla® = 2* = [|2"7" = 2]1%] + 20[l2" — 2.
(3.52)
Do ay||z* — 2F 1|2 < apMs||z® — 21|, trong d6 My = sup||z* — 2¥~1|| va két hop
keN
Vi oy l|zF — 2F Y| = 0, ta cb aglz¥ — 2F 1|2 — 0 khi & — oco. LAy gidi han hai vé
ctia bat ding thitc (3.52) va luu ¥ ring day {||=* — z||?} hoi tu, ta suy ra

lim [Jw® — ¥ = lim [|2** — ¥ = 0. (3.53)
k—oo k—o0
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Tu do, ta két luan rang
lim [Jw® — 2" = 0. (3.54)
k—o00

Theo Bo dé 1.4, dé hoan tat chitng minh, ta can chi ra ring moi diém giéi han

yéu clia day {z*} déu thuoc tap nghiem Sol(f, C). Gid stt # 14 mot diém gisi han

yéu bat ky ctia day {z*}. Vi {2*} bi chan, nén ton tai mot day con {z%} sao cho
©.9]

g — 7. Hon nita, do 0 < [|w® — 2¥|| = ag||z¥ — 2871 = b, v& Y by < oo, nén ta

k=0
c6 wh — z. Do d6 suy ra y* — z € C. Tit cong thiic

] 1
oF = argmln{/\kf(yk, y)+ 5l — wkHQ}
y€Ty, 2

va B dé 1.1, tdn tai «* € d(f(yF, ) («F) va ¢* € Ny (2FF1), sao cho
0= )\kuk + g k4 qk.
Tt dinh nghia ctia Ny, (F+1), ta suy ra
(wk — P kL y — xk+1> <0 VyeT.
Do C C Ty, nén ta co

(w}C — Mk y — a:k+1> <0 Vyed,

(wh — 2Py — gy < (kL y — Y Wy e O
Mat khéc, vi v* € 9(f(y*,.))(z**1), nén ta c6 danh gia sau
(W y — ") < (", y) - FF M) wed
Do dé, ta thu duge bat ding thitc

<wk _ :L']H'l, y— xk—i—l)

S < fFy) - fF M) wec (3.55)
k

T (3.45) va (3.43), ta suy ra

A
206 f (yF, ah) = 20 f (w", ) — f(w, ")) - 20ﬁ[\|w’“ =+ lly" — 2 ]
Ak

> 2t~y 2 ) = 20t - - L (350

K&t hop (3.55) va (3.56), ta thu duge
(W — 2"y — ") <N (YY) — (W —yF 2T =)

A
+ 20 [lwf —yFP + g - ) vy e Ol (3.57)
k+1

95



Thay k bdi k; trong bat dang thic (3.57), ta suy ra rang

(wht — 2By — M) < N ) — (w0 =y 2B =y

A
ot = 2 g - R vy e (3.58)
ki+1

1

Lay gi6i han khi [ — oo trong (3.58) va stt dung tinh nita lién tuc dudi yéu cia
ham f(.,y) cung v6i hé qué tir (3.53), ta suy ra

f(@,y) >0 Vyel.
Diéu ndy c6 nghia la z € Sol(f,C). Vi z 13 mot diém tu yéu tiy y cta day {2*},
ta két luan rang moi diém tu yéu ctia day nay déu thudc tap nghiém Sol(f,C).
Do d6, theo Bo dé 1.4, day {xk} hoi tu yéu dén mot nghiém ciia bai toan can
bing (3.36). 0
3.2.2. Bién thé quan tinh va xap xi gin két

Phét trién tit y tudng trong Thuat todn 2.1 clia [99], ching t6i dé xuit mot
cach lita chon khac cho tham s6 6 trong Thuat toan 3.4 nhu sau:

Thuat toan 3.5 (Thuat todn dudi dao ham tang cudng quan tinh véi
c¢d buée tang [SEMNS])

Khéi tao: Chon cac tham s6 Ay > 0,0 < py < pig < 0 < %, 0 € [0,%), T>1,

©.9]
€ (0,1). Chon cac diy tham s6 {¢,} thda man > ¢, < co. Chon céc diém khéi
k=0

tao 20, 2! € C va dit k= 1.
Budc 1: T cic diém 2*~! va 2% (k > 1), tinh

wh = b + G(aF — 2+,

- 1
yh = argmm{kkf(w’ﬂy) +5lly - w’“IIQ}-
yeC

Néu y* = w* thi z* 13 nghiem va ditng thuat toan. Ngudc lai, chuyén Budc 2.
Buéc 2: Lay ¢* € o(f(w”,.)) (") sao cho w¥ — \,.¢F —y* € No(y¥). Xét nita khong
gian T}, ¢6 cau tric nhu sau Ty = {x € H : (wF — \p¢F — ¥, 2 — y¥) < 0}. Tinh

] 1
o+ = angain X F8 ) + gl — )
y€T)

2" = (1 — a)w® + az”, (3.59)
e = f(w", 2" — fwh,yF) = fy", "), 0= flw® = yF P+ Iyt - 25
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Thuat toan 3.5 (Thuat todn dudi dao ham tang cudng quan tinh véi
cd bude tang [SEMNS])

Cap nhat ¢d bude A\, theo cong thiic

61{: £
H1—, neu ng > /)f_z(ska
Akyl = Mk

(14 €ex)\k, ngugc lai.

bat k:=k + 1, va quay lai Budc 1.

Su hoi tu ctia Thuat toan 3.5 duge khing dinh trong dinh 1y sau.

Dinh 1y 3.3. Cho C la mét tap loi déng khdc rong trong khong gian Hilbert thuc
H, va f: H xH — R la song ham can bing théa man cic diéu kien (C1)—(C5).
Néu diéu kien sau duoc thod man

)
@ VTR — (T + 1)+ T+ TO(140) )

thi day {z*} sinh bdi Thuat todn 3.5 hoi tu yéu dén mot nghiém cia bai todn
can bang EP(f,C).

Ching minh. Lap ludn tuong tu nhu trong Bé dé 3.6, v6i moi k > ki, ta thu
dugce

A
2% = 22 < flwk = 22 = (1= 20575 )k — y¥)2 = (1 20

Ak k k2
— J||z" — . 3.60
e o [ EA A XD

N+
Tiép tuc theo huéng ching minh trong [99, Dinh 1y 3.1]. Tu (3.50), ton tai
ko > k1 sao cho

A
1-20-2% 50 VEk> k.
Akt1

Tt biéu thitc (3.59), ta c6

o5 = 2| = || (1 = @)k + a2k — 2|

:H(l—()z)(wk—z)—i—oz(zk—z)H2 2

2 2
=(1-a) Hwk —z|| +a sz —z||" = (1 - a)a ”zk — wkH . (3.61)
Két hgp (3.60) va (3.61), ta thu dugc
K41 12 ik o2 Ak ko k2
[ = 2" <flw” = 2]]7 = (1= 20 afw” =y
Akt1
- (1 - QUi)anz’f R = (1= a)all2F — wF)2 (3.62)
Akt1
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(zM*+! — k), diéu nay két hgp véi (3.62) cho ta danh

1
«

T (3.59), ta c6 2F —wk =
gia sau

A
a1 = 2|2 < k= 2] = (1= 20525 Jafu* - )2
Akt1

)\k 11—«
— (1= 2025 Yalleb — ) = =2k —
k+1 o
1 -«
k 2 k1 k2
< fw® = 2)° = — 2" —w’|
= ||w® — 2| = p||z" Tt — w"|? Yk > ko, (3.63)
trong d6 p:= 1?704 Hon nia, ta cé

[wF — 2|2 = ||2% + 0(aF — P71 — 2|
= (1 +0)(2" — 2) — 0(z" 1 — )2
= (14 0)||z% — 2| — 0)|2" — 2)® + (1 + 0)0]|«* — 2512 (3.64)

Mat khac, ta ciing c6

||£L‘k+1 _ wkHQ ||kt Lk 9($k3 _ ka_l)HQ

|| x
_ ka+1 _ ka2 + 92”$k _ :Ij'kile _ 29<l‘k+1 _ Qﬁk,xk _ xk71>

> ka‘—l—l o kaQ + QQHIk . :Ek_1||2 . 29||J}k+1 o l,k:Hka . J,’k_lﬂ

> (1= oy =t (- )t = (369)
T

Két hop cac bat dang thic (3.63), (3.64) va (3.65), ta thu dudc

28— 2| < (14 0)l|2* — 2|f* — l|2" " — 2| + (1 + 0)0]a” — "2

— (1= Al - kP p(62 — ) k)
\/F
= (1O — 2| — Bl — 2 — p(1 — 6y JHH — ¥
+ lu +0)9 — p(92 - %)} o5 — 252 VE > ke (3.66)

T d6, ta dan dén danh gia sau

0
2+ = 2|2 = plla* - 2 + [(1 +0)0 — p(6° - —)} R

\/F
A e B LR Gy | TR
(1= 0yT) = (1+0)0+ p(92 - %)} 25— 2H2 VE > ke (3.67)
T
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Ky hi¢u

_ 0 _
D= ok = 2] = 01 = 22 + | (14009 = p(62 = =) [ e — 212
\/F

va dit hang s6 v nhu sau

T2— T T
v:=p<1—6ﬁ>—(1+e>e+p(92_i):p(ﬂ (\/v;l)fﬂr\/_

7 )—9(1+9).

Do 0 € [0,\%) va

a€<0 VTO? — (T +1)0+ /T )
VTR — (T + 1)+ T4 /TH(1+0) )

nén dé dang nhan thiy ring

7:p(\/ﬂﬂ_“j;)“\ﬁ) —0(1+6) > 0. (3.68)

Do dé, bat dang thic (3.67) trd thanh

Lot — T < =y |[a* = 2% Wik > ko, (3.69)

Bét dang thic nay cho thay day {T';} 14 gidm dan khi k& > ko. Hon nita, ta c6

2 . ) 9 o
Tp = [|a* —z|| = 0" = 2|+ {(1+0)6_p(92_ﬁ>] |2 = 21|

. /
-~

>0

> ||t || — 6 [l — 2
T d6, véi moi k > ko, ta suy ra rang
ol <ol — | 41,

< 0|5 = 2" + T,

<< gl ||Ik2 _ 2”2 Ty, (Qk—kz—l +ot 1)

r
e e (3.70)
Mit khéc, ta lai c6
2 2 2 2
Cuan = 7!l =0l =l + [+ oy (32 )] ok =t
> 0 Ja* —||", (3.71)
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Két hgp (3.70) va (3.71), ta dugc

o+ 12

T <0k o < g oy e

Hon nita, ti (3.69), ta ciing ¢6

Iy,

>
g Vn > ko

n
N Z ||xk+1 B ka2 < Ty, — Tppy < ket ||xk2 B 2”2 n
k=ks

< Ha:’“€2 — z||2 + Lk,

> ko.
1-0 Vn_kg

Ta suy ra ring i | az’“Hz < 00. Do d6, ta c6 [|z"+! — 2*|| — 0. Hon nita
k=1

||xk+1 B w’“HQ _ ||xk+1 B kaQ 102 ka _ xk—lH2 _ 99 <xk+1 - xk—1>’

nén suy ra |51 —w*|| - 0 va

lim ||z —wb|| = = T [[o#*1 —wb|| =0, (3.72)
k—o0

[wh — || = 6% ||a* — 2*1||* = 0 khi k — oc.

T (3.66), ta c6

ot = 2| < (1 0) [l — 2 oo 2

—i—l(l—i—@)@—p(QQ—%)] Hx’f—m’HHQ Vk > ky.  (3.73)

Ap dyng BS dé 1.2 cho (3.73) véi

O = ka —z|%, o = l(l +6)0—p <02 — %)1 ka — gkl

ta suy ra rang gidi han klim H:ck’ — z||2 ton tai. Tu (3.64) cling suy ra gidi han
—00

2 0 =0,

lim |Jw” — zH2 ton tai. Két hop véi (3.72), ta ¢6

k—o0

k= 2" = ]2 = 2 = (k=2 + |5 = 2]]) (b =2l = 12" = 21)
< (] wh — z|| + ||zk —z||) Hwk — ZkH — 0 khi k¥ — oo.
(3.74)

Tu (3.60), khi & — oo, ta 6

(1 — 20 Ak ) Hyk — wkH2 + (1 - ZOi) sz — kaQ < Hwk — 2H2 — sz - ZH2 — 0,
A Akt1

k+1
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tie 1a

. A 2 A 2
. [ (1‘2"ﬁ_1) [v* —w*||"+ (1 —ZUKI“H) [ 1 =0.

T do, ta nhan dugc

fim [l | =0 fim [y =0

Tuong tu nhu (3.57), ta ¢6

(wh — 2%y — 2By < M\ F(Fy) — (wF — oF 2F )
Ak
+ 20—)\ [lw" — 1>+ ly" = 2F|?] wyec.
k+1

Phan con lai cta ching minh duge tién hanh tuong ty nhu trong Dinh ly 3.2.
Do d6, ta két luan duge Dinh Iy 3.3. ]

Chi y 3.4. Tt Thuat toan 3.5 va Dinh Iy 3.3, ta nhan thiy rang:

1. Trong mot s6 truong hop, viéc lya chon 0 = 0(7) cung véi tham s6 7 phu
hop trong phuong phap ciia chiing t6i cho phép tang gia tri ctia tham s6 «
trong (3.59). Do d6, c¢6 thé néi ring cich chon a cta chiing toi linh hoat
hon so véi cach chon trong Thuat toén 2.1 cia [99]. Vui long xem phan so
sanh két qua s6 véi cac tham s6 khac nhau trong Vi du 3.3.

2. Tuong tu nhu l1ap luan trong chiing minh Dinh 1y 3.2 caa [99], ching ta ¢
thé thiét lap téc do hai tu tuyén tinh cho Thuat toan 3.5 v6i gid thiét tinh
gia don diéu manh ctia song ham f.

Tiép theo, ching t6i dé xuat mot bién thé st dung ky thuat xap xi gin két
ctia Thuat toan 3.4 v6i muc tieu thiét lap mot két quad hoi tu manh mdi cho bai
toan can béang (3.36).

Thuat toan 3.6 (Thuat toin duwsi dao ham ting cudng kiéu gin két
véGi ¢@ budc tang [VSEM))

Khdi tao: Chon mot anh xa co ¢ : H — H (ttic 1, ton tai hing s6 a € (0,1)
sao cho [jp(z) — )| < allz — y|| véi moi 2,y € H). Chon cac tham sb \; > 0,
0< 1 <po<o<1/2, 60¢€]0,1). Chon cac day tham s6 {e;},{&:}, {ax} C [0, 00)
théa man

0o %) o 5
. . k

_ ] —0. 1 >F . 3.75

1;_0 €, < 00, g_ogk < 00, ,;_0 Qp = 00, kggo af ) kggo o ( )

Chon céc diém khéi tao 29,21 € C va dit k = 1.
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Thuat toan 3.6 (Thuat toan dusi dao ham ting cudng kiéu gian két
vGi ¢@ budc tang [VSEM))

Budc 1: Tit cac diém %1 v 2* (k > 1), chon 6}, sao cho 0 < 6, < 6y, trong d6

0— . {mln{@, ka_g#w} Iléll .I'k 7é l’kil,
=
0

ngudgce lai.

Tinh
{ wh = 2k 4 Oy (2% — 2F71),

y* = argmin{/\kf(wk, y) + 3lly — wk”z}'
yeC

Néu ¥ = w* thi 2* 13 nghiem va dimng thuat toan. Ngudc lai, chuyén Budc 2.
Budc 2: Lay ¢* € o(f(w”,.)) (") sao cho w¥ — \p¢F —y* € No(y¥). Xét nita khong
gian c6 cau trac nhu sau

T, ={z € H: (w"— N ="z —yF) <0}

Tinh
k . k 1 k|12
& = argmin{ M\ f (s, 1) + 5 ly — 0¥},
y€ETy
2" = app(w”) + (1 — ay) 2,

e = fw®, 25) — fw y*) = fy",25), o = lw® = "7 + lly" = 2417

Cap nhat ¢6 buée A\, theo cong thiic

Og )
o —, néu n > L0,
Akl = Mk Ak
(1 + €x) A, ngugc lai.

Dat k:=k + 1, va quay lai Buéc 1.

Sy hoi tu manh cta day lip sinh béi Thuat toan 3.6 duge khing dinh trong
dinh 1y duéi day.
Dinh 1y 3.4. Véi cic gid thiét (C1)-(C5), day {«*} sinh bdi Thuat todin 3.6
hoi tu manh tdi nghiém z = Psqi(5.0y(¢(2))-
Chatng minh. Trude hét, theo Menh dé 2 trong [33], ta ¢6 tap nghiem Sol(f,C)
13 mot tap déng va 16i. Bay gio, ta sé chiing minh ring day {z*} bi chin. Do
Psol(f.c)(0(2)) 1a anh xa co nén ton tai duy nhat diém bat dong z = Pyeyyc)(#(2)).
Tit bat dang thiic (3.49), ta suy ra

Ak Ak
12— 2l <l — 2|2 — (1 - 20—) o — g2 = (1- 20—)\\zk e
Ak+1 Ak+1
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Vi vay, v6i moi k € N| ta ¢
12 = 2| < flw* — 2. (3.76)

Ta nhan thay ring

k k k
125 = 2] < (1 = ap)l|2" — 2] + agllp(w”) — 2|

(
(1 —ap)w® — 2|l + ar(llp(®) — ()l + llp(z) = 2II)
(
=

ININ A

1 —ap)[[w® — 2|l + aglallw® — 2| + [lp(2) — =)
L= (1= a)ap)llw® — 2| + agllp(z) — 2.

Do d6, tit dinh nghia ctia w*, ta c6 danh gia sau
2" = 2] < (1= (1 = a)ag) w” = 2[| + allp(2) — 2|

= (1 - (1 =)o) ||z" + Op(z" — 2*71) = 2] + ]l () — 2|
(1= (1 —a)ag)
(1=(1—a)ay)

ar)lla® = 2] + (1 = (1 = @)ar)billa® — 71 + arlle(z) — 2|

1 —a)ag)||zF — 2| + (1 — a)ay <ak +

le(2) —ZH>7

11—«

o = 1—(1-a)oy e_k?ka _xk‘—ln
l1—« Qe '

Theo diéu kién ciia cdc tham s &, va ay, ta thiy rang

1—(1—04)0%) 9_k||$k_xk—l” _ 0
1 -« k ’

trong do

lim o = lim <

k—00 k—o00

diéu nay suy ra rang day {03} 1a bi chan. Dat

l—a ken

va ap dung Bo dé 1.6(1) véi cac dit lieu nhu sau: ay, = ||2F — z||, 0p = (1 — a)ay,
1-a

tit d6 suy ra day {2*} 1a bi chan vd do d6 day {w*} ciing bi chén, tir (3.76) ta

ciing ¢6 {z*} bi chiin. Ap dung d&ng thitc (3.51) va gia thiét 0 < 6, < 1 (suy ra

0k<1 + Qk) < 20k)) ta co

b, = (1 — oz)ozk[ + Lotz z”], cr = 0, ta suy ra rang day {||z* — z||} 1a bi chan,

k 2 k 2 k 2 k-1 2 k k—1)2
[ = 2|7 < {27 = 2[]7 + Op (2™ = 2[]7 = (|27 = 2[|7) + 20, [|2" — ="7||°
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Mit khéc, tit bat dang thic ||z 4+ y||? < ||=||? + 2{y,z + y) Yo,y € H, ta ciing c6

| — 2| = (1 — ag)(ZF — 2) + ag(p(wh) — 2)|2
< (1 - ap)ll2" = 2] + 205 {p(wh) — 2,2+ - 2)
< (1= ag)|w® — 2| + 204 (p(w®) — 2, 2K+ — )

A A
-(1- ak>(1 — 205 )W —yFP - (- aw(l - 2a—> 125 — o)1?
A+ 1 Alt1

< (1 —ag)llz® = 2] + (1 — ap)0p(f|l2F — 2|2 — 2" = 2||?)
+2(1 — ag) Ol 2™ — 22 + 208 (p(w) — 2,25 — 2)

A A
— (1 - ) (1 — 205 ) [k — |2 = (1 — ay) (1 — 205 ) 125 — )12
Ak+1 Ai+1

Dit ap := ||z¥ — 2| v6i moi k € N, ta ¢6

N Ak
(1 — o) (1 - 20—) lw® = * 1% + (1 — o) (1 - 20—) 1% — o)
)\k—l—l )\k+1

<ag — apg1 + 205 {p(w") — 2, 2" — 2) + (1 — ag)Op(ar — ar—1)
+2(1 — ag) 0| =" — 2F1)2. (3.77)
Bay giv, ta xét hai trudng hop cé thé xay ra.

Truong hgp 1: Gid st ton tai mot s6 nguyén kg > 0 sao cho v6i mdi k > ko, ta
¢ ap1 < ag. Trong trudng hop nay, giéi han klim aj, ton tai va klim (ap—agy1) = 0.
— 00

—00
Do lim a; =0 v& Jim Ok||z* — 2*~1|? = 0, nén tir bat ding thic (3.77), ta suy
Ic—>oo k—o00
ra rang

A A
lim (1—ak)<1—20—) |k y’“\\2+(1—ak)<1—20—k )sz—y’“H2 =0
k—oc0 )‘k+1 )\k+1

Do lim aj, = 0 v (3.50), ta ¢6

k—o00
lim |w® —y*|? =0, lim ||2* —y*|? =0. (3.78)
k—o0 k—00
Vi ¢ co nén {¢(w*)} bi chin va do d6 ta c6 day {é(w”) — zF} bi chan, ti day ta
suy ra

|2FHE — 2K = ag||o(w®) — 2F| — 0 khi & — .

Vi vay, stt dung diéu sau

[ I e R e 2

o = 91 < lla® = w4 o = 51 = Billa® =+ et = o) — 0 ki & — oo,
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ta suy ra ||zFtt — ¢ — 0 va ||2F — o¥|| = 0 khi & — co. Goi z 1& mot diém tu

yéu bat ky ctia day {«*}. Vi day {z*} bi chin, nén ton tai mot day con {z*}
clia {2*} sao cho z* — z € C va do d6, y* — z. Tu (3.78), suy ra zF+1 —~ z.
Dura vao lap luan tuong tir trong chitng minh ctia Dinh 1y 3.2, ta két luan rang
ww(z¥) € Sol(f,C). Do z = Pgoi(1,0)((2)), nén theo tinh chéat dic trung ciia phép
chiéu (xem Ménh dé 1.1(1)), ta c¢6

limsup(p(z) — z, 2" —2) = max (p(z) — 2,7 — 2) <0.

k—00 TEWw (")
Mzt khéc, ta ciing thay ring

”karl _ ZHZ :<xk+1 _ k+1 Z)

Z, T

—ap(p(w") = @(2), " = 2) + ap(p(z) — 2,21 = 2)

(1= ap)(F — 2,2t — )

k+1 k+1 Z>

— 2l +ar(p(z) — 2,2
+ (1= a2 — 2|2 — 2|
< agalfw® = 2|[laM = 2| + apfp(z) — 2 M = 2)
+ (1= ag)Jw® — 2[lf]a*+ — 2]
< (1= ap(l = a))flw® = z|[l2" — 2]l + anfio(z) — 2,25 = 2)

< agal|w® — |||z

k 2 k+1 2
wh — z T — 2
< —op(1 - o) (W20 220y o) 2ot -,
diéu nay suy ra rang
1—ap(l —a) 2
k1 _ 12 < k E 2 k _ E+1
R e e L R sy e OB
l—ap(l—a) 4 k k—11)2
< _ 9 _
< Ty ag Ul =2l it — 2=
20y, E+1
Qak(l — Oé) _
= ( - m) (2" = z||* + 26 |=* — & []2* — =]
20|k k—1(2 20y, k+1

Bén canh do, ta ciing c6
2% — 2[1 + 20k [|a* — z[||a* — ") + 67l «* — 1)
< Jla¥ = 2)* + 26k |2* — 2|l[|* — 27| + Opl|l2* — 2F 2
< |lz* — 2|)? + 3Maby||2F — 2571, (3.80)
trong do

My = sup{||a® — 2, [la* — 2"}
keN
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Két hgp (3.79) va (3.80), ta ¢6 danh gia sau
2" = 2] < (1= )lla® = 2If* + 3Ma(1 — ) bgl|l2" — 2|

20y, k+1

0 _
< (1=l — 2] + {3M2(1—%)%H$k—fﬁk y

1 R+l
+ 1 a(go(z) 2, T z>1 , (3.81)
trong do
_ 204(1 =)
k= 1+ ap(l —a)

D& thay riang véi k di lén thi v, € (0,1). Khong mét tinh tdng quat, gid sit
oo

O<7k<1véimoik:2kro.Doklim3—2:2(1—a)>0va > g = 00, ta suy ra
— 00

k=1
[0.9]
v = oo. Tt gid thiét (3.75), ta co
k=1
: ok k1
lim (1 —~g)—|z" — 2" || = 0. (3.82)
k—00 Yk
Dat cac day nhu sau:
ap = ||a¥ = z|*, =k, =0,
0, B 1
b = 3Ma(1 — ) —[|2* — 2" + (p(z) = 2, 2" - 2).
Vi -«

Két hop (3.75) va (3.82), 4p dung Bo dé 1.3 cho (3.81) v6i cac dit ligu trén, ta
suy ra day {z"} hoi tu manh t6i z = Pgoyc, ) ((2))

Trudng hop 2: Gia st rang ton tai mot day con {ay,} C {az} sao cho ay, <
app1 v6i moi k € N. Trong trudng hgp nay, ta c6 thé dinh nghia mot anh xa
7:N — N bdi

7(k) =max{i < k:a; < a1}
Khi d6, tit B6 dé 1.3, ta c¢6 7(k) — oo khi k — oo vi Ar(k)y < Qr(k)41- V1 vay, tll
bat dang thiic (3.77), ta nhan duge didu sau
(1 - Qgﬂ) |27 72 4 (1 _ QU;T(’C)) 27—y 1* < ar g — argy
T(k)+1 T(k)+1
+ 20y (o (W) = 2,27 — 2) + (1= (1)) 0r () (@r (i) — @iy —1)
+2(1 = (g Or (i [J2™H) — 27712
< 20y (W) = 2,27 — 2) 4+ (1 = i)y [[2™*) = 7B | (St + fOr(o-1)
+2(1 = (1)) Oy ™®) — 27BI 12, (3.83)

T(k))
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va ta cling c6 danh gia

meT(k) O

ary+1 < (1= Yr@)ar ) + Y7k [3M2(1 - %(k))7 "

1

+1—oz

(p(2) — z, 2RI+ — z>] . (3.84)

Do a, () < ar(g)11, nén tit (3.84) ta suy ra

97' k T T(k)— 1 T
Vrk)Ar(ky < Yoy | 3Ma(1 — 7)) ® Jz™®) — 2R 1—<90(Z) — z, "B
Vr (k) -
va do do
0k _
1278 — 2|2 = 4y < 3Ma(1 — Yygry) 2 ||27®) — g7
PYT(]{)
1
t1o a(g&(z) — 2z, "B+ _ 3, (3.85)

Két hop (3.82), (3.83) va (3.85), ta c6

limsup ||z7®) — z||? <0,
k—o00

va do do
lim [|z7®) — 2|2 = 0.
k—o0

T (3.84), ta c6

limsup [|z"®+ — 2|2 < limsup [|27*) — z||2.
k—o00 k—o00

Do dé
lim [J2" 8+ — 2|2 = 0.
k—o0

Vi vay, theo B dé 1.2, ta suy ra
0 < ||lz* — 2[| < max{[|a™™® — 2|, [l2* — 2[|} < |27 = 2|| - 0.

Theo d6, day {«*} hoi tu manh tdi z = Pyys,c)(¢(2)) va ta thu duge diéu can
chiing minh. ]

3.2.3. Ung dung cho bat ding thic bién phan

O tiéu muc ndy, chiing t6i xét ing dung ciia thuat toan trén cho bai toan bat
dang thitc bién phan (1.7). D& dua bai toan (1.7) v& dang bai toan can bang,
v6i moi cip x,y € H, ta dinh nghia song ham can bang f nhu sau

flz,y) :=(Fax,y — z). (3.86)

Gia st ring cac diéu kién sau duge théa man:
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(D1) F gia don di¢u C;

(D2) F la anh xa F-hemi-lién tuc ([77]), nghia la v6i moi y € C, ham z —
(Fz,r—y) la ntta lién tuc dudi yéu trén C (hodc tuong duong, z +— (Fz,y—x)
14 nita lien tuc trén yéu trén C);

(D3) F lien tuc Lipschitz tren H v6i hiang s6 Lipschitz L;
(D4) Sol(F,C) # 0.

Dé thay rang moi 4nh xa lién tuc tit yéu dén manh déu 13 4nh xa F-hemi-lien
tuc, tuy nhién diéu ngudce lai khong dang, diéu ndy duge minh hoa trong vi du
ngay sau day.

. w .
Vi du 3.2. ([55]) Xét khong gian Hilbert 2 = {z = (2%);en :D_|2%> < oo} vA
i=1
4nh xa F : > — [? 1a anh xa dong nhat. Cho day {z,} C I? hoi tu yéu vé
7. Do ham z — ||z/|? lién tuc va 16i nén né nita lien tuc dudi tyéu. Do do,
IZII2 < liminf |2, dén dén
n—oo

(Z, 7 —y) < liminf (x,, z, — y),

n—00
vai moi y € (2, tic 14, F 13 F-hemi-lién tuc. Tuy nhién, néu ta lay

xn =ep=1(0,0,...,1,0,...)
vGi 6 1 6 vi trf thid n, thi 10 rang e, — 0, nhung day {e,} khong hoi tu manh
(Vi |en — em| = V2 v6i m # n). Do d6, F khong lién tuc tit yéu dén manh.

Chii ¥ 3.5. Theo hiéu biét hién tai clia chiing toi, chua c6 két qua nao xac lap
mbi quan hé giita cac anh xa lién tuc yéu va cdc anh xa F-hemi-lién tuc.

Nhu vay, bai todn bat ding thiic bién phan (1.7) c¢6 thé duge viét lai dudi
dang bai toan can bang (3.86), va cac diéu kien (C1)-(C5) duge ddm bao bdi
(D1)—(D4). Khi d6, Thuat toan 3.4 sé tré thanh mot thuat toan dic biet duge
ap dung cho bai toan VIP(F,C).

Thuat toan 3.7 (Thuat toan dudi dao ham tang cudng véi cd budc
ting cho bai toan bat ding thitc bién phan)

Khéi tao: Chon cac tham s6 \g >0, 0 < 1 < g < o < 1/2, § €[0,1). Chon cac
day tham s6 {e;},{&} C [0,00) théa man

) s)
E € < 00, E fk < Q.
k=0 k=0

Chon céc diém khéi tao 29,2 € C va dit k = 1.
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Thuat toan 3.7 (Thuat toan dudi dao ham tang cudng véi cd budc
ting cho bai toan bt ding thitc bién phan)

Budc 1: Tit cac diém 251 va 2% (k > 1), chon a4, sao cho 0 < oy, < &y, trong d6

&k

ming ), ——— néu xF £ k-1
o = {’ka—mklu} A

0 ngugce lai.

Tinh
wk = aF 4 ap(a® — 2P,
y* = Po(w® — A\ Fuw®).

Néu y* = w*, thi zF 1a nghiem va dimg thuat toan. Ngugc lai, chuyén Buée 2.
Budc 2: Xét nita khong gian Tj, ¢6 ciu tric nhu sau

Ty = {z € H: (W' = MFu® —y* z—y*) <0}
Tinh

l,k-f—l _ PTk(wk _ Fyk),

Mk = (Fwk — FyF oF — k)6 = lwk — o |1 + ||y* — 25T,
Cap nhat ¢4 budc A\, theo cong thiic

(5k £
p1—, neu n > 520,
Akg1 = Mk

(14 ex)A\r, ngugc lai.

bat k:=k + 1, va quay lai Buéc 1.

Két qua sau day 1a hé qua truc tiép cua Dinh 1y 3.2.

Hé qua 3.1. Cho C la mot tap con loi, déng, khdc rong trong khong gian Hilbert
thuc H, va F : H — H la mot dnh xa théa man cic dieu kien (D1)-(D4). Gid
st rang {x*}, {y*} la hai day sinh bdi Thuat toin 3.7. Khi dé, cd hai day {=*}
va {y*} déu hoi tu yéu vé cung mot diém z* € Sol(F,C).

3.2.4. Thit nghiém sé va tng dung

Trong muc nay, ching t6i 4p dung cdc Thuat toan 3.4 (NISEM), 3.5
(SEMNS) va 3.6 (VSEM) giai gan dtang bai toan can bang va tién hanh so sanh
vil cac thuat toan da co.

Vidu 3.3 (Ung dung vao mo hinh can bing Nash—Cournot cia thy truong dién).
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Trong vi du nay, ching toi tiép tuc xem xét lai bai toan da dugc néu trong

Vi du 2.1 & Chuong 2. Muyc tiéu 14 minh hoa hiéu qua thyc nghiém ctia thuat
toan NISEM va SEMNS, dong thoi tién hanh so sanh hieu qué ctia ching vdi
nam thuat toan hieén c6 gom: AISEM trong [98, Thuat toan 2.1|, EPSM trong
|95, Thuat toan 1|, ISEM trong |99, Thuat toan 2.1], NAKM trong [108, Thuat
toan 3.1], va SEM trong [117, Thuat toan 3.1].

Thit nghiém 8: Trong thit nghiem nay, 14y a = 110 va xét ba diém khdi dau

khac nhau nhu sau:

z*=(0,0,0,0,0,0)", 2'=1(2,2,2,2,2,2)", 2/ =(1,0,1,0,1,0)".
Tham s6 clia cac thuat toan duge dé cap phia trén duge chon nhu sau:

e Trong thuat toan AISEM, u = 0.5, 0 = 0.45(1 — p), Ay = 17, 21 = x9 = 2°.

e Trong thuat toan EPSM, 6 = 0.05, ap = 0.2 Vk >0, o = 0.55, 3¢9 = 301 =
0.01, u_1 = ug = vy = 2°.

e Trong thuat toan ISEM, = 0.9, a = 0.1, 7 = 0.88, A\; = 0.01, zg = x1 = 2°.

e Trong thuat toan NAKM, 6 = 2.1, a = =2

)\1 = 0.7, Tl =0 = xo.

H
o
%
(=)
>
I
o
©
\]
I
‘O
Nel
Nej
|
]
L

e Trong thuat todn SEM, ;= 0.99, \g = 0.7, aj, = Vk > 1, 29 = 2V.

1
10%(k+5)

e Trong thuat todn NISEM, 6 = 0.9, ug = 0.49, u1 = 0.48, a = 0.91, A\; = 0.01,
ek:ﬁ VkZl,xlsz.

e Trong thuat toan SEMNS, 6 = 0.5, pg = 0.48, 1 = 047, \y = 0.2, & = ¢, =
or Vk>1, ol =2l

Stt dung diéu kién diing ciia tat ca cac thuat toan do 1a ||2* — 2*|| < 107> hoic
thoi gian tinh todn khong vuct quéi 50s. Két qud dugce liet ké trong cdc Bang
3.3, 3.4, va Hinh 3.6 thé hien dang dieu hoi tu clia cac thuat toan véi diém khéi
dau 20 = 2.

110



Thuat toan | Xap xi nghiem z* |z* — 2*||
AISEM 11.3361 11.4869 11.3533 10.8748 10.7930 10.7930| 1.6434e-05
EPSM 11.3362 11.4869 11.3533 10.8749 10.7931 10.7931| 1.6500e-04
ISEM 11.3360 11.4866 11.3532 10.8749 10.7932 10.7932| 1.1539e-05
NAKM 11.3361 11.4868 11.3533 10.8748 10.7930 10.7930| 1.0788e-05

SEM 11.3361 11.4868 11.3533 10.8748 10.7930 10.7930| 9.1780e-06
NISEM 11.3361 11.4868 11.3533 10.8748 10.7930 10.7930| 9.9631e-06
SENMS 11.3361 11.4868 11.3533 10.8748 10.7930 10.7930| 8.6399e-06

Bang 3.3: Xap xi nghiem ctia cac thuat toan AISEM, EPSM, ISEM, NAKM,
SEM, NISEM va SENMS, véi 2° = 2* trong Vi du 3.3

20 = g® 20 = gb 20 = g°
Times Iter. Error Times Iter. Error Times Iter. Error
AISEM 50.1593 434 1.7823e-05 50.0231 641 1.6434e-05 19.2622 148 9.6747e-06
EPSM  50.0414 423 1.8360e-04 39.5654 439 1.6500e-04 49.1020 365 1.8249e-04
ISEM 48.6476 565 9.8638e-06 50.0476 557 1.1539e-05 50.2284 367 9.3285e-04
NAKM 50.0074 432 1.1672e-05 50.0277 558 1.0788e-05 49.4926 388 9.6446e-06
SEM 17.7749 111 9.1414e-06 25.7378 112 9.1780e-06  19.2080 111 8.7619¢-06
NISEM 10.3225 84 9.8823e-06  9.6250 83 9.9631e-06 12.7461 85 9.6491e-06
NSEM  10.3658 55 8.5917e-06 9.5109 53 8.6399%¢-06 10.3028 55 8.7515e-06

Bang 3.4: Hiéu suat clia cac thuat toan AISEM, EPSM,

NISEM va SENMS trong Thit nghiém 8 cua Vi du 3.3

10° |

Ja* — o)

10721

10741

—— AISEM
—4£—EPSM |4

—6—NAKM
#— SEM

—o—SEMNS| }

ISEM

NISEM

> 5
>

ke

X
0 100

1 Y, i
300 100 500

Number of iterations

1
200

600 700

ISEM, NAKM, SEM,

1074 L

—#— AISEM
—A—EPSM |4

ISEM
—6—NAKM
#— SEM

NISEM | |
—e— SEMNS

0

10 20

30 40 50 60

Running time

Hinh 3.6: So sanh hiéu suat gitta cac thuat toan NISEM va SEMNS véi cac thuat

toan AISEM, EPSM, ISEM, NAKM vi SEM, vdi 20 = 7

Cac két quéa thic nghiém cho thay cac thuat todn dudi dao ham tang cudng
stt dung ki thuat quén tinh véi chién luge ¢d bude tang (NISEM va SEMNS)
nhin chung dat hieéu qua t6t hon vé thoi gian tinh toan so véi mot s6 thudt toan
hién ¢6 nhu thuat toan AISEM, EPSM, ISEM, NAKM va SEM. Mot nguyén
nhan dang ké 1a cac thuat toan nay chi st dung chién lude ¢d budc tu thich nghi
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vdi ddy ¢d bude gidm dan hofic khong don dieu tang.

Thit nghiém 9: Trong thi nghiém sé tiép theo, chiing toi thay doi gia tri cla
tham s6 a doi véi Thuat toan 3.4 va Thuat toan 2.1 trong [99]. Két qua dugc
trinh bay trong Bang 3.5 va Hinh 3.7. 06 thé thiy ring viéc thay doi gia tri clia
o 4nh hudng dang ké dén chi phi tinh todn ctia Thuat toan 2.1 trong [99].

— - ISEM: o = 0.6, 7 = 0.1428 — - -ISEM: @ = 0.6, 7 = 0.1428
10 —+—ISEM: o = 0.3, 7 = 0.5568 ] 10 —#—ISEM: a = 0.3, 7 = 0.5568
ISEM: o = 0.2, 7 = 0.7272 ISEM: @ = 0.2,7 = 0.7272
—-<q--ISEM: o = 0.1, 7 = 0.8800 =<~ ISEM: a = 0.1, 7 = 0.8800
©— NISEM: 7 = 1,0 = 0.6,a = 0.1428 ©—NISEM: 7 = 1,0 = 0.6, « = 0.1428
NISEM: 7 = 2,6 = 0.2, e = 0.7800 NISEM: 7 = 2,6 = 0.2, = 0.7800
TIAY: —5— NISEM: 7 = 3,6 = 0.05, = 0.9669 | | 1000 —&—NISEM: 7 =3,0 = 0.05, & = 0.9669 | |
—&— NISEM: 7 = 4,0 = 0.05, o = 0.9709 —&6—NISEM: 7 = 4,6 = 0.05, o = 0.9709

x|

Ja* — o)

o

1072 £

10741 104 L

30 50 60

Running time

RS . . .
200 300 400 500 600
Number of iterations

Hinh 3.7: So sanh hiéu suét ctia hai thuat toan NISEM va ISEM véi gia tri tham
s6 a khac nhau

0 =(1,1,1,1,1,1)7 2% = (1,0,1,0,0,0)
Times Iter. Error Times Iter. Error
ISEM: a = 0.6, 7 = 0.1428 50.0424 516 0.0168 50.0542 514 0.0238
ISEM: a = 0.3, 7 = 0.5568 50.0751 506 2.0252e-04  50.0035 552 1.3191e-04
ISEM: a = 0.2, 7 = 0.7272 50.0828 594 1.2666e-05 50.0720 570 2.6494e-05
ISEM: o = 0.1, 7 = 0.8800 48.2636 565 9.8638e-06 50.0574 557 1.0657e-05

NISEM: 7 =1, = 0.6, = 0.1428  31.2201 235  9.7433e-06 38.8243 237  9.7250e-06
NISEM: 7 =2, =0.2,0 = 0.7800  10.6962 86 9.7387e-06 12.0562 87 9.6570e-06
NISEM: 7 = 3,0 = 0.05,a = 0.9669 12.2118 84 9.5251e-06  10.5570 85 9.3631e-06
NISEM: 7 =4,0 = 0.05,a0 = 0.9709  9.6315 84 9.0968e-06  8.4241 84 9.8708e-06

Bang 3.5: Hieu suat hai thuat toan NISEM va ISEM véi gia tri tham s6 o khéc
nhau

Vi du 3.4 (Vi du vdi khong gian vo han chiéu).

Trong vi du nay, chiing toi tién hanh khdo sat st hoi tu ctia Thuat todn 3.6
(VSEM) va thyc hién so sénh véi nam thuat toan khéac, bao gom: EMIEgA dugc
trinh bay trong [81, Thuat toan 2|, MIEM trong [86, Thuat toan 1], IEM dugc
dé xuét trong [31, Thuat toan 3.1], ISEA trong [105, Thuat toan 3.2] va SEM
dugc dua ra trong |117, Thudt toan 3.1

Xét khong gian Hilbert cac ham binh phuong kha tich trong doan [0,1] H :=
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L%([0,1]) v6i tich vo hudng
1
(u,v) := /u(t)v(t)dt Vu,v e H,
0

va chuan || - || tuong tng. Xét bai toan (3.36) v6i C := {u € H : ||lu|| <1} va song
ham duoc chon cu thé nhu sau

3
f:0xC=R fay) = (5 lzl)ey—a)+lyl* = llall®, vayec

(i) Trude tién, ta ching minh duge song ham f gid don diéu manh trén C.
That vay, véi moi z,y € C thdéa man

3
fy) = (5 = lal)zy o) + Iyl = o] = 0
Khi do, ta c6 danh gia sau
3
£wse) = (5 = Il ) =)+ llall* = 1y

(=)o =)+ { (5= el ) — )

3
= =5 le = yl* + (—ullyll + lzllz, 2 = v)

= 2oyl + (e = )l + (el = Iyl 2 = )

3
< =Sz =yl* + (le = wllyll + [l=] =yl 1) Il = vl

IN

1 2
< —— — X
< —3llz
V1 vay, song ham f gid don diéu manh tren C véi v = 3.

(ii) Ta cling c6 thé chiing minh song ham f théa man diéu kien kiéu Lipschitz
(C4). That vay, v6i moi x,y,2 € C, ta ¢6

$) + £ = F2) + (5= el o = (5 = ol — =)

= f(z,2)+ 5z —yy—2) — (lzlz —ylyll,y — 2)
= f@.2)+ llle =2l = llz = wll* = ly = 2|
= (lzllz = ylyll,y — 2). (3.87)
Mat khac, ta lai ¢c6 danh gia sau

(el = yllly = =) = (lallz = o) + (el = lyl).y — =)
= A
<z =yll* + lly = =1 (3.88)
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Két hop hai danh gi4 trén, ta thu dugc
7 2 T 2
flay)+ fly.2) 2 fla,2) = 2lle =yl = Zlly = =[I°

Do d6, song ham f thda man diéu kién kiéu Lipschitz (C4) véi ¢; = cp = ;Z.

Dé& dang nhan thay ring cic song ham nay théa man day du cac diéu kién can
thiét dé dam bao tinh hoi tu clia cac thuat toan. Hon nita, phép chiéu truc giao
len tap C ¢6 cong thiic titgng minh, cy the

Po(a(t) x(t), néu ||z(t)|| <1,
c\T = t P
e éu lz@)] > 1.
Ta xét cac diém khéi dau khac nhau nhu sau:
1 1
20 = me "sin 3t, 2’ = ﬁt‘le’t, ¥ =2

Céac tham s6 duge chon tuong ing nhu sau:

e Trong thudt toan EMIEgA, s = 0.1, ¢, =

u_q1 = ug = 2V.

W2 k=

o Trong thuat todn MIEM, \y = 7 =0 =10 =06, p = 04, 7 = 1 — k%zv

g = 0.01+ 37, & = gy & = L+ s 2k = e Bk = wm VR 2 1
0

To=T1 =2
e Trong thuat toan IEM, \; = 5000, p = 0.003, = 0.9, 7, =

ug = u1 :xo.

1

e Trong thuat toan ISEA, A\, = 0.1, g = 0.9, 7, = —8* 6, = 0.01, B} =

(k+1)105>
1 _ _ .0
T00(k+5) Vk>1,xg=21=2x".

—_

e Trong thuat toan SEM, A\ = 0.5, = 0.9, 8 = 0.01, o =
S =1, xg=a".

1
T00055) VP 2

e Trong thuat toan VSEM, p(z) = fz, Ay = 0.1, po = 0.2, g = 0.15, ¢ =

log k 1 1
k—|—1105’£k os;alc:WVkELx = a.

St dung tieu chuan dimg 1a khi dat dude uée lugng |2* — 2*|| < 1073 hodc khi
thoi gian tinh todn vugt qua 20s ddi véi tat ca cac thuat toan. Két qua sb clia
ba thuat todn dudc trinh bay trong Bang 3.6 va Hinh 3.8.
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20 = ffse* sin 3t a0 = Ltte 20 =2

Times Iter. Error Times Iter. Error Times Iter. Error
EMIEgA 20.0072 164 0.0057 20.0470 163 0.0057 20.0322 162 0.0057
MIEM 20.0255 190 0.0041 20.0565 180 0.0040 20.0448 185 0.0039
IEM 20.0417 131 0.0022 20.1158 127 0.0022 20.0506 129 0.0022
ISEA 20.0860 139 0.1531 20.0712 136 0.0103 20.0297 133 1.6774
SEM 20.0356 141 0.0013 20.0486 144 0.0013 20.0296 133 0.0013
VSEM 2.5160 3 1.9719¢ — 04 1.8715 2 1.1580e — 04  2.1409 ) 4.9019¢e — 04

Béang 3.6: Hieu suat clia cdc thuat toan EMIEgA, MIEM, IEM, ISEA va SEM va VSEM

trong Vi du 3.4
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Hinh 3.8: So sanh hiéu suét gitta thuat toan VSEM va cac thuat toan EMIEgA,

MIEM, IEM, ISEA v SEM, véi 20

255

_ Lt‘le*t

Vi du nay cho thay rang, thuat toan dudi dao ham ting cuong st dung ki
thuat gin két v6i cd bude ting cho két qua kha quan, thé hién & ca thoi gian
tinh toan 1an do chinh xac ctia nghiém xap xi thu duge.
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Két luan

Trong chuong nay, ching t6i dé xuat thuat toan chiéu dudi dao ham cho
bai toan bat ddng thiic bién phan vé6i tap chap nhan duge duge cho dudi dang
14 mot tap mitc dudi clia mot ham 161 nhung khong nhat thiét kha vi. Mot tng
dung ctia thuat toén trong viec khit mo anh ciing da dude tinh bay. O phan cuébi,
chiing toi trinh bay cac thuat toin dusi dao ham ting cudng véi chién luge ¢d
budc ting giadi bai toan can bang. Hon nita, mot ing dung clia thuat todn cho
bai toan bat ding thiic bién phan ciing da dude trinh bay. Ching toi dua ra céc
vi du 86 dé minh hoa hiéu qua ctia cac thuat todn ducc dé xuat va tién hanh so
sanh hiéu suat clia chiing v6i mot sé thuat toan da co.
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KET LUAN

Luan an dé xuat mot s6 phuong phap gidi bai toan can bang, bai todn bat
ding thitc bién phan vi tng dung trong khit m& anh va mot s6 vi du thuc té.
Nhitng két qua chinh da dat dugc trong luan an bao gom:

1.

Dé xudt mot s6 thuat toan phan ra kiéu Tseng dé giai cac bai toan can
bing ma song ham cé thé bicu dién dudi dang tong clia hai song ham thanh
phan trong khong gian Hilbert thuc;

. Dé xuit thuat toAn mot phép chiéu phan ra giai bai toan can bing gia

don dieu cho béi tong ctia hai ham song ham thanh phan trong khong gian
Hilbert thuc;

. Baing cach két hgp ki thuat quan tinh va phuong phap dudéi dao ham ting

cuong véi mot chién luge méi vé lya chon ¢ bude, chiing t6i dé xuat mot
phuong phap dao ham ting cudng mdéi dé giai cac bai toan can bing
gia don diéu trong khong gian Hilbert thurc;

. bé xuat thuat toan chiéu duéi dao ham néi 16ng cho bai toan bat

ding thiic bién phan véi tap chap nhan duge la tap muc dudi cia mot ham
101 khong nhat thiét kha vi, va ting dung thuat toan trong viéc khit mdo anh.

Mot sé6 huéng nghién citu tiép theo:

1.

Nghién citu phat trién cac thuat toan t6i wu giai bai toan can bing, bat
déng thitc bién phan trén khong gian khong cé cau tric tuyén tinh, nhu da
tap Hadamard va da tap Riemann;

. Nghién citu phét trién cac thuat toan giai bai toan can bing ngiu nhién,

bat dang thitc bién phan ngiu nhién.
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