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LOI CAM DOAN

T6i xin cam doan cac két qua dugc trinh bay trong ludn an 13 mé&i va di dugc cong bd trén
cac tap chi toan hoc quéc té. Noi dung cua luan an dam bdo tinh trung thuc, cac két qua dua ra
chua tig dugc cong bd trong bat ky céc luan van, luan an nao khac. Nguén tai liéu tham khao
sir dung trong luan an dugc trich dan dy du va hop 1é. Nhiing két qua viét chung dua vao luan

an da dugc sy dong y cua cac dong tac gia.

Nghién ciru sinh
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LOI CAM ON

Luén an nay dugc thuc hién tai truong Pai hoc Khoa hoc Ty nhién - Pai hoc Quéc gia Ha
Noi dudi sy hudng dan cua GS. TSKH. Pham Ky Anh (Truong Pai hoc Khoa hoc Ty nhiéu -
Pai hoc Quéc gia Ha Noi) va PGS. TS. Nguyén Minh Tuin (Trudng Dai hoc Gido duc - Pai
hoc Quéc gia Ha Noi).

T6i xin dugc bay to 1ong biét on chan thanh va siu sic nhit t6i nhitng nguoi thdy hudng
dan kinh mén cua t6i, GS. TSKH. Pham Ky Anh va PGS. TS. Nguyén Minh Tuin. Céc thay da
ludn danh cho toi sy dong vién, hd trg va huéng dan t6i trong sudt ching duong nghién ctiu
sinh. Mdi khi toi gip phai bat ky tré ngai nao, cac thay ludn sin 10ng ling nghe va dua ra nhiing
161 khuyén quy bau. Cac thiy khéng chi 1a nhitng ngudi thdy miu muc trong hoc thuét, gitp
t6i dinh huéng va vuot qua nhitng thach thirc trong nghién ctru, ma con 1 nhitng tim guong,
truyén cam hang cho t6i vé su tan tdm va nhimg nd lyc khong ngimg nghi. Nghién ctru nay
chic chin s& khong thé hoan thanh néu khong c6 su diu dét, hd tro va niém tin ma cac théy da

danh cho toi.

T6i ciing xin bay to 1ong biét on chan thanh t6i Ban Chii nhiém khoa, cac thay/co trong Khoa
Toan - Co - Tin hoc, cling nhu cac thﬁy/cé trong Phong Thi nghi¢m Khoa hoc Dt li¢u, BO mon
Tin hoc, truong Pai hoc Khoa hoc Ty nhién - Dai hoc Quéc gia Ha Noi, da tao moi diéu kién

thuan loi va luén nhiét tinh giup d& toi trong sudt thoi gian hoc tip va cong tac tai trudng.

T6i ciing bay to long tri 4n sau sic t6i cac thay/co trong Bé mon Toan hoc tinh toan va Toan
ung dung, truong Pai hoc Khoa hoc Ty Nhién - Pai hoc Quéc gia Ha Noi, nhiing nguoi da truc
tiép giang day va trang bi cho t6i nén tang kién thirc trong chuong trinh hoc. T6i ludn biét rang
minh c6 thé tim dén cac thay/cé dé nhan dugc nhitng 16i tu van, gop ¥ va nhing ¥ tudng quy
gia. Xin cam on tat ca cac thiy ¢ vi sy chia sé kién thirc va ngudn dong vién to 16n.

Téi xin chan thanh cam on cc anh/chi/em trong nhém nghién ctru, cac ban trong nhom Tdi
rru hoa va em Lai Tién Minh da dong hanh, dong vién va gitip d t6i trong sudt qua trinh hoc
tap va nghién ctru.

Mon qua tinh than nay t6i danh ting b me, vo va cac con. Ngudn cam himg, tinh yéu thuong
va sy ing ho vo bd bén tir gia dinh chinh 1a dong luc, giup t6i hoan thanh chuong trinh nghién

ctru sinh tién si va bién soan luan an nay.
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Mo dau

1 Pitvan dé

Céc phép bién ddi tich phan da c6 lich sir lau doi, dugc ghi nhan xuat hién tir thé ky XVIIL.
Trai qua hon hai thé ky phat trién, cac phép bién ddi tich phan tré thanh mot cong cu giai tich
nén tang va khong thé thiéu trong nhiéu linh vuc khoa hoc va k¥ thuat. Ta c6 thé ké dén vai tro
ctia bién d6i Laplace trong diéu khién hoc, bién dbi Hankel trong vat 1y song, bién d6i Mellin
trong 1y thuyét s, bién ddi Radon trong xir 1y anh y hoc, bién d6i Fourier (FT) trong xr 1y tin
hiéu s6. Mdi phép bién ddi tich phan déu 1a mot cong cu giai tich quan trong, mang dén mot
goc nhin riéng, gitip don gian hoa ciu triic ctia cac phuong trinh vi phan va tich phan, tir 6 tao

diéu kién thuan loi cho viéc tim kiém nghiém. Xem [28, 45, 93].

Bén canh do, tich chap ra do1 mot cach ty nhién cung véi cac phép bién dodi tich phan, trong
qua trinh cac nha khoa hoc di tim 101 giai cho cac bai toan trong cac linh vuc vat Iy va toan hoc.
Tich chap da c6 nhiéu ung dung khac nhau trong cac linh vuc khoa hoc va k¥ thuéat. Tich chap
da dugc st dung dé dinh nghia dao ham phan tht (fractional derivative), tmg dung cho viéc
tinh toan mot sd 16p tich phan x&c dinh, m6 hinh héa cac hién tugng khuéch tan bat thuong, va
nhiéu tng dung khac. Trén co s& su phat trién cua 1y thuyét cac khong gian ham kiém thir va
cac khong gian phan phdi, tich chap trd thanh cong cu khong thé thiéu trong 1y thuyét hé tuyén
tinh bat bién theo thoi gian (Linear Time-Invariant - LTI), khi du ra ciia mot hé LTI duoc md
ta bang tich chap cua tin hiéu dau vao véi dap tmg xung cua hé thong. Két qua nay da mo ra
mot cong cu maéi, hi€u qua cho viéc phan tich va thiét ké cac bo loc, cling nhu cac hé théng XU
ly tin hidu s6. Ngay nay, vi sy bung nd ciia cong nghé may tinh va cac thuat toan xir 1y tin hiéu,

xur Iy anh, tich chap tré thanh mdt cong cu hi€u qua cho cac tac vu lam mo, lam sdc nét, phat



hién bién va trich xuat dic trung. Hon nita, sy phat trién bung nd cta hoc sau (Deep Learning),
dac bi¢t cac mang neural tich chap (Convolutional Neural Networks - CNNs), dd mo rong kha
nang tng dung cua tich chap trong cac linh vuc cong ngh¢ hién dai. Cac mang neural tich chap
str dung cac 16p tich chap lam khéi xdy dung co ban dé tr dong hoc cac dic trung phirc tap tir
dit liéu c6 ciu tric ludi, nhu dit liéu anh va video. Sy thanh cong cua CNNs trong cac bai toan
thi giac may tinh (Computer Vision) da thiic ddy sy phét trién manh mé cta cac linh vuc tri tué

nhan tao (Artificial Intelligence). Xem [17, 23, 31, 39, 62].

Nhu vy, qua nhiéu thé ky phat trién, tir nhitng ¥ tuéng ban dau dén cac tmg dung tién tién
trong ky nguyén sb ngay nay, cic phép bién ddi tich phan va tich chap da cho thiy duoc vai tro
quan trong va tam anh huéng to 16n, nhan duogc sy quan tim nghién ciru va dong gop sau rong

ttr nhiéu nha khoa hoc trong da dang céc linh vuc khoa hoc va k¥ thuat khac nhau.

Bién doi Hartley

Bién d6i Hartley (HT) 1a mot phép bién déi tich phan quan trong, dwgc tng dung rong rii trong
linh vuc xir 1y tin hiéu vat 1y thuc. Phép bién ddi nay c6 mbi lién hé mat thiét voi FT, nhung
cling mang nhitng dic tinh riéng va doc dao. Bién doi Hartley duoc gidi thidu boi R.V.L. Hartley
vao nam 1942, khi 6ng dé xuit mot phép bién doi tich phan nham hudng t6i muc tiéu tdi vu
hoa hiéu suét xir 1y tin hiéu thuc [67]. Khac voi FT truyén théng, von st dung ham nhan mii
phitc e~**, Hartley da str dung nhan tich phan 1a ham cas(x) = cos(x) + sin(x) (viét tat ciia
“cosine-and-sine™). Su thay d6i nay da loai bo viéc tinh toan phic tap trén trudng sb phic, dua

dén mot giai phap tiép can hiéu qua hon ddi véi cac hé thong vat 1y thuc nghiém.

R.N. Bracewell 1a mot trong nhirng ngudi tién phong dit nén mong co s6 1y thuyét va phat
trién tng dung cho HT [18, 19]. Ong dic biét tap trung vao phat trién bién d6i Hartley roi rac
(DHT), cac thuat toan bién d6i Hartley nhanh (FHT), va di chimg minh DHT c6 hiéu suét tinh
toan t6i wu hon so v&i DFT trong xir 1y dir liéu thuc. Cubn sach “The Hartley Transform” cia
ong duoc coi 12 mot tai liéu kinh dién, thiét 1ap nén tang 1y thuyét va tmg dung cho HT.

Tt sy phat trién cua cac linh vuc cong nghé cao, dac biét 1a cong ngh¢ nhang, HT tiép tuc
thu hut sy quan tim nghién ctru tir cong ddng cac nha khoa hoc, voi nhitng nghién ctru tip trung

vao viéc toi uu hda tinh toan va mé rong ing dung. Trong linh vyc toi vu hoa thuat toan, H.V.



Sorensen va cong su dd nghién ctru va so sanh hiéu suét tinh toan cua cac thuat toan FHT va
céc thuat toan bién d6i Fourier nhanh (FFT) trong truong hop dit liéu thuc [76]. P. Duhamel va
M. Vetterli nghién ctru vé hiéu suét tinh toan va phat trién cac thuat toan tdi vu cho DHT [30].
R.N. Bracewell va cong su d nghién ctru phat trién HT trén khong gian nhiéu chiéu va cac
thuat toan nhanh [20], ing dung HT cho xtr Iy anh va xir 1y dit liéu nhiéu chiéu. Vé g dung
chuyén nganh, F. Vatansever nghién ctru img dung HT dé phan tich tin hiéu trong cac hé théng
dién [42, 43]. N.L. Mohan va L.A. Babu di nghién ctru tmg dung HT hai chiéu trong xu 1y tin
hiéu dia chan [57]. Ngoai ra, HT con dugc nghién ctru tmg dung trong céc linh vyc cong nghé
hién dai. H. Zhang va J. Ma da dé xuat phuong phap Hartley Spectral Pooling cho hoc sau, tin
dung wu thé t6i wu tinh toan trén mién sb thuc dé ting hiéu suét tinh toan [95]. Gan day, Rani
va cong su (2024) [71], Ma va cong su (2021) [56], Coutinho va cong su (2021) [26] cling da
cong bd mot s6 cong trinh nghién ctru vé tmg dung HT trong céc linh vyc xir 1y anh y té, thu
thap dit liéu hiéu qua trong chup anh don diém va nén anh. Nhitng nghién ctru gan ddy cho thay

HT va DHT van 1a mot cha dé duoc nghién ctru tich cyc va tiép tuc phat trién manh.

Trong nudc, N.X. Thao, T. Tuan, N.M. Khoa, N.M. Tuan ciing d& cong b6 nhiéu cong trinh
nghién ctru vé cac phép bién ddi tich phan suy rong, Gmg dung cho giai cac phuong trinh tich
phan. Trong mot $6 cong trinh nghién ctru cua ho, HT duoc dinh nghia méi, hodc dugce dé cap
dén nhu mot truong hop dic biét ciia mot phép bién doi tich phan dang Fourier (FTT) khac,
hoic ciing ¢6 thé duoc sir dung két hop véi cac FTT khac. Xem [12, 47, 86, 87].

Mic du FT van 14 cong cu nén tang trong linh vuc xur 1y tin hiéu, HT dong vai tro bd tro
khong thé thiéu cho FT va tiép tuc dugc md rong nghién curu. Ddi v6i cée tin hiéu dau vao la
ham thue, HT cho ra cac hé sb bién d6i hoan toan trén mién thuc. Dic tinh nay giap tiét kiém
dang ké tai nguyén bo nhé va giam thiéu khdi luong phép tinh s6 hoc so véi FT, tao loi thé dic
biét cho cac tng dung xur 1y thoi gian thue hodc cac hé thong nhing c6 cau hinh phan cimg han
ché. Trong mét sd linh vuc k¥ thuat chuyén sau nhu quang hoc, phén tich hinh anh, va truyén
thong khong day, khi tin hiéu vat 1y thuong 1a thyc, HT cung cdp mot cong cu phén tich tu
nhién va c6 tinh tuong thich cao v&i ban chét vat Iy cua tin hiéu. Hon thé nira, HT c6 tinh chét
tur nguoc, tire 14 toan tir bién d6i xudi va nguoc co ciu tric toan hoc dong nhat, giup don gian
hoa viée thiét ké ciu tric thuat toan. Ngoai ra, mbi quan hé chuyén dbi twong hd gitta HT va
FT khong chi thiét 1ap mot cau ndi co so Iy thuyét giira hai phép bién doi, ma con cho phép tich

hop cac thuat toan FET nhdm phat trién cac thuat toan FHT hiéu qua cao [33, 70].



Bién ddi Hartley da c6 lich sir ra doi tir 1au, tuy nhién, 1y thuyét tich chap cho HT van con
tuong d6i méi mé va han ché so v6i FT, va chua dugc hé thong mot cach day du, chit ché. Viée
phat trién mot hé thong 1y thuyét cho tich chap lién két véi HT, v6i cac dinh nghia rd rang, cac
tinh chét toan tir duoc thiét 1ap chat ché (nhu déng thirc nhan tir hoa, tinh bi chin, tinh chét
unita, bat dang thirc Young, Parseval, va cc dic trung toan tir khac) s& gop phan xay dung mot
nén tang 1y thuyét chit ch& cho HT, ciing nhu tao co sé nén tang ving chic dé tiép tuc nghién

ctru 1y thuyét va phat trién cac tng dung cho HT trong twong lai.

Phwong trinh tich phan

Phuong trinh tich phan (IE) 1a mdt linh vuc ¢bt 151 cta toan hoc, duge nghién clru sau rong
trong ca linh vyc toan 1y thuyét va toan mg dung. Phuong trinh tich phan phét sinh mot cach
tu nhién trong qué trinh nghién ctru vé bai toan gia tri ban dau (IVP) va bai toan gia tri bién
(BVP), lién quan dén viéc mo hinh hoa toan hoc cac hién tuong vat ly. Nghi¢m cua IE la chia
khoa dé kham phéa nhitng déc trung dinh tinh ctia céc hién tugng trong khoa hoc tu nhién. Sy
phat trién ciia linh vyc nay di xdy dung nén mot nén tang toan hoc ving chic ¢é mé hinh héa

va phan tich nhiéu hién tuong trong vat 1y va ky thuat. Xem [14, 50, 94].

Vao nam 1900, I. Fredholm d3 dat nén mong 1y thuyét cho mét 16p IE véi cac can 1a hang
s6, 10p phuong trinh nay sau d6 dugc biét dén rong rai 1a phuwong trinh tich phan Fredholm
(FIE). Ly thuyét FIE dong vai trd quan trong trong toan hoc hién dai nhd kha nang chuyén doi
céc phuong trinh vi phan, phuong trinh dao ham riéng vé dang IE, 1a céng cu hiéu qua dé mo
hinh hoa cac hién twong tu nhién, xdy dung co sé nén tang cho giai tich ham, va nghién ctu
cac bai toan dat khong chinh. Phuong trinh tich phan Toeplitz va Hankel 1a cac truong hop dac
biét ciia FIE. Nghién ciru vé phuong trinh tich phan Toeplitz khéi ngudn tir cac cong trinh cia
0. Toeplitz vao dau thé ky 20 trong linh vyc 1y thuyét ham va dai s6 tuyén tinh v6 han chiéu.
Céc phuong trinh ¢6 ciu triic ma tran Toeplitz xudt hién pho bién trong Iy thuyét chudi Fourier,
ly thuyét du bao va xir Iy tin hiéu s6. Bén canh do, cic nghién ciru vé phuong trinh tich phan
Hankel lai gan lién voi toan tir Hankel, cac phép bién doi tich phan va bai toan moment. Xem
[13,46, 74, 90]. Méc du trong giai doan nay da xuét hién mot s6 cong trinh nghién ctru vé dang
phuong trinh tich phan két hop gitra cu triic Toeplitz va Hankel, song céc két qua dat duoc con

mang tinh roi rac va chua dugc hé théng hoa thanh mét 16p phuong trinh doc 1ap [35, 48, 75].



Trong qua trinh nghién ciru cic bai toan phirc tap trong vat 1y va ky thuat (nhu 1y thuyét tan
xa va dong luc hoc chit 16ng), cac nha nghién ctru dd nhan thdy mot sb bai toan c6 thé dugc
dua vé dang IE v6i nhan c¢6 ciu tric Toeplitz + Hankel (TPH), 1a sy két hop cta nhan Toeplitz
va nhan Hankel. Su phat trién manh mé cta 1y thuyét toan tir trong thé ky 20, dic biét 1a Iy
thuyét vé toan tir Toeplitz va toan tir Hankel trén cac khong gian ham, di cung cip cac phuong
phap giai tich dé nghién ctru vé loai phuong trinh nay. Sy hiéu biét su sic hon vé cau tric va
tinh chét cta IE ¢6 nhan dang TPH d3 mo ra tiém niang kham pha img dung mdi trong céc linh
vuc khoa hoc va k¥ thuat. CAu trac dic biét cua ma tran TPH (khi IE duogc roi rac hoa) cling da
thic day viéc phat trién cac thuat toan sb dé giai cac IE c6 nhan dang TPH. Cac thuat todn nay
thudng sir dung cac thuat toan FFT dé t6i uu hoa hi¢u suat tinh toan. Song song véi viéc nghién
clru va phat trién tmg dung, nghién ctru 1y thuyét ciing tiép tuc dugc phat trién, tip trung vao
céc khia canh triru teong hon cua IE ¢6 nhan dang TPH, bao gdm tinh giai dugc, 1y thuyét pho,

cac phuong phép giai tich, va moi lién hé cia chung voi cac linh vuc toan hoc khéac.

Phuong trinh tich phan c6 nhan dang Toeplitz va Hankel da dugc nghién ctru va dong gop
tir nhidu nha khoa hoc. I. Gohberg va S. Goldberg, cic nha toan hoc ndi tiéng voi nhitng cong
trinh nghién ctru vé 1y thuyét toan tir, d3 nghién ctru vé toan tir Toeplitz va Hankel, va nhimg
cong trinh ctia ho trd thanh co s¢ nén tang cho viée nghién ctru cac IE ¢6 nhan dang TPH. Cudn
sach “Basic Operator Theory” cua céac tac gia nay dugc xem la mot tai li¢u tham khao kinh
dién vé linh vuc ndy. Bén canh do, A. Béttcher va B. Silbermann di c6 nhitng déng gop quan
trong vé phan tich toan tir, phan tich ma tran Toeplitz va Hankel, bao gém ly thuyét phé, tinh
kha nghich cuia toan tir va cac phuong phép sb giai phuong trinh Toeplitz va Hankel. Cac cong
trinh cta ho duoc tong hop lai trong cubn sach “Analysis of Toeplitz Operators”, va duoc ghi
nhan 1a mat tai liéu chuyén khao kinh dién. M.G. Krein 12 mot trong nhitng nha toan hoc 16n
nhét ctia thé ky 20, v6i nhitng dong gop quan trong trong 1y thuyét toan tir va giai tich ham. Céc
cong trinh cia 6ng c6 anh hudng sau rong dén nhiéu linh vuc, dic biét 1a vé 1y thuyét phuong
trinh TPH, dién hinh trong s6 d6 1a cac cong trinh vé 1y thuyét thac trién toan tir va cac bai toan
moment lién quan dén ma tran Toeplitz duong, 1y thuyét phuong trinh Wiener-Hopf lién quan
dén dang lién tuc cuia phuong trinh Toeplitz [35], 1y thuyét phd va dai s6 Krein lién quan dén
phén tich dang ti¢m can cua dinh thuc Toeplitz. H. Widom cling da c6é nhiing dong gop dang
ké trong viéc nghién ctru 1y thuyét vé dinh thirc Toeplitz va dang tiém cén cua no, lién quan

mat thiét dén viéc giai phuong trinh Toeplitz va TPH [91, 92]. N. Levinson di phat trién mot



thuat toan dé quy dé giai hiéu qua cac hé phwong trinh Toeplitz phat sinh tir bai toan loc Wiener
(1947) [53]. Thuét toan ndi tiéng nay sau d6 duoc dit tén 1a thuat toan dé quy Levinson (sau
nay dugc cai tién va goi 1a thuat toan Levinson-Durbin). K. Rost va G. Heinig ciing da nghién
ctru va phat trién cac thuat toan nhanh dé giai cac hé phwong trinh tuyén tinh véi ma train TPH
[40]. G. Strang d4 nghién ctru mdi lién hé gitta ma tran TPH v&i nhimng bai toan trong céc linh
vuc vat 1y va k¥ thuat, dac biét 1a trong linh vuc xur 1y tin hié¢u va giai cac phuong trinh dao ham
riéng bang phuong phép sai phan [78]. J.N. Tsitsiklis va B.C. Levy d3 nghién ctru cic phuong
trinh TPH va khao sat tong quan cac phuong phap 1y thuyét va phuong phap sb dé giai phuwong
trinh TPH cho truong hop phuong trinh dat chinh [82]. Gene H. Golub va Charles F. Van Loan,
nhitng nha khoa hoc néi tiéng v6i nhitng déng gop to 16n trong linh vie tinh toan khoa hoc, da
phat trién cac thuat toan s dé giai cac hé phuong trinh dai s6 tuyén tinh ¢ cdu trac dic biét,

bao gdm cau tric phat sinh tir viéc rdi rac hda cac phurong trinh tich phan Toeplitz va Hankel.

Trong nudc, cac tac gia N.X. Thao [79], N.M. Tuén [11, 84, 85], T. Tuan [88], N.M. Khoa
[80], L.T. Minh [38] ciing d4 cong b nhiéu cong trinh lién quan dén IE ¢6 cau tric dang Toeplitz
va Hankel. Cac cong trinh cta ho chil yéu tip trung vao viée st dung cc cong cu giai tich dé
tim nghiém dung dudi dang dong cho cac 16p phuong trinh TPH khac nhau. Cac phuong phap
ho dua ra thuong 1a xay dung céc tich chép lién két voi cac FTT, dac biét 1a tich chap lién két

v6i HT, dé giai cac 16p phuong trinh nay.

Nhiéu bai toan trong co hoc, vat Iy va ky thuat di din dén cac IE c6 cau trac nhan dang
Toeplitz va Hankel. Viéc nghién ctru loai IE nay tré thanh dong lic manh mé thic ddy sy phat
trién cua cac tich chap suy rong lién quan dén phép HT. Nhitng két qua vé ing dung cia tich
chap Hartley suy rong trong thoi gian qua di chting minh day 1a mot cong cu hiéu qua dé tim
nghiém dung dudi dang dong cho cac IE ¢6 cau trac TPH, diéu ma cac phuong phap giai tich

khac thuong gip nhiéu kho khan.

Ly do chon dé tai nghién ctru

Trén co s& nhitng nghién ctru trén, ching t6i chon d¢ tai nghién ctru 1a “Ly thuyét va img dung
ciia chép lién két véi bién déi tich phan Hartley”, nham gop phan xay dung mot cach c6 hé
thdng co so 1y thuyét cho HT, ciing nhu khai thac nhitng uu thé va tiém ning tmg dung cia

phép bién d6i tich phan nay.



2  Muc tiéu nghién ctru cua ludn an

Luan 4n nghién ctru phat trién co sé Iy thuyét cho HT, nham déng gop vao viéc xdy dung mot
hé thdng co s& 1y thuyét day du va chit ché cho HT, ciing nhu khdm pha tiém ning tng dung
ctia chung. Lu4n 4n ciing nghién ctru cac tinh chét toan tir va dic trung toan tir cua HT trén cac
khong gian Schwartz S(R™), khong gian Banach L'(R™) va khong gian Hilbert L?(R"). Ludn
an tap trung vao xay dung cic tich chdp mai lién quan dén HT va HT hitu han, dong thoi thiét
1ap va chimg minh cac tich chit toan hoc quan trong ctia chung, nhu bat dang thic chuén, dang
thirc nhén tir hoa, bat dang thirc Young. Trén co s cac phép tich chap lién quan dén HT, luan
an nghién ciru xay dung dai s6 Wiener lién két v6i HT trén khong gian nén L'(R™), nham mé

rong pham vi nghién ctru vé khong gian ham L'(R™) va cac tich chap trong L' (R").

Luan 4n ciing nghién ctru cac phuong phap dé giai phuong trinh tich phan Fredholm (FIE)
cho ca truong hop tuyén tinh va phi tuyén, trén co s& nhiing 16p tich chap lién quan dén HT.
Cu thé, luan 4n nghién ciru cac phuwong phép giai dung phwong trinh tich phan Fredholm loai IT
(FIE-II), dong thoi, nghién ctru 4p dung cac phuong phéap va thudt toan hiéu chinh dé giai gan
dung phuong trinh tich phan Fredholm loai I (FIE-I), ddy von 1a bai toan dit khong chinh kho
giai va thuong khong c6 phuong phap giai tich dé tim nghiém dang duéi dang dong.

3 Po6i twong va pham vi nghién ciru

Lu4n 4n nghién ctru vé cac HT va céc tich chap lién quan dén HT, nham khai thac nhitng vu
diém, ciing nhu kham pha tiém ning tmg dung ciia ching trong viéc giai phuong trinh tich
phan, dic biét 1a FIE c6 nhan dang TPH. Luan 4n ciing nghién ctru cac phuong phap dé giai

dung, giai gan ding FIE véi phan tuyén tinh TPH cho ca trudng hop tuyén tinh va phi tuyén.

Luan an nghién ctru hé théng hoa co so 1y thuyét cho HT, khao sat va phat trién cac tinh cht
toan tir va ddc trung toan tir ciia HT trén cac khong gian Schwartz S(R"), khong gian Banach
L'(R™) va khong gian Hilbert L?(IR"); xdy dung cac tich chap lién quan dén HT va HT hiru
han, d6ng thoi thiét 1ap va chimg minh céc tinh chat toan hoc quan trong cta chung, nhu bat
dang thtrc chudn, dang thirc nhan tir hoa, bat dang thirc Young; nghién ctru xdy dung dai sd

Wiener lién két véi HT trén co so cac tich chap lién quan dén HT.



Luén 4n nghién ciru tiém nang tng dung cua HT va céc tich chap lién quan dén HT, dic
biét trong viéc giai phuong trinh tich phan, trong d6 tap trung vao FIE cho ca truong hop tuyén
tinh va phi tuyén. Cu thé, luan an nghién ctru cac phuong phéap dé giai dung mot s6 16p FIE-II,
dic biét 1a truong hop FIE-II v6i nhan dang TPH, dong thoi, ludn 4n ciing nghién ctru 4p dung
cac phuong phap chinh lap dé giai gan dung FIE-I véi phan tuyén tinh TPH, trong d6 tap trung
vao cac phuong phéap chinh 1ap song song, phuong phap chinh lap tién-lui (FBSM) va phuong
chinh lip tién-1ui-tién (FBESM).

4 Phuwong phap nghién ciru

Trén co sé giai tich ham, giai tich Fourier, ludn an nghién ctru hé théng hoa va phat trién co sé
ly thuyét cho cac phép HT. Muc dich 1a dé dong gbp vao viéc xdy dung mot hé thdng 1y thuyét
day du va chat ché hon cho HT.

« Ly thuyét toan tir: Nghién ctru tinh chét dang ciu va bao toan chuin (bao toan ning
luong). Tim kiém va phan tich cic ham co s va ham riéng.

« Mbi quan hé giita mién ban dau va mién bién d6i: Xac dinh mdi quan hé giita cac phép
toan vi phan va tich phan trong mién ban dau véi cac phép toan dai s6 va phép toan tich
chap trong mién bién doi. Thiét lap mdi lién hé giita d6 tron ctia ham trong mién ban dau
vé6i tinh suy giam ctia ham trong mién bién doi.

« Cac dinh Iy Gmg dung nén tang: Thiét 1ap cac dinh 1y tich chap, cac nguyén 1y bat dinh.

Trén co s6 1y thuyét toan tr don diéu, giai tich da tri, giai tich 161, luan an nghién ctru cac
phuong phap dugc sir dung trong cac bai toan tdi wru, nham ap dung va phat trién cac phuong

phap va thuét toan dé giai phuwong trinh tich phan cho ca truong hop tuyén tinh va phi tuyén.

« Nghién ctru cac phwong phap lip (iterative methods), cac phuong phap chiéu (projection
methods), cac phuong phap phan ra (splitting methods) va cac phuong phap hi¢u chinh

(regularization methods) dé giai phuong trinh tich phan.

Trén co sé nhiing ung dung cua FT va tich chdp Fourier, luan an nghién ctru kha nang tmg
dung cua cac HT, ciing nhu cac tich chap lién quan dén chung. Nghién ctru nhitng wu thé ma

cac HT mang lai, so v6i FT.



5 Keét qua cia luan an

Luan an nghién ctru vé HT, cac tich chap lién quan dén HT va tmg dung cta chung. Luan 4n
nghién ctru hé théng hoa va phat trién co so 1y thuyét cho HT va cac tich chap lién quan dén
HT, dong thoi nghién ciru kha nang mg dung ctia ching trong viée giai FIE cho ca truong hop

tuyén tinh va phi tuyén. Dudi ddy 1a mot s6 két qua ma luan an da dat dugc.

Phat trién co s& 1y thuyét cho HT

Lu4n 4n nghién ctru cac phép bién doi HT va HT hitu han, hé thdng hoa va phat trién cac tinh
chit toan tir va dic trung toan tir cia HT trén cac khong gian Schwartz S(R™), khong gian
Banach L'(R") va khong gian Hilbert L?(R"). Luan an da dé xuat mot sb 16p tich chap méi
lién két véi HT va HT hitu han, dong thoi chimg minh cac tinh chat toan hoc quan trong cia
chung, bao gdm bét ddng thirc chuan, dang thirc nhan tir hoa va bit ding thirc Young. Hon nita,
trén co s céc tich chap da dé xuét, luan an xay dyng dai s6 Wiener lién két vai HT trén khong

gian nén L' (R").

Gidi phwong trinh tich phan Fredholm loai II (FIE-II)

Lu4n 4n nghién ctru mot s6 16p FIE-II v6i nhan dang TPH, bao gdbm FIE-II v6i nhan dang TPH
va FIE-II v6i nhan dang TPH dich chuyén. Luan 4n ciing nghién ciru mét s6 16p FIE-II trén
mién v6 han, nhu phuong trinh tich chap lién két véi HT, phuong trinh tich chap véi nhan dang
TPH dich chuyén, phwong trinh tich chap v6i nhan tich phan lién két véi ham Hermite. Ludn
an da dua ra cong thuc nghi¢ém ding dudi dang dong cho céac 16p phuong trinh tich phan nay,

nho sir dung cac phép tich chap lién két véi cac HT va HT hiru han di xay dung.

Gidi phuong trinh tich phan Fredholm loai I (FIE-I)

Luan 4n dé xuét 4p dung mot sé phuong phép chinh 1ap, két hop véi cac tich chap lién két voi
HT hitu han, dé giai gin diing mot s6 16p FIE-I véi phan tuyén tinh TPH cho ca trudng hop
tuyén tinh va phi tuyén, bao gdm phuong phéap chinh lip song song, FBSM va FBFSM. Day
vbn 13 nhirng bai toan dit khong chinh kho giai va thudng khéng c6 phuong phap giai tich dé

tim nghiém dung dudi dang dong, nhung lai rit phd bién va c6 y nghia trong thuc té.



Noi dung cua ludn an dugc viét dua trén két qua ciia 02 bai bao [CT1] va [CT2] trong danh
muc cac cong trinh khoa hoc da cong bd cua tac gia lién quan dén luan an. Cac két qua chinh

cua luan an da duoc bao cao tai:

* Seminar by mon Todn hoc tinh toan va Todn ung dung, truong Pai hoc Khoa hoc Ty

nhién - Pai hoc Qudc gia Ha Noi.

« Seminar trung tdm nghién ctru va phat trién toan hoc va tmg dung (Center for Research

and Development in Mathematics and Application), Pai hoc Aveiro, B6 Pao Nha.

6 Cau truc cua luin an

Luan an trinh bay co so 1y thuyét va cac két qua ma luan an da dat dugc.

Chuong 1 cia luan an trinh bay mot sb két qua da biét trong giai tich ham, giai tich Fourier,

giai tich da tri, Iy thuyét toan tr don diéu, giai tich 161, 1a co s& 1y thuyét cho cac chuong sau.

Chuwong 2 cia luin an nghién ctu co so 1y thuyét cia cac phép HT va HT hitu han, cac
tinh chét toan tir va ddc trung toan tir ciia HT trén cic khong gian Schwartz S(R™), khong gian
Banach L!(R") va khong gian Hilbert L?(R™). Luan 4n da dé xuat mot s6 16p tich chap lién
quan d&én HT va HT hitu han, dong thoi ching minh cac tinh chit toan hoc quan trong cia
chung, nhu bat déng thirc chuén, dang thirc nhan tir héa va bt dang thirc Young. Hon nita, trén
co sO cac tich chdp da xay dung, ludn an nghién ctru xay dung dai s6 Wiener lién két véi HT

trén khong gian nén L'(R™).

Chwong 3 cua luan an nghién ciru mot sé 16p FIE-II véi nhan dang TPH va dua ra cong
thirc nghiém ding dudi dang déng nho sir dung céc tich chap lién két voi HT hitu han, bao gdm
FIE-II v6i nhan dang TPH va FIE-II véi nhan dang TPH dich chuyén. Lun 4n ciing nghién ctru
mdt s phuong phép chinh 1ap, két hop véi cac tich chap lién két voi HT hitu han, dé giai gan
diung mot s6 16p FIE-I voi phan tuyén tinh TPH cho ca trudng hop tuyén tinh va phi tuyén, bao
gdm cac phuong phap chinh lap song song, FBSM va FBFSM. Hon nita, luin 4n nghién ctu
mot sb 16p FIE-II trén mién vo han va dua ra céng thirc nghiém dang duéi dang dong cho cac
16p phuong trinh nay, nho sir dung cac tich chap lién két voi HT, bao gom phuong trinh tich
chap lién két voi HT, phuong trinh tich chap véi nhan dang TPH dich chuyén, phuong trinh

tich chap v6i nhan tich phan lién két voi ham Hermite.
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Chuong 1
Kién thirc chuan bi

Chuong nay ctia luan an trinh bay mot sb khai niém va két qua da biét cua giai tich ham, giai
tich Fourier, giai tich da tri, 1y thuyét toan tir don diéu, giai tich 161, Iy thuyét bai toan dit khong
chinh, 13 co s 1y thuyét cho cac chuong sau. Cu thé, luan 4n trinh bay co sé 1y thuyét cua giai
tich Fourier, 1y thuyét toan tir don di¢u, bai toan dat chinh, bai toan dat khong chinh, bai toan
bét ding thirc bién phan (VIP), bai toan bao ham thirc bién phan (VInP). Hon nita, luan 4n trinh
bay mot sb phuong phéap chinh ldp song song dé giai gan ding hé phuong trinh toan tir chira
toan tir don diéu. Pong thoi, luan an ciling trinh bay cac phuong phap chinh lap tién-1ui (FBSM)
va chinh 13p tién-lui-tién (FBFSM) dé giai gan dung VInP lién két v6i toan tir don diéu.

Noi dung cta chuong nay dugc viét dya trén cac tai lidu [1,2,3,5,15, 34, 63, 66, 77].

1.1 Ham va khong gian ham

1.1.1 Cac ky hiéu

Ky hiéu R” khong gian Euclid thuc hiru han chiéu. Véi x,y € R”, ky hidu xy := (x,y) Ia
tich v6 hudng ciia x va y; ky hiéu [x| = /(x,x) 1a chuan Euclid ctia x. Khi do, ta c6 thé viét
cos Xy := cos(X,y), sinxy := sin(x,y), e™ := &),

Véix = [x1,29,...,2,] € R", ky hiu —x = [—x1, — 29, ..., —x,]; va vOi f 12 ham xac

dinh trén R”, ky hiéu f~(x) := f(—x).

11



Mot bd n s6 nguyén khong am va ¢6 tht ty o = (aq,..., o) (ay € No, k= 1,...,n)
dugc goi 12 mot n-bo, hodc mot da chi s6. Néu hai n-bo o, B thoéa man a;, < [i v6i moi
k =1,2,...,n, tandéi n-bé a khong cao hon n-b6é 3, va ky hiéu 1a o < B. Trong tap tat ca

cac n-bo ¢6 ton tai thir tu bd phan, nhung co6 thé khong tdn tai thit tu toan phﬁn.

Véi mbi n-bd o = (ay, - -, a,) vax € R™, ky hiéu:
* laf :=a; + - + a,, va duge goi la cap cua n-bo a.
s al =o'yl
o X% = a7 - - 2% va duge goi la mot don thuc.
ole ) y
* DY := 45— latoan tir dao ham ri€ng theo bién x.
Ox{' -+ Oxon

1.1.2 Mot s6 ham dic biét
1.1.2.1 Ham Gauss

Ham Gauss mot bién 1a ham c6 dang

o2
g(x) = ae_( 7 ,

trong do6, a, b, ¢ 1a cac hang s6 thuc.

12

a=1.0, b=0.0, ¢=0.5
a=0.8, b=2.0, c=1.0
1 | a=1.2, b=-1.5, c=0.7 |
a=0.5, b=0.0, c=2.0

0.8 [~
X o6l
£ 06

0.4

02

Hinh 1.1: Cac ham Gauss mot bién.
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Trong khong gian n-chiéu, ham Gauss nhiéu bién dugc dinh nghia theo cong thirc
g(x) = e x e R,

trong d6, A 1a ma tran vudng xac dinh duong cip n.

Hinh 1.2: C4c ham Gauss hai bién.

7-I—7L
det A"

Tich phan cua ham Gauss trén R" dugc xac dinh boi fRn e(X" AN gy =

Nhén xét 1.1 Cac ham Gauss thudc khong gian cac ham giam nhanh S(R™) va c¢6 nhitng tinh
chit toan hoc quan trong trong giai tich Fourier, nhur tinh chét ty nghich dao dudi phép FT va

dong dudi phép tich chéap Fourier.

1.1.2.2 Ham Hermite

Céc da thirc Hermite mot bién dugc dinh nghia theo cong thirc

dk

%6_932, T e R, ke No,

hoic ¢ thé dugc dinh nghia theo cong thuc truy hoi

Hk(l') = 2ka_1(x) — Qk'Hk_g(ZL'), HO(J,') = 1, H1<£L') = 21’, T € R, ke No.
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Hinh 1.3: Cac da thac Hermite mot bién.

Trong khong gian nhiéu chiéu, v6i a 1a mot n-bo, da thirc Hermite n bién duoc dinh nghia boi
Hao(x) := (—1)l*lef’ pee=i x e R™, (1.1)

4000

2000

-2000

-4000

-8000

Hinh 1.4: Da thitc Hermite hai bién.

Ham Hermite va ham Hermite chuin hoa mét bién duogc dinh nghia theo cac cong thirc

1,2 1 1,2
hk(a:) = Hk($)6 27, ¢k($) = mlﬂ(w)e 27 L€ ]R, ke No.
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Hinh 1.5: Cac ham Hermite chuan hoa mét bién.
Ham Hermite va ham Hermite chuan hoa nhiéu bién duoc dinh nghia theo cac cong thirc

1
ha (X) = Ha(x)e_%|X|Q7 Do (X) = W4—\/MHOL(X)6_§|X|2, xeR" aeNj.

0.4 —

Hinh 1.6: Him Hermite chuin hoa hai bién.

Nhén xét 1.2 Ham Hermite duoc dinh nghia trén co s da thirc Hermite, c6 céc tinh chat nhu
héi tu vé 0, 1a ham riéng cua toan tir tich phan Fourier va cac ham Hermite tao thanh co so truc
chuén trong khong gian L2, Nhiing tinh chat nay lam cho FT try thanh mot cong cu manh trong

nhiéu linh vyc khoa hoc, nhu giai phwong trinh vi phén, xir 1y tin hi¢u va nhiéu linh vuc khac.
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1.1.2.3 Ham Hartley

Ham Hartley, hay 1a ham cas, dugc dinh nghia nhu sau:

cas(x) :

cos(z) + sin(z), x € R.

cas(x)

— cas(x) = cos(x) + sin(x)

-2 0 2 4
X (radian)

Hinh 1.7: Ham cas(x) va cac ham thanh phan cos(x) va sin(z) mot bién.

Trong khong gian nhiéu chiéu, ham cas dugc xac dinh theo cong thirc:

cas(xy)

cas(xy) := cos(xy) + sin(xy), x,y € R".

N

i
i
v

Hinh 1.8: Ham cas(xy) véi x,y € R2,

N

S

i
i
it

W
i
i

W
TR
N
A \\‘

Wi

6‘0‘,"‘;‘; Wy

3 5
X -4 -5
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1.1.3 Cac khong gian ham

Xét cac khong gian ham xéc dinh trén R”™ va c6 gié tri phuce. Ky hi¢u:
* C(R™) la khong gian cac ham lién tuc trén R™.

Cp(R™) 1a khong gian cac ham lién tuc, bi chan trong R™.
C.(R™) 1a khong gian cac ham lién tuc trén R™ va c6 gia compact.
« C*(R") (k € NU {oo}) 1a khong gian cac ham kha vi lién tuc cap k trén R”.
C*(R™) 1a khong gian cac ham kha vi lién tuc cap k trén R” va c6 gid compact.
* O°°(R") 1a khong gian cac ham kha vi v6 han trén R™.
» C°(R™) 1a khong gian cidc ham kha vi vo han trén R™ va c6 gia compact.
* Cy(R™) 1a khong gian cac ham lién tuc va triét tiéu tai vo clng.
Khong gian Cy(R") ¢ thé trang bi chuan || f||oc = sup | £(x)| dé tro thanh khong gian
Banach. Hon nita, Cp(R™) la mét dai s6 Banach v&i phép f}]fén diém cac ham thong thuong.

Véimdi 1 < p < oo, ky hidu LP(R™) 1a khong gian Banach cac ham do dugce Lebesgue

f:R*"—=Cco chuan hitu han, trong do chuan duoc xac dinh nhu sau:

1/p
(537 Jen lF )P dx) 1< p <o

esssup {|f(x)| : x € R"} p=o0.

1Al =

Trong truong hop p = 1, khong gian L' (R™) duoc goi 1a khong gian cac ham kha tich tuyét dbi
trén R” va chuan dugc dinh nghia boi || f||; := ﬁ Jan 1S (x)|dx.

Hai ham f,g € LP(R™, 1), 1 < p < oo, voi u 1a 46 do Lebesgue, dugc goi 1a bang nhau
hau khép noi trén R, ky hiéu 1a f(x) = g(x), néu p{x € R": f(x) # g(x)} = 0.

Pinh nghia 1.1 ([66]) (i) Métham f € C (R”) dugc goi 1a ham giam nhanh, néu véi moi
N € Ny, ta co supycpn (1 + |x|)N|f(x)| < 00, hay twong dwong, v6i moi N € Ny, ton tai hing
s6 Cy < 00 sao cho | f(x)| < On(1+ ]x\)fN, Vx € R™

(ii) Mot ham f € C(R") duoc goi 1a ham tang cap da thirc, néu ton tai mot sb N < oo sao
cho sup,cpn (1 + |X|)_N|f(x)| < 00, hay tuong dwong, ton tai mot s N € Ny va hang s6
C' < oosao cho |f(x)] < C(1+ |x])N, Vx € R™

17



Nhén xét 1.3 Ta c6 thé hiéu, ham gidm nhanh 1a ham ma n6 cung véi tich cua n6 véi da thic
moi cap déu tri¢t ti€u & vo cung. Noi cach khac, ham gidm nhanh c6 vo cung bé bac cao hon

moi vO cung bé 0(x) = ﬁ, N € N,.
1+|x|

Néu ham f kha vi v6 han thi f 1a ham giam nhanh khi va chi khi véi moi n-bd o va 3, ton

tai mot hing s6 duong Cy g 520 cho sup,cp. [xX*DP f(x)| < Cq p.

Khong gian Schwartz S(R")

Pinh nghia 1.2 (Khéng gian Schwartz [66]) Khong gian tit ca cac ham kha vi vo han, tirc 1a
khong gian cdc ham f € C>°(R™) thoaméan x*DP f(x) € Cy(R™), véi moi da chisd o, 3 € N2,
duoc goi la khong gian Schwartz, hay khong gian cac ham gidm nhanh.

Ta ky hi¢u khong gian Schwartz 1a S(R"). Dé ky hiéu dugc don gian trong mot s6 trudng
hop ta str dung ky hiéu S.

Trong khong gian S(R™), ta c6 thé trang bi mot trong sd cc ho nira chuan sau:

| flle,8 == sup ’x"‘Dﬁf(x) : (1.2)
xeR”™
7l = sup | (1 x) D ()], N € No: (1.3)
xeR"
| fllco(rm),n := max sup (1 + \x|)ND°‘f(x)‘ , N € N; (1.4)
a<N ycRn

trong do, o, 3 1a cac n-bo. Ho céc nira chuén nay la twong duong, va do do, ching xac dinh

cling mot cau triic topd trong khong gian S(R™).

Khi dugc trang bi ntra chuan (1.3), khong gian Schwartz S(R™) co thé duoc biéu dién dudi
dang

S(R™) := {f R” 5 C, f € C®R") : ||fllya < oo, v6imoi N € Ny van-bo a € Ng}.

Pinh nghia 1.3 ([66]) Trong khong gian S(R"), mét day ham (fy)reny C S(R™) duoc goi 1a
hoi tu dén ham f € S(R™), néu v6i moi n-b6d « va 3, diy ham (X"‘Dﬁ’fk(x))kGN hoi tu déu

dén ham x> D? f(x) trén R™. Ta viét, f; Sy (k — o0).
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Ho nira chuédn (1.4) thoa man || | cy@my0 < || fllco@ma < || fllco@ny2 < ... va hitu han
voimoi f € S(R™). Do d6, sy hoi tu ciia mot day ham trong khong gian Schwartz S(R™) ciling

c6 thé duogc dinh nghia theo ménh dé 1.1 dudi day.
Ménh dé 1.1 ([66]) Cho day ham (fi)ren C S(R™)va f € S(R™). Khi dd, fi — f (k — o)
khi va chi khi véi moi N € No, ta cd lim | fi, = fllcy@n)v = 0.
—00
Nhan xét 1.4 Khong gian Schwartz S(R") c6 mot s6 tinh chat dic biét dé tré thanh mot moi
truong ly tuong cho nghién cuu FT.
» Khong gian S(R™) 1a khong gian con tru mat trong cac khong gian LP(R™), p € [1, 00).

« Néu ham f thudc khong gian S(R™), thi FT ctia f cling thuoc khong gian S(R™), néi cach
khac, khong gian Schwartz dong dudi phép FT.

« Khong gian S(R™) 1a khong gian Fréchet (khong gian tuyén tinh 16i dia phuong day du).

Pinh nghia 1.4 (Khong gian ham ting cap da thirc [2]) Ky hiéu P 1a khong gian cac ham
kha vi v6 han sao cho mdi ham va cac dao ham ctia n6 13 ham tiang bac khong qué da thirc. Noi
cach khac, mot ham f € C°°(R") thudc khong gian P khi va chi khi vdi moi n-bd «, tdn tai
(14 x)) Do f(x)| < oo

hang s6 N, € Ny sao cho sup, pn

Nhin xét 1.5 Moi da thirc n bién xac dinh trén R™ déu thudc khong gian P.

Khong gian Banach L'(R")

Ky hiéu ¢, 1a ham Hermite, dat

2
Ny :=2[|®a]: = H / | (x)]dx. (1.5)

Hién nhién N, > 0. Trong khong gian L' (R"), ta ¢ thé dinh nghia cic chuan

1 2
I = g [ 1EOdx 17hes = g [ R0

on)t on)t
N . (1.6)
I = siasg 1l e = = [ (ool
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DPé L'(R™) tré thanh mot vanh dinh chudn, ta can trang bi trong L' (R™) cac yéu t6 sau:
1. Phép cong: 1a phép cong diém thong thuong, bién L'(R") tré thanh mot nhom Abel.

2. Phép nhan: duoc dinh nghia 1a tich chap. Khong gian L'(R") khi dugc trang bi phép

nhan nay, cung vdi phép cong diém, s€ tré thanh mdt vanh.

3. Chuén: Trang bi trong L*(R") chuan thong thuong || f[|; = [y |f(x)|dx. Chuan nay
bién khong gian L' (R") thanh mot khong gian dinh chuan.

4. Dwéi nhén tinh (Sub-multiplicative): Chuan ctia phép nhan (tich chap) can phai thoa
mén bat dang thirc chuan || £ * g, < [|£]l1]|9]+-

Khi d6, khong gian L' (R") tré thanh mot khong gian Banach. Vi vy, L'(R™) con duoc goi 1a

mot dai s6 Banach (Banach algebra).

Nhin xét 1.6 Dé xay dung khong gian L' (R") thanh m6t vanh dinh chuan véi phép nhan duoc
dinh nghia 12 tich chap, tich chap can phai thoa man bat dang thirc chuan. Ta c6 thé chon mot

trong cac chuan duoc dinh nghia trong (1.6) cho mdi trudng hop tich chap cu thé.
Khong gian Hilbert L?(R")
Ky hiéu L*(R™) 1a khong gian cidc ham binh phuong kha tich Lebesgue trén R”, hay
L*(R") :== {f R" = C: / ‘f(x)fdx < —l—oo} :
Rn

Trong khong gian L?(R™), ta c6 thé trang bi tich v6 huéng va chuan cam sinh dugc dinh nghia

nhu sau:

1 1/2
)= [ rwawax |1l = (g [ rfax)
Khi do, L*(R") tré thanh mot khong gian Hilbert.
Nhén xét 1.7 ([66]) Do C*(R") C S(R") va C°(R™) 1a mot khong gian con tri mét trong
cac khong gian LP(R"), p € [1,00), nén S(R") cling 1a m¢t khong gian con tru mat trong cac
khong gian L?(R"), p € [1,00). Hon nita, ta con co thé thay mbi quan hé giita cac khong gian
ham la C°(R™) C S(R") C C§°(R™) C C*(R™).

20



Vi du 1.1 Mot ham dién hinh trong C2°(R") C S(R") 1a ham kiém thir

exp <—+ﬂ) lz] <1
() = o
0 |z| > 1.
Gia compact ctia ham ¢ 13 hinh cau don vi {z € R" : |z| < 1}.
Moi ham Gauss e’ véi a > 0, déu thudc S(R™), nhung khong thude C°(R™).
Véimoi N € N, ham f(x) := (1 + [x|?)™" thudc C5°(R"), nhung khong thudc S(R™), do

ham |x|>V f(x) khong tién dén 0 khi x| — oco.

Vi du 1.2 Trong truong hop mot chiéu, tich ctia mét da thirc véi ham Gauss e~/ 1a ham giam
nhanh. Cac ham Hermite hy(z) := e~ 2" Hy,(z), k € Ny, thudc khong gian S(R) va tao thanh
co s¢ tryc giao ctia L*(R). Do do, S(R) tri mat trong khong gian L?(R).

Trong truong hop nhiéu chiéu, vdi mdi n-bé o = ()P, € Ny, ham x®e1X*/2 13 mot ham
giam nhanh. Tap cac ham he, (x) := e /2 [T/, H,,, (x;) thudc khong gian S(R™) v tao thanh
co s6 truc giao ctia L2(R™). Do d6, S(R™) tru mat trong khong gian L?(R™).

1.2 Mot so khai niém trong khong gian Hilber thue

Ky hiéu H 1a mot khong gian Hilbert thyc véi tich vo hudng (-, -)g va || - || 14 chuan cam sinh
twong tg. Néu khong c6 sy nham 1an, dé don gian ta ciing ky higula (-,-) va | - ||.

DPinh nghia 1.5 ([3]) Mot day () trong H duoc goi la:

« Hbi tu manh (hay hdi tu theo chuin) d&én = € H, néu ||z} — z| — 0khi k — oo, va
duoc ky hi¢u 1a x, — .
« Hbi tu yéu d&én = € H, néu (y, z) — (y,z) khi k — oo, véi moi y € H, va duge ky

hiéu la x;, — x.

Nhan xét 1.8 Trong khong gian Hilbert hitu han chiéu hodc trén mot tip compact twong ddi,
hai khai niém hoi tu trén 1a tvong duong. Trong truong hop khong gian Hilbert vo han chiéu,

tir x, — x, suy ra 2, — x. Nhung dé c6 diéu nguoc lai ta can thém diéu kién |lzk|| — [|z]].
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Pinh nghia 1.6 ([3]) Gia st C' la mot tap con trong khong gian Hilbert thuc H.

« Tap C duoc goi la tap 16i trong H, néu véi moi z,y € C, a € [0,1], thi ax + (1 — )y
cling thudc C'.
* Tap C dugc goi 1a noén c6 dinh tai 0, néu véi moi z € C vavéimoi o € R,,thiax € C.

Khi C' — z la nén ¢o6 dinh tai 0, thi ta n6i C' 1a nén c6 dinh tai x.

Trong linh vuc t8i wu hoa, dic biét 1a tdi wu hoa co rang budc, non phap tuyén ngoai, ky hi¢u
1a Mg, dong vai tro trung tim trong viéc dinh hinh cac diéu kién t6i wu. Nén phap tuyén ngoai
1a mot phuong tién dé dién ta hudng ma tai d6 mot ham khong thé giam thém duge nita trong

khi van nam trong tap rang budc.

Pinh nghia 1.7 ([15]) Cho C 1a mot tap con khac rong trong khong gian Hilbert thyc H, z* 1a
mot phﬁn tur thudc tap C'. Khi do, tap

Neo(z*) = {yE]HI: (y,x —x*) <0, V:UEC}

duogc goi 13 nén phap tuyén ngoai cua C tai z*.

25

Hinh 1.9: Hinh minh hoa nén phap tuyén ngoai N¢(z*).
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1.3 Bién doi Fourier

Pinh nghia 1.8 ([72, 81]) Bién d6i Fourier (FT) va bién d6i Fourier ngugc (IFT) ciia mot ham

f dugc dinh nghia theo cac cong thirc sau:

FLF0)] (w) = (27;,5 [ e w e R
FHf(w)](x) = (2;)2 . (w)e™dw, x € R,

khi cac tich phan vé bén phai ton tai. Ham f dugc goi 1a ham gbc, ham F f dugc goi 1a ham

anh cua phép FT.

Mién xéc dinh cua FT dugc goi 1a mién tan s6. Bién doi Fourier xac dinh s6 dao dong quanh
tan s0 w dugc chira trong ham goc f. Ham anh Ff = |f|e!®8/ dugc goi 1a pho cta f voi

modun | F f| va pha arg f.

Dé biéu dién cong thirc duge gon gang, ta sir dung cac ky hiéu khac nhau cho FT. Cu thé, ta

su dung cac ky hi¢u sau:

trong do, x, w € R".

Nhén xét 1.9 Mot ham f € L'(R") khi va chi khi f~ € L'(R"). Hon nia, ta ¢6 cac quan hé
Ff-=F1'f, Ff=F1f".

Pinh nghia 1.9 (Tich chap Fourier) Cho cac ham f: R" — Cva g : R" — C. Tich chap

Fourier cia ham f va g, ky hi¢u 1a f * g, dugc dinh nghia boi cong thic
(fx9)(x):= | f(x—y)g(y)dy, x € R", (1.7)
Rn

khi tich phan vé bén phai cta (1.7) ton tai.
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1.3.1 Bién doi Fourier trén cac khong gian ham

Phan nay luan 4n trinh bay céac tinh chat toan tir va dic trung toan tir ciia FT trén cac khong
gian ham Schwartz S(R™), khong gian Banach L'(R™) va khong gian Hilbert L?(R™). Cu thé,
ludn 4n trinh bay cac dinh 1y IFT, dinh 1y ton tai duy nhat, bo dé Lebesgue-Riemann, dinh 1y

Plancherel va bat dang thirc Young.

1.3.1.1 Bién ddi Fourier trén khong gian Schwartz S(R")
Trén khong gian S(R"), bién d6i Fourier 1a mot song anh tuyén tinh lién tuc vao chinh né.

Pinh Iy 1.1 (|2, 66, 72]) (i) Bién doi Fourier F trén S(R™) la mét song dnh tuyén tinh vao
chinh né va la todn tir déi hop bdc bon, nghia la F* = I. Hon nita, F la todn tir lién tuc
trén S(R™), tirc 1a véi moi day (fi)ren C S(R™),f € S(R™) vd fi, — f(k — o), thi
Ffe = Ff (k — oo).

(ii) Bién doi Fourier nguoc trén S(R™) ciing la moét song danh tuyén tinh lién tuc trén S(R™)

F~1:S(R™) — S(R"). Hon nita, todn tir F~* théa man

1
(2m)2

1) = FFH@] 0 = 5 [ (FN@)edw, x R

Pinh 1y 1.2 ([2]) Voi k € N, cho {aa}‘aKk C P la mét tdp cdc ham tang cdp da thire, trong
dé o la mot n-bé. Xét todn tir Ly, = 3, <y @ (X)0. Khi do, Ly, (S(R™)) C S(R™). Néi cdch

khdc, Ly, la mét todn tir tuyén tinh trén S(R™).

Véi N € N, cho {aa }|aj<n 1a mdt tdp cac ham tron xac dinh trén R™ va c6 cAp khong vuot

qua N, trong d6 mdi o 1a mot n-bé. Ky hiéu

Ploa}open (% ¥) 1= Y aa(x)y® (1.8)

la|<N

1a mot ham theo cac bién x,y € R™. Ky hiéu Ppa,),,, . (X, Dy) i= 30 <y Ga(X) D Néu cic
ham a, (x) 12 da thirc theo bién x € R”, ky hi¢u Plaa}iaren (—Dxs X) i= 37 4 <y @a(—Dy) Mia,

trong do, ky hiéu My« (f) := x* f(x) 1a mot toan tir nhan véi don thic.
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Pinh ly 1.3 ([2]) Vi N € N, cho {aa (x)}‘a|<N la mét tdp cdc da thirc theo bién x € R™ ¢6
bdc khong vuot qua N, trong do, o la mot n-bo. Cho f € S(R™). Khi do, P{aa}\a\gN(_Dw’ w)Ff(w)
va ‘F[P{aaha\gN(DX’ —x) f(x)](w) ciing thugc S(R™). Hon nita, ta c6

F[Paatiaren % D) f(0)] (W) = Plagy aicn (—Dw, @) F [f(X)] (W), w € RY;
Plaa}iayen (@5 Do) FIf(0)](w) = F[Plan}aien (Dx, =X) f(0)] (w), w € R™.

Pinh ly 1.4 (Pinh ly tich chép trén S(R™) [66]) Cho f va g thudc khong gian S(R™). Khi do,
tich fg va tich chdn f * g thugc khong gian S(R™). Hon nita, F(f * g) = F(f)F(g).

1.3.1.2 Bién dbi Fourier trén khong gian Banach L' (R")

Pinh 1y 1.5 ([66]) Bién doi Fourier trén khong gian L'(R™) la mét todn tir tuyén tinh lién tuc
F o LYR") — Co(R™) véi chuan todn tir || F ||y @nyco@ny = 1. Cu the, || Ff|| . < [If].

Homn nita, ham anh f lién tuc déu trén R™.

Pinh 1y 1.6 ([66]) Cho cic ham f,g € L*(R™). Khi do, fg va f§ ciing thuge L*(R™), va

flw)g(w)dw = | f(w)g(w)dw.

R” R

Pinh Iy 1.7 ([66]) Néu day ham (f,)ren C L*(R™) héi tu (theo L'-chudn) @én ham f, thi day

ham danh (fi.)ren hdi tu déu dén ham anh f. Cu thé, néu lim (| fi = fll =0, thi
—00

frlw) = f(w)] = 0.

lim sup
k—o0 WERN

Céc dinh 1y dudi day cho biét mdi lién hé giira phép toan vi phan trong mién ban dau véi

phép toan dai s6 trong mién bién d6i qua phép FT.
Dinh 1y 1.8 ([2]) Cho ham f € L'(R).

(i) Néu ham xf(x) thugc L*(R), thi ton tai dao ham cia ham anh (F f)'. Hon nita, ta c6
(Ff)(w) = F[—izf(z)](w), w € R.

(i) Néu ham f c6 dao ham f' thuc L' (R), thi (]—"f’)(w) = iw (.Ff)(w), w € R.
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Pinh 1y 1.9 ([2]) Cho ava (3 la cac n-bé théa man o < B va ham f € L'(R™).

(i) Néu ham x*f(x) thugc L*(R™), thi ton tai dao ham riéng ciia ham anh DP (Ff(w)).
Hon nita, DB (F f(w)) = F[(—ix)P f(x)] (w), w € R".

(i) Néu ham f c6 dao ham riéng D& f(X) thuge L*(R™), thi FT ciia dao ham riéng D f(x)
théa man F D2 f(x)](w) = (iw)*(F[f)(w), w € R".

Pinh 1y 1.10 ([2]) Cho  la n-bé va ham f € L' (R™). Néu ham f c¢6 dao ham riéng D& f(x)
thugc L' (R™), thi

_ ‘Jf[D,?‘f(x)} (w)‘ 50 khi |w| — oo,

Noi cach khac, anh Fourier cua ham f la f la cap vo cung bé bdc cao hon

|w |l

Ménh d& 1.2 ([2]) Cho cdc ham f,g € L'(R™) va f(x) & g(x). Néu f va g la cac ham lién
tuc trén R™, thi f(x) = g(x) vdi moi x € R".

Pinh ly 1.11 (Pinh ly bién ddi Fourier ngwoc [66]) Cho ham f € L'(R"). Néu Ff thuéc
LY(R™), thi IFT F~' : LY(R™) — Co(R™) théa mén

1

10 FUFEN@N0) = g [ (Fw)e (1.9

trén R™. Hon nita, néu f la ham lién tuc, thi IFT c¢6 tinh chdt nghich ddo theo diém, tirc la cong

thiee (1.9) thoa man voi moi x € R™.

H¢ qua 1.1 (Pinh ly ton tai duy nhat [2]) Cho ham f € L'(R™). Néu F f = 0 trong L*(R™),
thi f(x) = 0(x) trén R™.

H¢ qua 1.2 (Bo dé Lebesgue-Riemann [2]) Cho ham f € L*(R"). Khi dé,

lim cos(wx)f(x)dx =0 va lim sin(wx) f(x)dx = 0.
|w|—=400 JRrn lw|=+00 JRrn

Nhin xét 1.10 Tuong ty nhu FT, 4nh ctia ham kha tich tuyét d6i qua bién déi tich phan véi cac

nhan lugng giac cosine hodc sine 1a ham lién tuc va triét ti€u tai vo cung.
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Dinh 1y sau tong két mot s6 tinh chat co ban ctia FT.
Pinh Iy 1.12 (Tinh chét ciia bién ddi Fourier trén L' (R™) [2]) Cho « la mét n-bo.
(i) Cho ham f € L*(R™). Khi @6, f € Co(R™) va || fllse < |If|l1-

(ii) Cho ham f € L'(R™). K¥ hiéu 7, f(x) := f(X — Xo), v6i hang s6 xo € R™, ta cé
Flrof(x)](w) = e f(w), w € R™.

(iii) Cho cdc ham f,g € L'(R™). Khi do, [y, f(w)g(w)dw = [5, f(w)i(w)dw.

(iv) Cho ham f € LY(R™). Ky hiéu (f o T)(x) := f(T(x)) (T cd thé dugc xem nhu la mot
phép doi bién), néu T : R" — R™ la mot phép bién doi tuyén tinh kha nghich trén R", thi

1

Fl(foT)x)](w) = |det(T)| Ff(x)]((T)'w), w e R".

(v) Cho ham f € L*(R"). Néu ham (1 + |x|)N f(x), N € N, thugc L*(R"), thi véi moi n-bé
a théa man |a| < N, ta cé f € CN(R") va 9> f € Co(R™). Hon nita,

92 f(w) = F[(—ix)* f(x)] (w), w € R™.
(i) Néu f € CN(R*) véi N € N, va 0*f € L' (R") véi moi n-bé o théa mén || < N, thi
(1+ |w))V f(w) € Co(R™) va F[0*f](w) = (iw)* f(w), w € R",

voi moi n-bé o théa man || < N.

(ii) Cho f € LY(RF), g € L*(R"*). Tich tensor cua f va g dwoc dinh nghia boi
h(x) = (f®g)(x) := f(x1,...,26)9(Tks1, - -, Tpn), X € R™.
Khids, h=f®§.

Pinh 1y 1.13 ([2]) Cho \ € C. Néu ton tai f € L'(R™) va f # 0 (tirc la || f||; # 0) théa man
Ff =\, thi A € {£1,+i}.
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Hé qua 1.3 (|2]) Todn tir tich phan Fourier

F: MR N F[L'RY)] — LR N F[L'(RY)]
/ — Fr

c6 diing bon gid tri riéng la { +1, i—i}.

Pinh 1y 1.14 (Pinh Iy tich chip [66]) Cho f,g € L'(R"). Khi dé, tich chdp f * g ton tai hau
khép noi trén R va f x g € L*(R™). Hon nita, F(f * g) = F(f)F(g).

Pinh 1y 1.15 ([66]) (i) Cho f € LP(R"),1 < p < ocovag € L'(R"). Khi do, tich chdp f*g
ton tai hau khdp noi, f g € LP(R") va théa mén bat dang thirc Young || f * gll, < || fll,/lgll:-
(ii) Cho f € L»(R")vag € LY(R"), 1 <p < cova 1—1) - % = 1. Khi do, f x g € Co(R™) va
thoa man || f * gllse < || fllpllglle-
(iii) Cho f € LP(R")vag € LY(R"),1 <p,q,r < oovd%—i—% = 14+1.Khido, f+g € L"(R")
va théa man bat dang thirc Young || f * g||» < I fllpllgllq-

1.3.1.3 Bién ddi Fourier trén khong gian Hilbert L?(R")

Toan tir tich phan cta FT trén khong gian L?(R") c6 thé khong ton tai, do d6, FT trén khong
gian L?(R") dugc dinh nghia bang cach thac trién toan tir FT trén khong gian Schwartz S(R"™)
hodc khong gian L'(R™) N L*(R").

Ménh dé 1.3 (Péng thire Parseval [66]) Cho cdc ham f,g € L*(R™). Néu f va § ciing thugc
LY(R™), thi f,g € L*(R") va ta c6 dang thitc Parseval (f, 9) 2Ry = (f, 9) r2(rm).-

Dinh 1y Plancherel cho phép thac trién FT tir cdc khong gian con 1 khong gian Schwartz
S(R™) hodc khong gian L' (R")NL?(R") 1én khong gian L*(R™). Vi khong gian Schwartz S(R")
(hodc L*(R™)N L*(R™)) 1a khong gian con tri mat trong L*(R™), nén v&i moi ham f € L2(R™),
ton tai mot day ham (f)reny C S(R™) (hodc L'(R"™) N L?(R™)) sao cho khﬁn;) | f — fellz = 0.
Do d9, (f#)ren 1&a mot ddy Cauchy trong L?*(R™). Theo Ménh dé 1.3, (fk)keN cling la mét day
Cauchy trong L2(R"). Khong gian L2(R™) 1a khong gian ddy du, nén day (f;)een hoi tu dén
mot ham thude L2(R™), ky hiéu 1 F f. Ta dinh nghia FT cua ham f 1a Ff := lim fr.
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Pinh 1y 1.16 (Pinh Iy Plancherel [66]) Bién doi Fourier trén S(R™) cé thé dwoc thdc trién
lién tuc duy nhat thanh toén tirunita F - L*(R"™) — L2(R™) théa man F f = Ff,Vf € S(R™).

Hon nita, toan tir thac trién F la todn tir déi hop bdc bon, nghia la Fi=1T.

Pinh Iy 1.17 (Pinh 1y bién dbi Fourier ngwoc [66]) Cho f € L2(R™). Néu Ff € L'(R"),
thi
~ 10/ 1 ~ .
FUEN@NE = o [ (Frw)edo. (1.10)
(27T)2 Rn

Hon nita, néu ham f lién tuc thi céng thire (1.10) théa man véi moi x € R™.

Bién d6i Fourier trén L?(R™) ciing c6 thé dugc thac trién tir khong gian L'(R™) N L*(R™)
1én khong gian L?(R™) bang cach st dung gidi han ciia ton tir tich phan trén mién hitu han.
Dinh ly 1.18 (Pinh ly giéi han tich phan chit cut [72, 81]) Cho ham f € L*(R").

(i) Pat

1
(2m)?

(]:Rf) (W) = /X|<Rf(x)e_i“”‘dx, ReR,.

Cdc ham Frf héi tu manh dén mot ham thudc L*(R™). Cu thé, ton tai todn tir dang cur tuyén
tinh F : L2(R") — L2(R™) la théc trién lién tuc duy nhat tir khéng gian L*(R™) N L2(R")
Ién khéng gian L*(R") sao cho Ff = Ff,Vf € L*(R") N L*(R") va F duoc xdc dinh béi
lim ||Ff — Frf|, =0, Vf € L*(R"). Hon nita, (Ff)(w) = lim (Frf)(w).

R—o00

(i) Dt

1
(2m)3

(Fr'f)(x) = /| |<Rf(w)emdw, ReR,.

Cac ham F L héi tu manh vé mot ham thuée L*(R™). Cu thé, ton tai todn tir ddng cu tuyén

tinh F~1 : L2(R™) — L2(R") la théc trién lién tuc duy nhdt tir khéng gian L*(R™) N L*(R™)

lén khéng gian L2(R™) sao cho FLf = F~Lf, Vf € LY(R™) N L*(R™) va F ! dugc xdc dinh

boi lim | F71f = F'f||, =0, Vf € L*(R"). Hon nita, (F~'f)(w) = lim (Fz'[)(w).
Néu Ff € LY(R™), thi F~! [(j-:f) (w)](x) & f(x). Cu thé, néu dinh nghia

1

fr(x) == ) /ng (Ff)(w)e“*dw, R € Ry,

thi lim ||f— frl||, = 0va f(x) & lim fr(x). Neu f lién e thi f(x) = lim fgr(x), ¥x € R"™.
R—o0 R—o0 R—o0

29



Pinh 1y 1.19 (|12]) Cho F la todn tir théc trién duwoc dinh nghia trong Dinh ly 1.18.
(i) FvaFlia nhitng todn tr unita trén khong gian Hilbert L*(R").
(ii) Néu ham f thuge L2(R™), thi F f xdc dinh duy nhdt nhie mot ham thuge L2(R™) va théa
man <ff, w>L2(R”) = <f, ¥ >L2(R")’ vdi moi i) € CP(R™).
(iii) Néu f € L*(R™) N LA(R"), thi Ff % Ff rén R™.

Nhén xét 1.11 Tir Dinh 1y 1.19, ta c6 thé dong nhét cac ky hiéu FVvaF , va quy udc st dung
ky hiéu F cho toan tir FT trén khong gian L?(R™).

Pinh nghia 1.10 ([72]) Cho X 1a mot khong gian tuyén tinh dinh chudn trén truong sé phirc

C,va A : X — X 12 mot toan tir tuyén tinh lién tyc.

(i) S6 A € C duoc goi 1a gia tri chinh quy ciia A néu toan tir Ay := AZ — A kha nghich va
A ! 1a lién tuc trén X . Tap tat ca cac gia tri chinh quy cta A ky hiéu 14 p(A).

(ii) Pho cua toan tir A, ky hidu 1a o(A), dugce xic dinh boi hé thic o(A) = C\p(A). Ta goi

r(A) := sup |A|1a ban kinh ph cta A.
A€o (A)

Pinh 1y 1.20 ([2]) Phé ciia todn tir Fourier F bao gom diing bén diém thudc dwong tron don
vilao(F)={-1,1,—i,i}.

Pinh nghia 1.11 ([2]) Gia sir X 13 mot khong gian tuyén tinh dinh chuan trén trudng sb phirc
C, va A € L(X) la toan tir tuyén tinh gi¢i ndi trén X. Toan tir A duoc goi 1a dai s6 néu ton tai
mot da thirc dai sd P, (t) = t" +ayt" ' + -+ ap_1t +an, (n € Ngjar € Ck=1,2,...,n),
sao cho P,(A) = 0. Khi d6, da thiic c6 bac nhé nhat, ki higu 1a P(t), dugc goi 1a da thic dic

trung cua toan tu A.
Hé qua 1.4 ([2]) Todn tir Fourier F la todn tir dai s6 trén khong gian Hilbert L*(R") véi da
thire dac trung la Pr(t) = t* — 1.

Tap cac ham Hermite tao thanh mot co s truc giao day dii trong khong gian L?(R™). Hon
nira, cac ham Hermite 1a ham riéng ctia toan tr tich phan Fourier véi cac gia tri riéng (—i)*.

Pinh Iy 1.21 ([72, 81]) Anh Fourier ciia ham Hermite la ham Hermite sai khdc mét hang so.
Cu thé, gid sir o, 1a ham Hermite n, bién, ta c6 FPgq = (—i)1®®y va F1d, = il*ld,,.
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1.4 Bai toan dat khong chinh

Céc dir liéu trong mo6 hinh toan hoc thuong dugc xéc dinh thong qua cac phép do luong, do do,
chung chi c6 thé dat duoc mirc do chinh xac nhit dinh. Hon nita, cac tham sb ctia mot mo hinh
thuc té thuong bién doi theo thoi gian/khong gian va gia tri chinh x4c cta né khong duge biét.
Ngoai ra, trong qua trinh tinh toan trén may tinh con xuat hién sai s6 tinh toan, sai s6 lam tron,
va nhitng sai s6 khac. Thuc té cho thdy, c6 nhitng bai toan ma chi mot sai sb rit nho trong di
liéu ban dau (cac hé s6, tham sd, diéu kién bién/ban dﬁu) cling co thé dan dén sai s6 dang ké
cta nghiém. Nhitng bai toan nhu vay duoc goi la bai toan dat khong chinh (ill-posed problem).
Dang bai toan ndy mang dén nhiing thach thirc 16n trong linh vuc toan (mg dung, nhung lai rat
c¢6 ¥ nghia trong thuc té. Nghién ctru vé bai toan dit khong chinh 1a mot yéu cau cap thiét trong

toan g dung, nham dat dugc két qua tinh todn dang tin cay véi muc sai s6 chap nhan duogc.

Nam 1902, Jacques Hadamard da dua ra khai ni€ém bai toan dat chinh (well-posed problem).
Pinh nghia 1.12 ([1]) Mot bai toan duoc goi la dit chinh néu thoa man ca ba diéu kién sau:

1. Bai toan phai c6 it nhdt mot nghiém.

2. Bai toan chi c6 mot nghiém duy nhét.

3. Nghiém ciia bai toan thay d6i mot cach lién tuc theo dir liéu ban dau.

Mot bai toan dugc goi la dat khong chinh (ill-posed problem) néu n6 khong thoa mén it nhét

mat trong ba diéu kién trén.

Nhin xét 1.12 Mbi diéu kién trong dinh nghia cia Hadamard déu mang mot ¥ nghia siu séc.
Diéu kién thir nhat (tff)n tai nghi€ém) mo ta tinh tuong thich ctia moé hinh toan hoc véi thuc té,
dam bao rang it nhat c6 mot giai phap kha thi. Piéu kién thir hai (tinh duy nhat nghiém) phan
anh tinh x4c dinh cua bai toan trong tinh huéng thuc té, nghia la chi c6 mdt két quacu thé tuong
g v6i mot tap dir liéu. Piéu kién thi ba (nghiém phu thudc lién tuc vao dit liéu ban dau) thé
hién tinh 6n dinh cua nghiém. Pay 1 yéu t6 cuc ky quan trong va ludn duoc mong mudn trong
cac ung dung thuc té, bai 1€, cac mo hinh va dit li€u ludén c6 mdt mure sai s6 nhat dinh. Néu mot
bai todn On dinh, thi nhiing sai s6 nho trong mo hinh hay dit liéu ban dau sé chi din dén nhiing

sai s6 nho trong két qua tinh todn, dam bao duogc do tin cdy ciia phuong phap tim nghiém.
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1.5 Co s& ly thuyét toan tir don diéu

Pinh nghia 1.13 ([15]) Cho A : H — 2 1a to4n tir da tri xac dinh trén khong gian Hilbert
thue H. Ky hiéu D(A) = {z € H: Az # 0} 1a mién xé4c dinh cta toén tir A, R(A) = {y €
H: 3z € H,y € Az} la mién gia tri clia todn tir A, Zero(A) = {z € H: 0 € Az} 1a tap cac
khong diém cua toan tir A, Graph(A) = {(z,y) : © € H,y € Az} 1a d6 thi cia toan tir A.
Toan tir da tri A : H — 2% duoc goi la:
(i) Pon diéu, néu v6i moi x,y € Hvamoiu € Az,v € Ay, tacod (u— v,z —y) > 0.
(ii) y-don diéu manh, néu ton tai v > 0 sao cho véi moi z,y € Hva moi u € Az, v € Ay,
taco (u—uv,z—y) > 7|z —y|*
(iii) ¢! don diéu manh ngwoc, trong d6 hing s6 ¢ € R, néu véi moi z,y € H va moi
ue Av,v e Ay, taco (u—v,x —y) > flu— ol
(iv) Pon diéu cwe dai, néu A 13 toan tir don diéu va d6 thi ctia nd khong thuc su chua trong
dd thi ctia mét toan tr don diéu nao khac.
(v) p-gia don diéu manh véi hé s6 p > 0, néu véi moi z,y € H, vamoi u € Az, v € Ay,

tr (u,y — x) > 0,suyra (v, y — x) > pllz — y|*.

(vi) Khéng gidn, néu véimoi 2,y € Hvamoiu € Az,v € Ay, tacéd ||lu —v|| < ||z —y.

Duéi day 1a mot sd tinh chat lién quan dén toan tir don diéu cuc dai.

M¢énh dé 1.4 ([15]) Gid sit A la todn tir don diéu cuc dai. Cip (x,u) thuéc Graph(A) khi va
chi khi (u — v, x — y) > 0, vdi moi (y,v) thugc Graph(.A).

Ménh dé 1.5 ([15]) Cho A : H — 2" [a mét toan tir don diéu cuc dai. Khi d6, véi moi x € H,
tap Az la tp 16i va déng.

Nhén xét 1.13 Toan tir A~ dugc dinh nghia boi Graph(A~!) = {(z,u) : (u,z) € Graph(A)}.
D& thiy néu A 1 toan tir don diéu (toan tir don diéu cuc dai) thi A, \A, v6i A > 0 ciing 1a

toan tir don di¢u (toan tir don di€u cuc dai).
Hé qua 1.5 Tap khong diém cia mét todan tr don diéu cuc dai la tap 16i va dong.
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Viée sir dung toan tir giai thirc Jy 4 := (Z + A\ A)~! dé giai bai toan bao ham thirc bién phan
12 mot phuwong phap rat phd bién, nham chuyén mot bai toan kho thanh mot bai toan dé tiép can
hon, ¢6 cdu trac tot hon va cho phép giai bai toan nay nhd vao mot sd luong 16n cac phuong
phap hiéu qua va 6n dinh di c6 tir Iy thuyét diém bat dong va tdi vu 164, ciing nhu cho phép don
gian hoa viéc xur 1y cac rang budc va ham khong kha vi.

Toan tur giai thirc ciia mot toan tir don di€u cuc dai A 1a mot toan tir khong gian. Trong
truong hop A 1a don diéu manh, toan tir giai thirc con 13 mot toan tir co. Tinh chat khong gidn
(hodc co) rat quan trong trong viéc thiét ké cac thudt toan lip. Trong nhiéu bai toan t6i wu, toan
tir A 1a mot toan tir da tri, viéc giai cac bai toan nay thuong rat khé khan. Trong khi do, toan
tir giai thirc 7y 4 luon 13 mot toan tir don tri, ngay ca khi A 13 toan tir da tri. Diéu nay lam don
gian hoa dang ké bai toan. Bai toan bao ham thirc bién phén c6 cau trac tong 0 € (A + B)u, khi
A hoac B 1a cac toan tir da tri hodc phi tuyén, thuong 1a mét bai toan phuc tap. St dung toan
tir giai thirc, bai toan nay co thé duoc chuyén thanh mot bai toan diém bat dong (Fixed-Point
Problem - FPP) ¢6 dang u. = Jy.4(u — AMBu). Trong truong hop ham f 1a mot ham 16i va dong,
toan tr dudi gradient O f 1a toan tir don diéu cuc dai, va toan tir giai thirc 7oy chinh 1a toan
tir diém gan k& Jyo5(v) = prox, ;() := argmin,, {f(u) + o flu — x||2} Khi d9, bai toan tim
nghiém ctia VInP 0 € Jf(x) tro thanh bai toan tim diém bat dong ciia toan tir prox, (), von
da c6 nhiéu phuong phép giai hiéu qua.

Pinh nghia 1.14 ([15]) Ky hi¢u Z 1a toan tir dong nhat. Giai thirc ctia toan tir A, véi A > 0,
duoc dinh nghia 1a toan tt Ty 4 = (Z + A\A) L.

Dinh 1y 1.22 dudi day dong vai tro quan trong trong viéc nghién ctru cac bao ham thire don
diéu.
Dinh ly 1.22 (Minty, [15] - Dinh ly 21.1) Cho A : H — 2 la mét toan tir da tri.
(i) A la toan tir don diéu khi va chi khi todan tir J 4 khong gian véi moi A > 0.
(ii) Toan tu don diéu A la don diéu cuc dai khi va chi khi D(Jx4) = H, hay T 4+ A\ A la toan
anh voi moi X > 0.

Hé qua 1.6 Gidi thirc Jy4 cua toan tir don diéu cuc dai A la mot toan tie don tri, xdc dinh trén
toan khong gian H va khéong gian viing, ticc la (Txax — Toay, © —y) > || Toax — Taayl?, voi
moi x,y € H.
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Pinh nghia 1.15 ([15]) Toan tir don tri B : H — H dugc goi la:
1. Lién tuc Lipschitz (Lz-lién tuc Lipschitz), néu ton tai Lz > 0 sao cho véimoi z,y € H,
ta co | Bz — Byl < Lgllz —yl|.
2. Pon diéu, néu v6i moi z,y € H, ta cd (Bx — By,x —y) > 0.
3. Pon diéu manh (y-don diéu manh), néu ton tai hang s6 v > 0sao cho véimoi z,y € H,
ta co (Bx — By,x —y) > 7llz — y|*.
4. Pong birc, hay don diéu manh nguwoc (5-dong birc, hay 5-don diéu manh nguoc),
néu ton tai B > 0 sao cho véi moi z,y € H, ta cé (Bx — By, z — ) > B||Bx — By|>.
Ménh dé 1.6 ([55] - B6 dé 1) Cho B : H — H la mét todn tir tuyén tinh, ti lién hop va
compact. Khi do, cic ménh dé sau la twong diong:
(i) Ton tai mét hang s6 3 > 0 sao cho véi moi x € H, ta c6 (Bx,z) > BBz
(ii) Véimoi x € H, ta c6 (Bx,z) > 0.
(iii) Tat ca cac gid tri riéng ciia B déu khéng am.
Ménh dé1.7 (Brezis [21]) Néu A : H — 2% 14 toan tir da tri don diéu cuc dai va B : H — H
la toan tir don tri don diéu, lién tuc Lipschitz, thi A + B la todn tw da tri don diéu cuc dai.

Ménh dé 1.8 ([15]) Néu B : H — H la todn tir don diéu va hemi-lién tuc (hemi-lién tuc la

lim,, o <z, B(x + ay)> = (z, Bx) véi moi x,y, z € H), thi B la todan tir don diéu cuc dai.

Hé qua 1.7 Néu B : H — H la todn tir lién tuc va don diéu, thi B la todn tir don diéu cue dai.

Ménh dé 1.9 duéi day cho biét mbi lién hé giira tip cac khong diém cua VInP c6 cau tric
tong va tap diém bat dong ctia toan tir. Nho mbi quan hé nay, bai toan tim khong diém cia tong
hai toan tir (A + B) c6 thé dugc dua vé FPP ciia mot toan tir don gian hon 7, = Jy4(Z — \B).
Khi d6, ta c6 thé sir dung cac phuong phap lip diém bat dong da biét, nhu cac thuat toan chiéu
(projection algorithms), PPA, cac phuong phap anh xa khong gian (non-expansive mapping

methods), dé tim khong diém caa VInP c6 cau trac tong.

Ménh dé 1.9 (Takahashi (2000) [41]) Cho A : H — 2" la mét todn tir da tri don diéu ciee dai
va B : H — H la mét toan tir don tri. Khi d6, véi mét hang sé thuc X > 0, € Zero(A + B)
khi va chi khi x € Fix(Ty), trong dé6, Fix(Ty) la tdp cdc diém bat dong ciia todn tir T,
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1.6 Phwong phap chinh 1ap song song giii hé cac phuwong
trinh dat khong chinh

Tinh toan song song la mot hinh thirc tinh todn hiéu nang cao (High-Performance Computing),
trong do, mot bai toan 16n dugc chia thanh nhiéu bai toan nho doc lap dé c6 thé xur ly déng thoi

trén nhi€u don vi xtt 1y (processors) khac nhau, nham t6i vu héa hi€u suat tinh toan.

bé dat duoc hiéu nang cao, vuot xa kha nang tinh toan trén mot may tinh don 18, tinh todn
song song can ha tang 1a nén tang vat ly hodc moi trudng 40 hoéa c6 quy mo 1én (nhu siéu may
tinh, cum may tinh), noi cac tac vu dugc thuc thi song song. Su khéc biét gitra tinh toan song
song va tinh toan tun tu chu yéu ndm & cach cac don vi xir Iy duoc két ndi va dong bo.

Bén canh ha tang song song, cac thuat toan song song can dugc phat trién dé phu hop véi
ha tﬁng nay. Cac thuat toan tudn tu truyén théng thuong dugc thiét ké hoat dong tudn tu, phu
thudc vao nhau, khong phul hop véi nhimng kién triic phan cimg c6 nhiéu don vi xu 1y.

Xét hé phuong trinh toan tur
Ai(x)=0,i=1,2,...,N, (1.11)

trong d6, A; : H — H, 7 = 1,2,..., N, la cac toan tir co thé phi tuyén da biét, xac dinh trén
toan khong gian Hilbert thyc H; 2 € H 13 4n can tim.

Bai toan (1.11) 13 bai toan chp nhan 16i (Convex Feasibility Problem), 1a bai toan tim cac
diém nam trong tap giao diém ctia mot ho hiru han cac tap 16, dong C;, i =1,2,..., N, trong
khong gian Hilbert thyc H. Bai toan nay c6 céu trac don gian, nhung lai xuat hién trong nhiéu
linh vuc khac nhau cta toan tmg dung, nhu 1y thuyét toi uu hoa, tai tao tin hiéu va hinh anh, Iy
thuyét tro choi, khoa hoc dit liéu va hoc mdy. Tuy nhién, day néi chung 1a bai toan dit khong
chinh va kho giai. Dé giai bai toan nay, ta thuong sir dung cac phuong phap hiéu chinh dé dua

vé bai toan dit chinh dé giai hon. Vi vy, cling v&i bai toan (1.11), ta xét bai toan hiéu chinh
Ai(x) +a,x=0,i=1,2,... N, (1.12)

trong do, o, 1a cac tham so hi¢u chinh.
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Nam 2009, khi nghién ctru cac phuong phap song song giai gan ding bai toan (1.11), PX.
Anh va C.V. Chung di phat trién cac thuat toan song song dya trén y tudng hiéu chinh hé phuong
trinh phi tuyén lién quan dén toan tir don diéu va st dung céc k¥ thuat phan ri song song, von
dugc dung dé giai cac bai toan elliptic phi tuyén [8]. Cu thé, ho di dé xuét hai phuong phap
moi 1a phuong phép chinh lip 4n song song (PIIRM) va phuong phap chinh lp hién song song
(PEIRM) dé tim nghiém gan dung ciia bai toan hiéu chinh (1.12), nghiém cta bai toan nay hoi

tu manh dén nghiém c6 chuin nho nhat cta bai toan (1.11).

Dinh Iy 1.23 duéi day 1a két qua tir phwong phap chinh lip an song song giai gin dang hé
phuong trinh (1.11). Trén mdi bude 13p, thuat toan tim nghiém xap xi ciia cic phuong trinh hiéu

chinh dit chinh (1.12) bang céc qua trinh duoc thyc hién song song.

Pinh 1y 1.23 ([8] - Pinh 1y 2.1) Cho (ov,) va (7,) la hai déy sé nguyén dwong théa mén cdc
diéu kién:

(Cl) a, — 0, v, = +00 (n = +00);

(€2) leti=tul 5 0 (n — +00);

(C3) >0l 8% = +oo.

Gia sw nghiém xap xi thue n la x,, da biét. Con x,,, dwoc xdac dinh tir hé thirc

Ai(a) + (%+%) 2 =ty i =1,2,..., N (1.13)
1 N
an:N;x;, n=0,1,2,... (1.14)

Khi d6, qud trinh chinh ldp song song héi tu dén nghiém cé chudn nhé nhat xt ciia hé (1.11).

M&i phuong trinh hiéu chinh (1.13) c6 thé dugc quy vé bai toan tim diém bat dong twrong

duong x = e (x), trong do, toan tur e (1) =2, — L [.A,(x) + a—]\’;x} 1a mot phép co, cu thé

Tn
1a |7 (z) — T ()| < |z — yll, vei Fgtee — 0 khin — +oo. Khi do, qua trinh 1ap
:L’?m =,
(1.15)
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hoi tu vé nghiém x! ctia phuong trinh twong tng trong hé (1.13) khi k& — +oo0.

Thyc hién m 1an 13p theo qua trinh (1.15) v6i k = 0,1,...,m — 1, ta nhin dwoc phuong
trinh 27, = z, — - [Ai(xm_l) + O‘—"xm_l] . bat

Yn n,i N “'nyi

N

A + Fran]

ni N L i
i=1

1 < 1
Tl = N;x”’ R

ta c6 mot qua trinh 1ap hién hai c?ip. Qua trinh chinh 13p hién nay co thé dugc thuc hién song

song va ta nhan duoc mot day lap hoi tu vé nghiém cé chuin nho nhét cua bai toan (1.11).
Dinh Iy 1.24 duéi day 1a két qua cho trudng hop qua trinh chinh 13p hién song song.

Pinh 1y 1.24 ([8] - Pinh 1y 2.2) Giir sir cdc day (o) va (v,) théa man cac diéu kién trong
Dinh Iy 1.23, va thoa man thém diéu kién:

(C4) Heten <q<1,n >0,

Hon nita, gia su oy, — +00 khin — oo. Khi do, qua trinh chinh lap song song

1 Qi .
szj-l =z, — — [.Az(zﬁz)jtﬁz?’fw =2, k=0,1,...om—-1,i=12... N

1
Zn+1 :szjilzzz n=20,1,2,...

hoi tu vé nghiém co chudn nhé nhdt cia hé (1.11).

1.7 Phuwong phap chinh Lip giai bai toan bao ham thirc bién
phan

Xét bai toan bao ham thirc bién phan (VInP) c6 cdu trac tong trong khong gian Hilbert thue H:

Tim «* € H théa mén 0 € (A + B)u”, (1.16)

trong do, A : H — 2% 1a mot toan tir da tri don diéu cuc dai, B : H — H 1a mdt toan tir don
tri don di¢u va lién tuc Lipschitz. Ky hiéu Zero(A + B) = (A + B)~'(0) 1a tp nghiém cua bai
toan (1.16). Ta ludn gia thiét bai toan 1a twong thich, tic 13 tap nghiém Zero(.A + B) khac rong.
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Dé giai bai toan (1.16) va dong thdi chon mot nghiém dic biét ciia no, ta di dén viée giai bai

toan bat dang thtrc bién phan (VIP) hai cip (BVIP) sau:
Tim u* € Zero(A + B) théa man (Fu*,u — u*) > 0, Yu € Zero(A + B), (1.17)

trong do, F : H — H 1a moét toan tir don di€éu manh va lién tuc Lipschitz.

Véi cac diéu kién ctia bai toan BVIP (1.17), va tir gia thiét tap nghiém Zero(A + B) 1a mot
tap 10i, dong, khac réng, bai toan (1.17) c6 nghiém duy nhit. Trong truong hop dic biét, khi
F =1 — g, trong do, Z 1a toan tir déng nhét va g la mot diém cho trude trong H, thi nghiém
duy nhat cua bai toan (1.17) chinh 14 hinh chiéu metric ctia diém ¢ 1én tap Zero(A + B), tirc 14
U = Prero(a+5)(g). Hon nira, néu cho ¢ = 0, thi u! := u* 12 nghiém c6 chuin nhoé nhat cua
VInP (1.16).

Céc bai toan tong quat trén thudng 1a bai toan dit khong chinh, hodc rat phire tap dé ching
minh sy ton tai nghiém va tinh duy nhat nghiém ctia n6. Tuy nhién, khi chuyén sang bai toan
hiéu chinh, ta ¢ thé ap dung nhiéu cong cu hiéu qua da c6 tir 1y thuyét toan tir don diéu dé giai.
Cu thé, véi diéu kién toan tir 1a don diéu hodc don diéu cuc dai, bai toan hiéu chinh thuong co
nghiém duy nhit. Hon nita, bai toan bao ham thirc bién phan hiéu chinh (RVInP) c¢6 ciu tric rat
thuan loi dé thiét ké thuat toan lap. Da c6 nhiéu thuat toan lap hiéu qua va hoi tu tot duge phat
trién dé giai bai toan dang nay (vi du nhu PPA, hodc cac bién thé ctia nd). Ngoai ra, 1y thuyét
toan tir don di¢u da dugc phat trién manh, 1a co s& virng chic dé nghién ctru VInP. Khi chuyén
sang bai toan hi¢u chinh, ta co thé khai thac t6i da cac tinh chit cua toan tir don diéu, dic biét
1a tinh chét don diéu cuc dai, von 12 mot diéu kién cAu truc nén tang dé ching minh sy tdn tai

nghiém, tinh duy nhat nghiém va sy hoi tu ctia nhiéu thuat toan.

Vi vay, cung v6i VInP (1.16), ta xét RVInP sau:
Tim u* € H théamén 0 € (A + B)u* + aFu’, (1.18)

v6i tham s6 hiéu chinh o > 0. Nghiém ciia bai toan RVInP (1.18) ton tai va duy nhat. Ta ky

hi¢u nghiém nay 1a u,.

Ménh dé 1.10 dué6i day cho biét cac tinh chat nghiém ctia RVInP (1.18), va mdi lién hé giira
nghiém cua RVInP (1.18) véi nghiém cua BVIP (1.17).

38



Ménh dé 1.10 ([41]) (i) Day (u) bi chan.

(ii) Ton tai mét s6 M > 0 sao cho, véi moi o > 0va 3 > 0, ta c6 |Juq — ug|| < ch;mM
(iii) Nghiém ciia RVInP (1.18) héi tu manh dén nghiém duy nhdt ciia BVIP (1.17). Cu thé,
lim o — ut|| = 0, va u' la nghiém duy nhdt ciia bai toan BVIP (1.17).

a—0

1.7.1 Phwong phap chinh lip tién-lai va chinh lip tién-lui-tién giai gin
diing bai toan bao ham thirc bién phén

Phédn nay trinh bay hai phuong phap chinh lip ¢ thé dugc st dung dé giai gan ding BVIP

(1.17) trong truong hop biét trudc hang sb Lipschitz Lg cia toan tir B, hiang sb Lipschitz L »
cua toan tir & va modun don di¢u manh  ctia toan tir F.
Dinh 1y 1.25 dudi day cho thdy, v6i cac didu kién vé d¢ dai budc A, va cac tham sb hiéu

chinh a,, ma dinh 1y dua ra, thi phwong phép chinh lap tién-lai (FBSM) hdi tu.

Dinh ly 1.25 ([41] - Pinh ly 1) Cho A la todn twr don diéu cuc dai, B la todan tir don diéu va
Lg-lién tuc Lipschitz, F la todan ti y-don diéu manh va L z-lién tuc Lipschitz. Cho (\,,) va (o)
la cdc day sé khéng dm théa man cdc diéu kién:

(C1) 0 < Ay < oz, rong d6 0 < 1 < min{y, 1};

(C2) lim, oty = 0;

(CS) 21(:,0:1 an)\n = 400,

: An—Ap— A —Ap— _
(CH) lim,, o Pl damitnci]
n-—-n

Khi do, qua trinh
ug € H

Uns1 = JIx,4 (un — A (Bu, + an}"un))

hoi tu manh dén nghiém duy nhat u' ciia bai todn BVIP (1.17).

Thuét toan trong DPinh 1y 1.25 ¢6 cAu tric don gian, tuy nhién, do dai budc A\, cua thuat toan

phu thudc vao cac tham s6 hiéu chinh «,,, di€u d6 han ché viéc lya chon cac tham s6 nay. Hon

39



nira, khi d6 dai budc A, giam dan, thuat toan c6 thé hoi tu cham. Dé khéc phuc vén dé nay, ta
c6 thé sir dung phuong phap chinh lap duoc trinh bay trong Pinh 1y 1.26 dudi déy, trong d6 cac
tham sb o, va \,, dugc chon mot cach doc lap, hon nira, d§ dai budc A, dugce tach biét khoi gia
tri 0, va chi phu thudc vao héng ) Lipschitz Ly cta toan tir B. Cac héng s6 Lipschitz L va
modun  don diéu manh cia toan tir 7 khong nhat thiét phai dugc biét. So sanh vé6i thuat toan
trong Dinh 1y 1.25, thuat todn nay can thém mot 1an tinh gia tri B & mdi budc lap.

Dinh 1y 1.26 dudi day cho thay, véi mot sb diéu kién dit 1én do dai bude A, va tham s hiéu

chinh a,, thi phuong phép chinh lap tién-lui-tién (FBFSM) hoi ty.

DPinh ly 1.26 ([41] - Pinh ly 2) Cho A la todn tir don diéu cuc dai, B la todan tir don diéu va
Lg-lién tuc Lipschitz, F la todan ti y-don diéu manh va L z-lién tuc Lipschitz. Cho (\,,) va ()
la cdc day s6 khdng am théa man cdc diéu kién:

(€3) {Aa}  lat] © (0, 45);

(C6) lim,, o0 vy, = O

(C7) > ay = +00;

(C8) lim,, oo (v — i), 2 = 0.

Khi do, day (u,,) cua qud trinh

ug € H
v, = Ja,4 (un — (Bun + anfun))

Up41 = Up + /\n(Bun - an)
héi tu manh dén nghiém duy nhdt u' ciia bai todn BVIP (1.17).

Nhan xét 1.14 Gan day, PX. Anh va T.N. Hai da sir dung phuong phap hé dong luc dé phat
trién cac FBSM va FBFSM vdi cac tham sb ngi 1ong cho phép giai VInP don diéu c6 cdu tric
tong (1.16) [9, 10].
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Chuong 2

Bién doi Hartley va tich chap lién két véi

bién doi Hartley

Tich chap va phép bién d6i tich phan c6 mdi quan hé mat thiét, dugc thé hién qua cac dinh Iy
tich chap. Cac dinh 1y nay cho thiy su twong quan sau sic giita phép toan tich chap trong mién
ban dau (mién thoi gian/khong gian) va phép nhan trong mién bién ddi (mién tan sd). Dinh Iy
tich chap cung cip mot cong cu dé cai thién hiéu sudt tinh toan tich chap. Thay vi tinh toan tich
chap truc tiép, ta chuyén cac ham sang mot mién khong gian khac qua phép bién ddi tich phan,
noi mdi quan hé giita cac ham co thé don gian hon dé tinh toan. Sau d6, 4p dung phép bién ddi

tich phan nguoc dé nhan dugc phép toan tich chap ban dau.

Chuong ndy cta luan 4n nghién ctru vé co sd 1y thuyét cia HT, nham hé théng lai va phat
trién cac tinh chit toan tir va dic trung toan tir ciia HT trén cac khong gian Schwartz S(R"),
khong gian Banach L!(R™) va khong gian Hilbert L?(R™). Luén 4n tip trung nghién ctru phat
trién mot s6 16p tich chap mai lién két voi HT va HT hitu han, céc tinh chét toan hoc quan trong
ctia ching, nhu céc bét dang thirc chudn, ding thirc nhan tir héa va bat dang thirc Young. Trén
co s6 cac 16p tich chap lién két véi HT, luan an nghién ctru xay dung dai s Wiener lién két voi
HT trén khong gian nén L' (R"), nhdam nghién ctru sau sic hon vé khong gian ham L'(R") va

cac tich chép trong L' (R™).

Noi dung cta chuong nay duoc viét dua trén cac cong trinh [CT1, CT2] trong danh muc cac

cong trinh khoa hoc ctia tac gia c6 lién quan dén ludn 4n va céc tai liéu [2, 83, 96].
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2.1 Bién ddi Hartley hiru han

Bién d6i Fourier hiru han 1a mot cong cu toan hoc dong vai tro nén tang trong giai tich hi¢n dai
va ky thuat. N6 cho théy moi ham sb tudn hoan (hodc ham s6 trén mot doan hitu han) déu co
thé dugc biéu dién dudi dang tong cua cic ham luong gic co ban, tir d6 cho phép phan tich
mat tin hiéu phirc tap thanh cac thanh phan don gian hon. Bién d6i Fourier hitu han con gitip
phat trién khong gian Hilbert, dit nén mong cho giai tich ham. Chudi Fourier dd c¢6 nhiéu tmg
dung trong gidi cac phuong trinh dao ham ri€ng, xur Iy tin hi€u va nén dir liéu. Xem [62, 63,
96]. Bién d6i Hartley hiru han c6 nhimng dic diém twong dong nhu bién d6i Fourier hiru han. Vi

vay, viéc nghién ctru vé co so Iy thuyét va tmg dung cua bién d6i Hartley hiru han 13 can thiét.

2.1.1 Bién doi Fourier-cosine va Fourier-sine hiru han

Pinh nghia 2.1 Cho f 1a mét ham kha tich Lebesgue trén [, 7). Bién d6i Fourier-cosine va

Fourier-sine cia ham f duoc dinh nghia nhu sau:

fe(n) = F. [f(x)} (n) := %/j f(z)cos(nz)dz, n € Ny,

fs(n) == F[f(2)](n) := 1 _ﬂ f(z)sin(nz)dx, n € Ny.

™

Chuoi Fourier ciia ham f trén [—, 7] c6 thé duoc biéu dién qua cac bién doi Fourier-cosine

va Fourier-sine theo cong thurc

~ ~

Fi(z) = Je(0) + Z [fc(n) cos(nx) + fs(n)sin(nz)| . (2.1)

Cac hé s6 f.(n), fi(n) dugc goi 1a hé s Fourier thir n cia ham f. Chudi (2.1) c6 thé dugc viét

lai dudi dang

cas(nx) +

Fyia) = HOHLO 5 {fc(n) + i)

Biéu dién nay cho y tudng vé dinh nghia HT trén mién hiru han (con goi 1a HT hitu han).
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2.1.2 Bién doi Hartley hiru han

Pinh nghia 2.2 (Bién d6i Hartley hiru han) (i) Cho f a mot ham kha tich Lebesgue trén

doan [—m, 7. Bién d6i Hartley hitu han ctia ham f dugc dinh nghia nhu sau:
. 1 [T
fin) = Ha [f@)] ) = o [ f(w) castnr)a

fo(n) == Ha[f(x)](n) := % /7r f(x) cas(—nz)dz,

voi moi n € Nj.

(ii) Téng

He(x) = fl(O) + Z [fl (n) cas(nx) + fQ(n) cas(—nzx) (2.2)

duogc goi 1a chudi Hartley ctia ham f trén mién [—m, m]. Cac hé ) fl(n), fg(n) dugc goi la hé

s6 Hartley thtr n ciia cac phép bién ddi H, va H, tuong tng.

Tur sy hoi tu ciia chudi (2.1) cho thay, néu ham f thudc L?[—n, 7], thi chudi vé bén phai cua
(2.2) x4c dinh mot ham trong khong gian L?|—, 7]. Hai dang cua phép HT c6 mdi quan hé

duoc thé hién qua cac hé thuc

voi moin € N.
Pinh Iy 2.1 ([11]) (i) Véimoi m,n € Ny, ta cé cdc dong nhdt thirc sau:

1 ™
2 ),
1 ™

2 ),

casm(z + u) cas(nu)du = b, cos nz,

casm(z — u) cas(nu)du = &y, sinnz,

trong do, 0.,y la ky hiéu delta Kronecker.
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(i) Tdp cac ham

{\/%, \/12_7r cas(nx), \/12_7r cas(—nx) :n > 1} (2.3)

tao thanh co s¢ triee chudn ciua khéng gian Hilbert L? |—7, w|. Hon nita, chuéi Hartley

o

He(z) = F1(0) + Z [fl (n) cas(na) + fo(n) cas(—nx)} (2.4)

héi tu theo chuan LP d@én mét ham thuéce khéng gian LP[—7, 7] néu ham f thuoc khong gian

LP[—m, 7|, véi 1 < p < 0.

2.1.3 Tich chép lién két v6i bién doi Hartley hiru han

Tich chap rdi rac lién két voi phép FT déng vai tro rat quan trong trong 1y thuyét chudi Fourier
va giai tich Fourier cho ham tuan hoan. Loai tich chap nay d4 c6 nhiéu tmg dung trong céc linh
vuc khoa hoc va k¥ thuat ca vé mit 1y thuyét va ing dung. Tich chap roi rac 1a céng cu chinh
dé mo hinh hoa cac hé LTI chimg minh tinh hoi tu cia chudi Fourier, phan tich phé va giai
phuong trinh tich phan. Bién d6i Hartley hiru han ¢ nhiéu tinh chét twong dong nhu FT cho
ham tuan hoan. Diéu nay goi mé nhiing tiém ning ing dung cua tich chap lién két voi phép HT

hitu han, nhu ddi véi tich chap tuan hoan cta FT.

B6 dé 2.1 duéi day duogc str dung dé xdy dung cac phép tich chap lién két véi HT.

B6 dé 2.1 Choa,b,c € R. Tu cé cic do”‘ng nhat thirc sau:

2cas(a) cas(b) = cas(a + b) + cas(a — b) + cas(—a + b) —cas(—a —b),  (2.5)

2 cas(a) cas(b) cas(c) = cas(—a + b+ ¢) + cas(a — b+ ¢)

+cas(a+b—c) —cas(—a—b—c). (2.6)

B6 dé2.2 Cho f la ham tuan hodan véi chu ky T hitu hgn va kha tich Lebesgue trén mot doan
c6 dé dai bang chu ky T. Khi d6, ham [ ciing kha tich Lebesgue trén bt ky doan nao khdc ¢6
dé dai bang chu ky T. Hon nita, tich phdn Lebesgue ciia ham f trén moi doan c¢é d¢ dai bang
chu ky T déu bang nhau.
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Pinh 1y 2.2 (Pinh 1y tich chap cho H,) Cho f la ham xdc dinh trén R va tuan hodn véi chu
ky 21 va h € R ¢6 dinh. Gid sir cdc ham f va g kha tich Lebesgue trén doan [—, 7t|. Khi dé,
mai phép bién doi tich phan dudi day xdc dinh mét tich chdp lién két véi bién doi Hartley hitu
han 1. Hon nita, twong iing véi moi tich chdp la cde bat dang thike chudn va dang thire nhén
tir héa dwoc thiét lgp.

(7,08 )@ =4 [ [fa—uth)+ footuth)+ fotu—h)

7'[:{7'[1 B E .
—fl=x —u— h)}g(u)du, (2.7)

PGl < Sirlale (R o)) = cas(hm) fi () (n);
T -

*
Hi,H1

™

(7,2 0)@) = o= | [f+ut )+ floa—uth)+ [ —u—h)

Am J_ .
— f(—z +u— h)]g(u)du, (2.8)
1 1 1 W
|£. 0 ol < —flilalh 2 (r % 9) ) = cas(hm) fi(n)ga ()

(7,08 )@ =i [ [Featu=m)+ fo—u=h)+ foo—uth)

HQTHI 47 -
+ flx +u+ h)}g(u)du, (2.9)
1 1 1 2/ \A
|7, ol < —Irlilglh 2 (r % 9) ) = cas(hm) fo(m)ga (o)

(f 5 g)(m) ::i/7r [f(—z—u—h)+ flx+u—h)+ f(—z+u+h)

*
Ha,Ho

A J_.
— f(z —u+ h)]g(u)du, (2.10)
1 1 1 P ~
|#.2 o < —Iflilglh. (s % g)(m) = cas(hm) fo(m)ga(m);

trong do, x € Rvan € Ny.

Chirng minh. Ta chung minh cho truong hop tich chép (2.7), cac truong hop khac duge chung

minh tuong tuy.
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Trudc tién, ta chung minh bat déng thie chuan. Cho u,h € R ¢ dinh. Thyc hién céc phép

d6i bién tich phan va st dung B6 dé 2.2, ta co

1 (7 1 [7
3 | |G - %/W |F(@)|dz = |1

Do £, g tudn hoan véi chu ky 27 va kha tich Lesbesgue trén doan [, 7], bang cach dbi thir tur

lay tich phéan va sir dung B6 dé 2.2, ta c6

[ e

—47T// (@ —ut )|+ [f(=e +ut )| +[f(z+u—h)

_|_}f_;p—u— )| Ho(u)|dudz
- du|g )| {\f:c—u+h|+\f —z+u+h)|
1S+ u=B)| 4| f(—2 = u—h)| pda
= ~11flhllglh < oo

Tiép theo, ta chirng minh ding thirc nhan tir héa. St dung B6 dé 2.1, thuc hién doi bién
& := +h + u + v trong céc tich phan va st dung B6 dé 2.2, ta c6

cas(hn) (’Hlf (n) ’ng)( )
=2 /_ﬂ /_7T cas(hn) cas(nu) cas(nv) f(u)g(v)dudv
471r2 / / [cas —h+u+v))+cas (n(h—u+v)) +cas (n(h+u—v))
—cas (n(—h —u— 1/))] f(uw)g(v)dudv
- % _:dxcas(nx) (% /_: [f(x—v+h)+ f(—z+v+h)
+fle+v—h)— f(—x—v— h)}g(y)dy>

Ha

= 7'[1<f * 9> (n).

Hi,Ha
Pinh 1y dugc ching minh. 0
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Twong tu, ta c6 két qua cho bién ddi Hartley H..

Pinh Iy 2.3 (Pinh Iy tich chap cho H;) Cho f la ham xdc dinh trén R va tudn hoan véi chu
ky 2 va h € R cé dinh. Gid sir cdc ham f va g kha tich Lebesgue trén [—m, wt]. Khi d6, moi
phép bién déi tich phan duéi day xdc dinh mot tich chdp lién két véi bién doi Hartley hitu han
Ho. Hon nita, trong iing véi moi tich chdp la cdc bat ddng thire chudn va dang thirc nhan tir

héa dwoe thiét lap.

Q’T @@y:j{K:U@x—u+m+f@+u+m+f@m+u—m

Ha,Ha 47
— [z —u—h)]g(u)du, 2.11)
7.5, 9l —Hf lillgls, Ha(f % g)m) = cas(n) f(m)ga(n);

(f 2 g)(ac)::i 7r[f(—aH—u+h)+f(av—u+h)+f(—:zc—u—h)

Ho, Ha ar J_ .
— f(z +u—h)|g(u)du, 2.12)
7,22 o], < Zshlalh, #a(r %2, 9) ) = cas(in) fa(m)is ()

(£, )@ == [ [f@tu—h)+f-a—u—h)+ fle—uth)

Hi,He 47 77r
— f(=x +u+ h)]g(u)du, (2.13)
7,22 ol < sl #a(r %2 9) ) = castin) ()t

<f 2 g)(m) ::i/7r [f(x—u—h)—I—f(—x+u—h)—|—f(x+u+h)

HiHa A J_.
— f(=x —u+h)]g(u)du, (2.14)
I,25, ol < S0rhlalh, (s, %)) = casthmfu(msin (o

trong do, x € Rvan € N,.

47



Ménh dé 2.1 Cho f la ham xdc dinh trén R, tuan hoan véi chu ky 2 va lién tuc tieng khiic

trén doan [—m, 7|, ham g € L'[—7, 7] va h € R ¢6 dinh. Khi d6, véi moin € Ny, ta cé

H%%/:ﬂx—u+hMWM@OD:C%MMﬁmmﬂm

— cas(hn) fo(n)ga(n) + cas™ (hn) f1(n)ga(n) + cas™ (hn) fo(n) g1 (n),

H%%/:ﬂx—u+m¢mmgmy:mymmﬁmﬁﬂm

— cas™ (hn) f1(n)§1(n) + cas(hn) f(n) g1 (n) + cas(hn) fi(n)g2(n),

H(%/:ﬂx—u—mmmmgmyzwymmﬁmmgm

— cas™ (hn) fo(n)ga(n) + cas(hn) f1(n)ga(n) + cas(hn) fo(n)g (n),

%4%/:ﬂx—u—hmwm@@o:c%mmﬁ@mﬂm

— cas(hn) fi(n)gi(n) + cas™ (hn) fo(n)gi (n) + cas™ (hn) f(n)ga(n),

H(%/:f@+u+hmmm@ow:c%mmﬁmmxm

— cas(hn) fo(n)gi (n) + cas™ (hn) f1(n)g1 (n) + cas™ (hn) fa(n)ga(n),

H%%/:ﬂx+u+m¢mmom%:msMMﬁMMﬂm

- Casf(h”)fl(”)%(n) + Cas(h”)f2(n)§2(”) + cas(hn)fl (n)g1(n),

H(%/ﬁﬂ$+u—mgmm&my:mymmﬁmmxm

— cas™ (hn) f2(n)gi(n) + cas(hn) fi(n)gi (n) + cas(hn) fo(n)da(n),

%4%/iﬂx+u—hm@m@@o:c%mmﬁmﬁﬂm

— cas(hn) fi(n)ga(n) + cas™(hn) fo(n)ga(n) + cas™ (hn) f1(n)g1(n).
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Chirng minh. T Dinh ly 2.2 va Pinh ly 2.3, ta nhan dugc cac d@)ng nhét thire

/mfx—u+h g(u)du
Hi

= (% 9)@ - (%,

-/ :f<x—u—h>g<u>du
=(F,5,0)@ - (1,5,
;/iﬂx+u+h)(m
= (4,5, 9) @ = (45,

T J_x
= (7,5, 90 = (1,5,

9)@)+ (1,5

9)@) +(f %

g) (),

9)@)+(f,%

g) (2).

9) () + (f H};Q

Tac dong H, va H, vao hai phia cua cac dong nhat thure trén, ta nhan duogc két qua mong mudn.

Pinh 1y dugc ching minh.

Tir Ménh dé 2.1, cho h = 0, ta nhan duoc két qua dudi day.

O

H¢ qua 2.1 Cho f la ham xdc dinh trén R, tuan hoan véi chu ky 2 va lién tuc tieng khiic trén

doan [, |, ham g € L'[—m, 7] va h € R ¢6 dinh. Khi d6, véi moi n € Ny, ta c6

w)du |

( i) )
( ) )
(5 [ e+ i) o
( i) )
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2.2 Bién doi Hartley

Pinh nghia 2.3 (Bién d6i Hartley) Cac bién d6i Hartley (HT) va bién doi Hartley ngugc (IHT)

cua mot ham f xac dinh trén R” dugc dinh nghia theo cac cong thirc

Hi[f(x)](w) == (2;)3 . (x) cas(wx)dx, w € R",
Ht [f(w)](x) = (271)3 - (w) cas(wx)dw, x € R™;
Ho[f(x)] (w) == (2;)3 . f(x) cas(—wx)dx, w € R",
1

Hz—l[f(w)](x) = 2t Ja f(w) cas(—wx)dw, x € R";

khi tich phan vé bén phai ton tai.

Dé don gian trong biéu dién cong thirc, ta ding nhitng ky hiéu khac nhau dé biéu dién HT.
Cu thé, ta str dung céac ky hi¢u nhu sau:

Hi[f(x)](w), w,x €R™;
Ho [f(x)} (w), w,x € R".

filw) == (Hif)(w) :
fo(w) == (Haf) (W) ;

Hi(w) :

N~—

HQ(UJ) .

Ta dung ky hi¢u H (H) dai dién cho ca #H, (H,) va H, (H,) trong mot s6 trudng hop két qua
dang cho ca hai dinh nghia cua HT.

Nhén xét 2.1 (Tinh hep ly cia cac dinh nghia HT) (i) Dinh nghia

(We)(x) = p(—x), x € R",
1a toan tir phan xa. Khi do, hai bién d6i H, va Hs c6 mbi quan hé nhu sau:
Ho =WHy =H W, Hi=WHy=HW.

Nhu vay, mdi phép bién d6i H; va H, c6 tinh chat giao hoan véi phan xa. Boi vay, ta ciing goi
phép bién d6i H, 1a HT.
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(i) Bién d6i Hartley 1a mot bién ddi tich phan ddi xing (Hermite) trong cac khong gian
Schwartz S(R™), khong gian Banach L' (R") va khong gian Hilbert L? (R"). Hon nita, hai

cong thirc dinh nghia HT ¢6 mdi quan hé nhu sau:

(Hif)(w) = (Haf)(~w), (Hif)(w)= (Hof ) (w), w € RY
(Hof) (@) = (Hif)(—w), (Haf)(w) = (H1f)(w), w € R™

(1i1) Bién d6i Hartley c6 quan h¢ g?m glii v61 FT. Cu thé, nhan ciia HT c6 thé dugc biéu dién

qua nhan cua FT, va nguoc lai:

1—i . 144
cas(wx) = Tze“‘”‘ + %e_“‘”‘, w,x € R"; (2.27)
1+ . 1—17 .
cas(—wx) = %e“‘”‘ + Tze_“‘”‘, w,x € R™;
pmiwx _ cas(wx) —|—20as(—wx) B Z_cas(wx) —;as(—wx)7 w.x R (2.28)

Hon nira, HT cling c6 thé duoc xac dinh thong qua FT, va nguoc lai:

Mo f = Re(Ff) — Im(Ff) = 1‘2”ff+ 1;i]:‘1f; (2.29)
Hof = Re(Ff) + Im(Ff) = 1;ri]:‘1f+ 1;i]:f; (2.30)

Ff= %{ [Haf + (Huf)) = i[Haf = ()7
Ff= %{ [Haf + (Haf)7] +i[Haf — (Haf)7]}.

(iv) Khong gian anh cua HT trén khong gian Schwartz 1a khong gian Schwartz. Bién do6i
Hartley ciing c6 thé dugc dinh nghia trén nhitng ham thugc khong gian L? (R"™) véi p > 1. Tuy

nhién, can luu ¥ 13 anh cta nhitng ham nay c6 thé thudc hodc khong thudc khong gian ban dau.
Pinh nghia 2.4 Cho ham f xac dinh trén R va H; f, « = 1,2, 1a HT cta f. DPinh nghia

A~

fie = (Hif)e(w) = 5 [(Hif)(w) + (Hif )(-w)], w € R™;

~

fio = (Hzf)o<w) = [(Hlf)(W) — (Hlf)(—OJ)], w € R™.

N — N

Céac ham (H;f). va (H,f), duoc goi 1a phan chin va phan 1é cia HT H; cia ham f.
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2.2.1 Tinh chit cia bién d6i Hartley
Tinh chit 2.1 (Tuyén tinh [2]) V&imoia, 8 € C, taco
H(af + Bg) = oM f + BHy.
Tinh chit 2.2 (Dich chuyén [2]) Cho t = [t1,t5,...,t,] € R™ Taco
Hi[f(x = )] (w) = cos(wt) (. f) (w) + sin(wt) (Haf ) (w), w € R™; (2.31)

Ho[f(x — t)](w) = cos(wt) (Haf) (w) — sin(wt) (Hi f) (w), w € R™ (2.32)

Chirng minh. Ta ching minh dang thuc (2.31), dang thire (2.32) duoc chimg minh twong tu.

Ta co

1
— /n cas(wx) f(x — t)dx = B /n casw(u + t) f(u)du

/n [ cos(wt) cas(wu) + sin(wt) cas(wu)] f(u)du

= cos(wt) (M1 f)(w) + sin(wt) (Haf) (w), w € R™.

Tinh chat duoc ching minh. U

Tinh chit 2.3 (2]) Cho ham f xac dinh trén R”, a € R™ ¢6 dinh. Ta c6

x
=
=
€
+
®
I
X
G
o
Qo
~
1]
z
=
B
€
~—
_1_
2
[\&}

sin(ax)f(x)] (w), w e R™;
sin(ax) f(x)] (w), w € R™.

=
~
—~
w
=
—~
€
+
®
S~—
I
=
o
o
w2
—~
©
w
N—
~
—~
e
=
—~
€
S~—
|
=

Tinh chit 2.4 (Pong dang [2]) Cho n-b6 a. Ky hiéu a © X := [y 21, aga, . . ., ). Ta cO

1

oo .oy

H[f(a®x)](w) (Hf) (@' Ow), weR", a € N".

Tinh chat 2.5 (Lién hop phirc [2]) Ky hiéu f 14 lién hop phirc cia f. Ta c6

(HF)(w) = () (@), w € R"
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Tinh chét 2.6 (Xem thém [2]) Néu f, g € LY(R"), thi (Hf)g va (Hg) f cling thudc L}(R™).

Hon nira,

/ ) (Hf)(x)g(x)dx = / (Hg) (w) f(w)dw.

Chirng minh. Ta chung minh cho trudng hop H;, truong hop Hs duge chimg minh tuong tu.

Do | cas(wx)| = | cos(wx) + sin(wx)| < /2, véi moi w, x € R, ta co
/ | cas(wx) f (w)g(x) |dwdx < \/_/ w)||g(x)|dwdx
n Rn

-ve( [ |f<w>|dw) ([ lotwiix)

= V2| £l llglh < oc.

Ap dung dinh 1y Fubini, ta c6

/n (Hf /n / cas(wx) f(w)g(x)dwdx

- /n dw f(w) /n g(x) cas(wx)dx
— [ () @)r(w)dw,

Tinh chit dugc chimg minh. U

Tinh chit 2.7 (Xem thém [2]) Néu day ham (f)ren C L'(R™) hoi tu (theo L'-chudn) dén
ham f, thi ddy ham anh cta A hoi tu déu (hoi tu theo diém) dén ham anh cta né. Cu thé, néu
Jim [ fi — flly =0, thi Hfi, = Hf en R”, hay lim sup |(Hfi)(w) — (Hf)(w)[ =0.

oo o wGR"

Chirng minh. Ta chung minh cho trudng hop H;, truong hop Hs dugc chimg minh tuong tu.

Su hoi tu déu cua hai day nay duoc suy truc tiép tir danh gia sau:

|(Hofi) (w) — (Hafm)( |_ / | fir(x) (x)|| cas(wx) |dx

S\/_ka—mel%O (k,m — 00), Yw € R".

Tinh chat duoc ching minh. U
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Tinh chét 2.8 ([2]) Néu f kha tich tuyét ddi trén R™, thi A.f 14 ham lién tuc, gidi ndi va triét
ti€u tai vO cung.
Pinh 1y 2.4 ([2]) Néu f kha tich tuyét doi trén R”, thi H.f la ham lién tuc déu trén R™.

Tinh chat dudi day thé hién mdi quan hé giita hai dinh nghia cia HT thong qua cong thirc
dao ham. Ta trinh bay két qua cho ca truong hop mdt chiéu va nhiéu chiéu.

Tinh chat 2.9 ([2]) (i) Cho ham f € L'(R). Néu zf(z) thuoc L'(R), thi ton tai dao ham

ctia cac ham anh H; f va H,f. Hon nira,
(H1f) (W) = Ho[zf(2)] (W), (Haf)' (W) = —Hi[zf(2)](w), w € R.
(ii) Cho ham f € L*(R). Néu ham f c6 dao ham f’ € L*(R), thi

Hil[f (@) (w) = wHs [f(2)] (w), Ha2|f'(2)](w) = —wHi[f(z)](w), w€R.

Chirng minh.

(i) Viéc ton tai cac dao ham duoc suy truc tiép tir cac dang thuc (2.27), (2.28) va két qua
ctia FT. Cac dang thirc dao ham nhan duoc bang cach tinh truc tiép, do gia thiét cac ham f va

z f () kha tich tuyét dbi.

(ii) Tinh chat nay suy ra tir phép ldy tich phan timg phan. Hon nira, do f’ kha tich tuyét dbi

trén R, nén ham f lién tuc déu trén R, vi vay, f(—o0) = f(+o00) = 0.
Tinh chat duoc ching minh. U
Tinh chét 2.10 (J2]) Cho o, 3 14 cac n-bo théa min B < «.

(i) Cho ham f € L'(R™). Néu ham x* f(x) thugc L'(R™), thi ton tai cac dao ham riéng ciia

ham f dén cép B < a, cu thé, véi moi w € R”,

(

Hi[x°f(x)](w) néu|B|=0 (mod 4)

. (H 0] (w)> | [Pf@]@)  néulB =1 (mod4)
- H[xPf()](w) néulBl=2 (mod4)

| —H2[x°f(x)](w) néu|B| =3 (mod 4).
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(ii) Cho ham f € L'(R"). Néu f c6 dao ham riéng D& f(x) thuoc L'(R™), thi cac ham
w*(H1f)(w) va w™(Haf) (w) thude Co(R™). Hon nira, véi moi w € R,

wHs [ f(x)] (w) néu || =0 (mod 4)
—wWH | f(x) | (w néulal=1 (mod 4
0 (D2 (3] () = | [f ()] (w) ’ [ ( )
—w*Hy [f(x)](w) nlula|=2 (mod 4)
| Wt [x*f(x)](w) néula|=3 (mod 4).

Tinh chét 2.11 ([2]) Cho ham f € L'(R"). Néu ham x* f(x) thuoc L' (R"), thi

= [H[Dg )] (@)| > 0 (jw] = o0).

Noi cach khac, cac ham dnh H f c6 vo cung bé cap cao hon —1—

Pho lity thira ctia tin hi¢u f trong mién Fourier dugc dinh nghia 1a P(f) := |F f|>. Hon nita,

P(f) con dugc xac dinh bai cong thire

P(f) = [Re(FN]* + [Im(F/)]*.

Ta ciing c6 thé dinh nghia phd lity thira cta tin hiéu thuc f trong mién Hartley.

Tinh chit 2.12 ([2]) Ph6 liy thira P(f) ctia f trong mién Hartley dugc xac dinh nhu sau:
1 2 2
PU) = S{ ()" + () T}
Chirng minh. Ta co

P(f) = Re(Ff)* +Im(Ff)* = (HF); + (M)
= [HE )P o T - ) )

= A+ () 7}

Tinh chat duoc ching minh. U
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2.2.2 Pic trung toan tir ciia bién doi Hartley

Nghién ctru céc dic trung toan tir ciia HT trén cac khong gian ham tiéu biéu, nhu khong gian
Schwartz S(R™), khong gian Banach L*(R") va khong gian Hilbert L*(R") dong vai trd trung
tAm trong viéc nghién ciru cac tinh chét nén tang ciia toan tir tich phan Hartley, giup thiét lap
cac tinh kha nghich, tinh bao toan cAu trac dai sd, tinh bao toan nang luong, nguyén ly bat dinh,

tinh bi chin, cac bat déng thire chuén va tinh chét phé cua toan tir tich phan Hartley.

Pinh Iy 2.5 (Xem thém [2]) (i) Bién doi Hartley H trén khong gian S(R™) la mét song dnh
tuyén tinh vao chinh né va la mét todn tir doi hop bdc hai, nghia la H* = T. Hon nita, HT ld todn
e lién tuc trén S(R™), tirc la véi moi day (fr)ren C S(R™), f € S(R™), fi S (k — 00),
thi Hfi — Hf (k — o0).

(ii) Bién doi Hartley nguroe ciing la mét song dnh tuyén tinh lién tuc trén S(R™) va dwoc xdc

dinh nhw sau:

-1 1 n.
fx) = H{ [Hif(w)](x) == 2n) /n(’;‘—llf)(w)cas(wx)dw, x € R

—1 o 1 n
F(x) = Hy [Hof (w)](x) == T /n(Hgf)((-d) cas(—wx)dw, x € R".

Chitng minh. Tir mdi lién hé gitra HT va FT qua cac dang thic (2.29), (2.30), tinh song tuyén
tinh lién tuc cua HT A duoc suy truc tiép tir tinh song tuyén tinh lién tuc cta cac FT F va IFT

F 1 trén S(R™).

Ta chiing minh tinh ddi hop béc hai ciia ‘H. That vay, tir cac déng thire (2.29), (2.30), va cac
ding thie F* =T, (F )" =T, suyraH2 = T.

DPinh 1y dugc chiing minh. [

Pinh Iy 2.6 Bién doi Hartley H trén khong gian L' (R™) la mét dnh xa tuyén tinh lién tuc tir
LY(R™) vao Cy(R™) véi chudn todn tir ||H || 1(n)—corn) = V2.

Chitng minh. Tl cac dang thirc (2.29), (2.30) va két qua cua FT, ta nhan duoc két qua mong

muon.

DPinh 1y dugc chiing minh. ]
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Két qua dudi ddy nghién ciru vé sy ton tai ctia cac IHT trén khong gian L' (R™).

Pinh Iy 2.7 (Pinh Iy bién d6i Hartley ngwgc, xem thém [2]) Cho f € L'(R"). Néu H,f va
(2.33)
(2.34)

Ho f thuge LY (R™), thi
a.e. 1 .
f(x) = @) /n (H1f)(w) cas(wx)dw;

/n (Haf) (w) cas(—wx)dw

a.e.
X) = -
109% oy
Hon nita, néu f la ham lién tuc, thi cac IHT co tinh chat nghich dao theo diém, tirc la cac cong

thiee (2.33) va (2.34) thoa man voi moi x € R™.
Chirng minh. Ta chirng minh cho truong hop H,, truong hop Hs dugce chirng minh tuong tu.
Theo Dinh 1y 2.5, #, 14 song anh tuyén tinh lién tyc tir S(R™) vao chinh no, va toan tir Hartley

(2.35)

nghich ddo ctia H; 1a chinh n6, vi H? = 7.
Cho f € L'(R") va g € S(R"). Ap dung dinh Iy Fubini, ta c6
g(w) (Hlf) (w)dw.

[ 10) () o) = / n

1
(2%
1

[ )0

Thay g = H; (7—[1 g) vao vé phai cua (2.35) va ap dung dinh 1y Fubini mét 1an nita, ta co
/’ {/ (Hig)(x) cas(wx)dx} (Hif)(w)dw

(x) (ng)(x)dx =
/n (Hif)(w) cas(wx)dw}

R”

= - fo(x) (Hag) (x)dx.

a.c

Do Img (H1|s@n)) = S(R"), taco [o. [fo(x) — f(x)]o(x)dx = 0, Ve € S(R™). Hon nita, do
= f(x) trén R™.

S(R™) 14 khong gian con tri mat trong khong gian L'(R"), suy ra fo(x)

Néu ham f lién tuc trén R”, thi tir két qua ctia FT ta suy ra cong thirc IHT c6 tinh chat nghich

dao theo diém.
Dinh 1y dugc chimng minh.
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Hé qua 2.2 (Dinh 1y ton tai duy nhét [2]) Cho ham f € L'(R™). Néu Hf = 0 trong L*(R™),
thi f < 0 trén R™

Bién d6i Hartley trén khong gian L?(R™) c6 thé dugc dinh nghia bang cach thac trién tuyén
tinh lién tuc tir HT trén khong gian con S(R™).

Pinh 1y 2.8 (Pinh 1y Plancherel, xem thém [2]) Bién doi Hartley trén khéng gian Schwartz
S(R™) ¢6 thé diepe théc trién lién tuc duy nhdt thanh toan tir unita H : L*(R™) — L*(R™) théa
man

Hf=Hf, Vf € S(R™).

Hon nita, todn tir théc trién H la todn tir déi hop bdc hai, tirc la H? = T.

Chirng minh. Ta chung minh cho truong hop H, truong hop Hs duge chimg minh tuong tu.

Cho f,g € S(R™). Tur dinh ly bién d6i Hartley nguoc, ta c6

. f(x)g(x)dx = /n dx g(x) 2n)? /n (H1f)(w) cas(wx)dw

1 _
— /n dw(H1f)(w) B /n g(x) cas(wx)dx (2.36)

= /n (Hlf) (w)(?—tlg) (w)dw.

Néu f = g, thitacod
[fll2 = [IH1f|l2- (2.37)

Do L?(R™) 1a mot khong gian day du va S(R") 1 khong gian con trii mat trong khong gian
L*(R™), tir dang thic (2.37), theo dinh 1y thac trién tuyén tinh lién tuc, ton tai duy nhat mot
thc trién tuyén tinh lién tuc H; : L*(R™) — L2(R") sao cho Hf = Hf, Vf € S(R™) va H,

1a anh xa dang cu tuyén tinh trén L?(R™).

binh 1y dugc chiing minh. [

Nhan xét 2.2 Tir Dinh Iy 2.8, ta c6 thé ddng nhét cac ky hidu H va 7, va ciing st dung k¥ hidu
H cho HT trén khong gian L*(R").
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Hé qua 2.3 (Cong thirc Parseval) Cdc todn tir Hartley H la todn tir dang cw tuyén tinh trén
khéng gian Hilbert L*(R™). Cu thé,

(£:9) 2ny = (ML HG) oy IFll2 = [1HFll2, ¥ f. g € LA(R").

Pinh Iy 2.9 (Pinh Iy bién d6i Hartley ngwgc trén L?(R™), xem thém [2]) Cho f € L*(R").
NéuH, f va Hof thuse L'(R™), thi

ae | w) cas(wx)dw;
10 vy [ () @) castwonis 2:38)
fx)= (271)3 /n (Haf) (w) cas(—wx)dw. (2.39)

Hon nita, néu f la ham lién tuc, thi cac IHT co tinh chat nghich dao theo diém, tirc la cac cong
thiee (2.38) va (2.39) thoa man voi moi x € R”™.

Bién d6i Hartley trén khong gian L?(R") ciing c6 thé duge dinh nghia bang cach thac trién
tuyén tinh lién tuc tir HT trén khong gian con L'(R™) N L*(R™), sir dung gi6i han clia toan tir
tich phan trén mién hitu han.

Dinh ly 2.10 (Pinh ly gi6i han tich phin chit cut, xem thém [2]) Cho f € L*(R").

(i) Dt
(Hirf)(w) == (271)3 /x|§Rf(X) cas(wx)dx, w € R", R € Ry;
(H2,Rf) (w) := (2;)3 /x|§Rf(X) cas(—wx)dx, w e R", Re R,.

Khi d6, moi Hy rf va Horf hoi tu manh dén mét ham thugc khong gian L*(R™) khi R — oo,
ky hiéu la Hy f va Hyf tuwong vmg. Cu thé, ton tai cac toan tr unita Hy : L*(R™) — L2(R")
va Hy : LA(R™) — L2(R") la thac trién lién tuc duy nhdt tir khéng gian L'(R™) N L2(R™) lén

khong gian L*(R™) va dwoc xdc dinh béi cdc gidi han
Jim ([Hof = Hinfll, =0, lim [|Hof — Horf]], = 0.

Hon nita, ta ciing cé (7—~llf) (w) = F}glgo (Hirf)(w) va (ﬁ2f)(w) = nggo (Horf)(w).
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(ii) NéuH,f € LY (R™) va Hof € LY(R), dat

fir(x) = (271)2 /ng (7—~[1f) (w) cas(wx)dw, x € R", R € Ry;
fa.r(x) == (2;)3 /w<R (ﬁgf) (w)cas(—wx)dw, x e R", Re R,

thi f1.5 va fo.g hoi tu manh dén ham géc f khi R — co. Cu thé, IHT ciia cdc ham Hy f va Haf

theo ﬁfl va ﬁ;l twong ung thoa man
Jim 1~ foal, =0, i |7~ funll, =0

a.e.

Hon nita, ta c6 f(x) F}im frr(x) va f(x) = P}im fo.r(X). Néu ham f lién tuc, thi ta c6
—00 —00

f(x) = lim fi g(x)va f(x) = lim f5p(X), voi moi x € R™
R—oo R—o0
Hé qua 2.4 ([2]) Todn tir Hartley H la todn tir dai s6 xdc dinh trén khéng gian Hilbert L*(R™)

voi da thire dac trung la
Pyt)=t>—1.

Pinh ly 2.11 Pinh 1y pho [2]) Pho ciia toan tir Hartley H la thuc va la
o(H) ={-1,1}.

Chirng minh. Ta chung minh cho truong hop H;, truong hop Hs duge chimg minh tuong tu.
Xét toan tir A\Z + Hq, trong d6 A € C. Ta xem xét cac truong hop khi A # +1 va A = +1.
Néu \ # +1, ta d& dang ching minh dang thic sau:

1 ML —-H

Do @6, toan tir \Z — H; c6 nghich ddo va toan tir nghich ddo nay lién tuc do H; lién tuc.

Néu \ = +1. Theo Pinh 1y 2.12, ham Hermite 1 cac ham riéng ctia 7 v&i cc gid tri riéng

la 1 hoac —1. Suy ra, cac toan td Z — H; va —Z — H; khong kha nghich.
Nhu vay, o (H1) = {-1,1}.

DPinh 1y dugc chiing minh. ]
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Dinh 1y 2.12 (Xem thém [2]) Cdc ham Hermite la co sé truc giao ciia khéng gian L*(R™) va

la cac ham riéng cua HT. Cu thé, HT cua cac ham Hermite duoc xdc dinh boi cdc cong thirc

Po(w)  néulal=0,1 (mod 4)
(H1Pa) (w) = L wER
— Py (w) néulal=2,3 (mod 4)

va
Po(w)  néulal=0,3 (mod 4)

(H2Pa) (w) = ,wER™
— Py (w) néulal=1,2 (mod 4)

Chirng minh. Cac ham Hermite thugc khong gian Hilbert L?(R™). Mit khac, tir cac hé thirc vé
moi lién hé giit FT va HT (2.29) va (2.29), va tir dinh 1y dic trung toan tir caa FT 1a

(FPa)(w) = (=)0 (w), (F'Pa)(w) = (1)*Pq(w), w € R,
ta nhan duogc

(Fr®a) (@) = 5 [(=0)/% 4+ ()% = (=0)/ = (1) B(w), w € R

(ng)a) (w) =

NN NN T

(0 4 (@) 4 (=)o () @ (w), w € R
Tinh toan hé sb cac biéu thic & vé cac hé thic trén, ta cd

(—i)lel 4 g)lel — (gl ()laF) g (w) =1  nbulal=0,1 (mod 4),
(=)l 1 (q)led — (—g)ladtt _ (i)laHl: Bo(w)=—1 nbulal=2,3 (mod4),

(=) 4 (@) 4 (=) 4 ()| @a(w) =1 néula] =03 (mod 4),

NN =N =N =

(=)ol 4 ()] 4 (—g)le1 4 (i)'al+1: Bo(w)=—1 nbulal=1,2 (mod4),

vOoi moi w € R”,
Tir ddy ta nhan duoc cac két qua cua dinh 1y,

binh 1y dugc chiing minh. ]
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2.3 Tich chip lién két véi bién doi Hartley

Tuwong tu nhu dinh 1y tich chap cho FT, dinh 1y tich chap cho HT cho phép ta tinh toan phép tich
chap mot cach hi¢u qua hon, béng cach bién ddi cac ham sang mién tan sb, thuc hién phép nhan
thong thuong, sau d6 thyc hién phép bién d6i nguoc. Qua trinh niy thudng nhanh hon déng ké
so voi viéc tinh toan cac phép tich chap tryc tiép, dac biét trong truong hop cac tin hi¢u dugc
l?iy mau 16n, nho vao cac thuat toan FHT tuong tu nhu cac thuat toan FFT. Nhu vy, viéc phat
trién cac tich chap cho HT khong chi mang lai loi ich trong viéc xdy dung mot co sé Iy thuyét

day du cho HT, ma né con 13 mot cong cu hiéu qua trong tng dung tinh toan sb.

2.3.1 Tich chap Hartley

Pinh Iy 2.13 Cho cdic ham f,g € L*(R") va h € R" ¢6 dinh. Méi phép bién doi tich phén
dudi ddy xdc dinh mét tich chdp lién két véi phép bién doi Hartley Hy. Hon nita, twong iing véi

méi tich chdp la cdc bat dang thire chudn va dang thire nhan tir héa dwoc thiét lap.

(f 5 g>(x):: ! /n[f(x—u+h)+f(—x+u+h)+f(x—|—u—h)

ot 2(27)%
— f(=x —u—h)]g(u)du, (2.40)
|7, g <21flligh, 2 (r % 9)(w) = casthw) (af) (@) (FHig) @)

(1,2, 9) 0 = sor [ [Fxus )+ flox—urh) 4 fx—u—h

Ha, Mo 2(2m)2
— f(—x4+u-— h)}g(u)du, (2.41)
|75 | < 20fllglh, #(r % g) (@) = cas(he) (31 ) (@) (Hag) (@)

(f b5 g)(x):: ! /[f(—x—f—u—h)—|—f(x—u—h)+f(—x—u+h)

Ho Ha 2(2m)2 Jgn
— f(x+u+h)]g(u)du, (2:42)
75 ol = 2l (5,2, ) 0) = casius) (e o) (o) )
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(2.43)

/n [f(=x—u—h)+ f(x+u—h)+ f(—x+u+h)

— f(x —u+h)]g(u)du,
9)(w) = cas(hw) (Haf) (@) (Hag) (@).

Ha
*

Ha, Ho

Hi

<

|#.2 o <21fhligh, (s

Chirng minh. Ta chiing minh cho trudong hop tich chap (2.40), cac truong hop khac dugc chirng

minh tuong tu.

1

Trudc tién, ta chiing minh bét dfmg thire chuén. Cho u € R” ¢b dinh. Thuc hién cac phép
(2m)3

[ Lo =171

d6i bién tich phan, ta c6
1
2n)?

|f(£x L u+h)|dx =
RTL
Do f,g € L'(R") nén ta c6 thé doi thur tu 1dy tich phan, ta c6

i g)(x)‘dx
/n/n{\f(x—wh)\+!f(—X+u+h)\+{f(x+u—h)]

/" <fH1>X,<H1
1
< n
~2(2m)2
+|f(—x—u—h)}}\g(u)|dudx
1
= 2on)? /Rndlllg(U)‘/Rn {|f(x—u+h)] +|f(=x+u+h)|
+‘f(x+u_h)‘+’f(_X—ll—h)|}dx

2(2m) 2| fllllglly < oo.
g) e L'®)vallr % g <20flliglh
Hi,Ha 1

Ha
k
Tiép theo, ta chirng minh déng thirc nhan tr hoa. Str dung B6 dé 2.1 va thuc hién ddi bién

Tir da |
u day suy ra le,Hl

X := th £ u & v trong céc tich phan, ta c6
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cas(hw) (H1 f)(w)(Hig)(w)
/}Rn /Rn cas(hw) cas(wu) cas(wv) f(u)g(v)dudv

B 1
~ @



= 2(2;)71 /n /n [cas (w(=h+u+wv))+cas (wh—u-+v)) +cas (wh+u—wv))

—cas (w(—h —u— V))] f(u)g(v)dudv

=z et (e [ v em s soxv

F v W)= flox ]

Hi
N Hl (f Hj')-h g) (W)
Pinh 1y dugc ching minh. U
Tuong tu nhu cach thiét 1ap cac tich chap lién két voi HT H, trong Pinh 1y 2.13, ta co thé
thiét 1ap cac tich chap lién két vi HT Ho.
DPinh ly 2.14 Cho cdc ham f,g € L* (R”) va h € R™ ¢6 dinh. Méi phép bién doi tich phan
dudi ddy xdc dinh mét tich chdp lién két véi phép bién doi Hartley Ho. Hon nita, twong iing véi

méi tich chdp la cdc bat dang thike chudn va cdc dang thike nhdn tir héa dwoc thiét ldp.

(f s g)(x):: ! /n[f(x—u—h)—|—f(—x+u—h)+f(x+u+h)

Mot 2(2m)2
— f(=x —u+h)]g(u)du, (2.44)
|7, o <21fliligh, #a(F %2 9)(w) = casthw) (Haf) (@) (Hag) (@)

(f s g)(x):: ! /n[f(x—i—u—h)+f(—x—u—h)+f(x—u+h)

Ha,H 2(2m)2
— f(—x+u+ h)}g(u)du, (2.45)
|75 | < 2flllglh, #a(r % g) (@) = cas(he) (Hof) (@) (Hag) (@)

(f b5 g)(x):: ! / [f(—x+u+h)+f(x—u+h)+f(—x—u—h)

Hi,He 2(271’)% n
— f(x+u-— h)]g(u)du, (2.46)
|75 | < 2flllglh, #a(r % g) (@) = cas(he) (71 ) (@) (Hag) (@)
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(f H g)(x):: 1 /n[f(—x—u+h)+f(x+u—|—h)—|—f(—x—|—u—h)

Hi,Ha 2(27T)%
—f(x—u-— h)}g(u)du, (2.47)
|75 | < 20flhllglh #a(r % 9) (@) = cas(he) (71 ) (@) (Hag) ).

Nhén xét 2.3 Dinh 1y 2.13 va Dinh 1y 2.14 chtra cAc tich chap xuét hién trong hau hét cac toan
tr tich phan Hartley trong trudng hop h = 0, xem [18, 19]. Mat khac, h xuit hién trong tam
tich chap (2.40) - (2.47) c6 thé khac nhau. Trong thuc té, chung c6 thé 1a nhitng dich chuyén ¢
dinh theo thoi gian hodc tin s6. Tham chi, néu h trong nhiing tich chap nay 1a gidng nhau (dich
chuyén cuing gié tri), cac tich chap (2.40) - (2.47) van 1a cac ham doc lap tuyén tinh. Hon nita,

khi sap xép lai cac nhan f(£x + u & h) cia céc tich chap nay theo mot thw tw, vi du nhur

f(x4+u+h), f(x+u—h), f(x—u+h), f(x—u—h)
(2.48)

f(=x+u+h), f(=x+u—h), f(-x—-u+h), f(—x—u—h),

ta nhan dugc mot ma tran A c¢6 cac hang dugc xac dinh boi cac hé s6 +1 va 0 ctia cac ham nay.

Theo thir tu trén, ta co

det(A4) = = —256 # 0.
1 0 0 1 0 1 -1 0
o -1 1 0 1 0 0 1
o 1 1 0 -1 0 0 1

Do d6, néu céc gia tri tich chip vé bén trai ctia (2.40) - (2.47) duoc biét, thi tim thanh phan tich
phan véi cac nhan trong (2.48) c6 thé xac dinh duoc thong qua viée giai hé phwong trinh dai s6
tuyén tinh. Tinh chét nay rat hitu dung va dugc str dung trong phan xay dung dai sé Wiener va

giai phuong trinh tich phan.
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Vidu 2.1 Cac mo hinh hon hop Gauss (Gaussian Mixture Models - GMMs) dong vai trd quan
trong trong vi¢c mo hinh hoa cac tap dir lieu phtrc tap. Cac moé hinh nay thuong dugc s dung
dé phan cum dit liéu, mé hinh héa mat do xac suat, phan loai cac diém dit liéu va tién xtr Iy dit
lidu. Tich chip ctia cac hdn hop phan phdi Gauss ciing duogc str dung trong céc linh vic théng
ké, hoc may va xur 1y tin hiéu dé mo hinh hoa, phan tich va téng hop dit hiéu. Trong vi du nay,
ta di tinh tich chap Hartley cta hai phan phdi Gauss. Tich chap Hartley cua hai hdn hop céc
phan phéi Gauss c6 thé tinh duoc do tinh chat tuyén tinh cua tich chap Hartley.

Xét cac ham sd
_(@—pp)? _(e—ng)?
fla) = T gla) = T

Tir két qua da biét ctia FT, ta c6

_(e-p)? 2,2

i . 02w2
]:[e 202 }(w) = e "M\ 2moe” 2 = 2moe”

2 [cos(puw) — i sin(pw)].
Tir mdi quan hé gitra FT va HT theo hé thic (2.29), suy ra
a%w2 U%UJ2

(Hif)(w) = V2rore” 2 cas(w), (Hig)(w) = V2moae” 2 cas(jpw).

Theo (2.40), cho h = 0, ta nhan dugc

H, (02 t0d)w?
Hy [fH*H g} (w) = (Hif) (W) (Hig)(w) = 2m0109¢€ 2 cas(pw) cas(paw).
Ap dung IHT, ta c6 (f;fk; g) (x) = 2wo109H, [e_(aﬁgw cas(pyw) cas(mw)} (x). Matkhac,
1,711

cas(piw) cas(pow)
eiulw + e—z’ulw N ez’,ulw _ e—iulw ei,ugw + 6—i,uzw N ei,ugw _ e—i/,ngw
21 21

2 2

—i 1. 1 . T .
— i(pitpe)w o~ i —p2)w o~ —i(pi—pe)w | 2 o —i(ptpe)w
5 e + 26 + 26 + 26 .

(0%«&»0%)0.}2

Tatinh todn FT ciae™ 2 cas(yw) cas(juaw) tir két qua da biét ciia FT,

V2T <z+g>2
)

(& 2a
a

F [e’ e”'bw] (x) =
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va tir quan h¢ gitra FT va HT, H;(w) = Re(F(w)) — Im(F(w)), ta nhan dugc

_ (a%+a%)w2

Hi [e 2 cas(puw) cas(,ugw)] (x)

/2 —[z+(p1—po)] —[z—(p1—p2)] —[z+(p1+wu2)] —[z—(p1+p2)]
— Y2 | 203+9D +e 2(07+03) +e 20f+03)  _ o 2003+03) ]
2,/0% + 03
Do do,
3/2 —[z+(p1 —p2)] —lz—(p1—p2)] —lz+ (1 +p2)] —lz—(u1+p2)]
H 2m) o0
<f i >($):( ) 102 e 200i+o3) Te 2(03+03) Te 2007+03)  _ o 2007+03)
HiHa 2\/0% + o2

2.3.2 Tich chip Hartley lién két véi ham Hermite

Céc tich chap duoc gidi thiéu va tmg dung cho dén nay phan 16n van nam trong khuén kho ciia
tich chap Fourier truyén théng. Tir nhiing lgi ich ma HT mang lai, viéc xdy dung va kham pha
cac dang tich chap Hartley moi 1a rat can thiét. Tir nhu cau d6, nhiéu dang tich chap Hartley
moi va tong quat hon di duoc phat trién, mot trong sd do6 1a 16p cac tich chap lién quan dén
ham Hermite. Viéc nay mé ra tiém ning kham pha nhiing tng dung méi ciia HT trong linh virc

xtr ly dir li¢u thyc, cling nhu giai cac 16p phuong trinh tich phan dac biét phu hop voi HT.

Ng = 2||Pali = (zj)g /n|<ba(x)\dx.

Pinh 1y 2.15 Cho |a| = r (mod 4), véir = 0,1,2,3. Cho f,g € L"(R"™). Mdi phép bién doi

V61 n-bd o, dat

tich phén dwdi ddy xdc dinh mét tich chdp Harley ciia Hy lién két véi cde ham trong Hermite.
Hon nita, twong iing véi méi tich chdp la cdc bdt dang thire chudn va dang thire nhdn tir héa

dwoc thiét lap.

» Truong hopr =0

(5 ) ) = oo / [ )0 [#alx —u—v) + Do+ u =)

Hi,Hi

+ Oo(x —u+v) = Po(x+u+v)|dudy, (2.49)

[£55 | < Nallflillgh, 2 (#7750 9) (@) = @alw) (Haf) (@) (Hag) (@)
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(£ g)(x) = 2(%) //f (X — U+ 0) + Da(x+u+v)
Po(x—u—v)— Po(x+u—v)dudv, (2.50)

Do, Hi

||, < Nallflllglh: Hl(f i 0) (@) = @alw) (Huf) (W) (Hag) @);

Hi,Ho

QH:[

|7,
(f ij*:j g) (x) := 2(21
|77

<f iZ*Z g>( )= 2(21

. Rnf(“)Q(V)[q)a(X+u_V)+(I)a(x_u_y)

+ Oo(x+u+v) —Pu(x —u+v)|dudy, (2.51)

5| < Nallfllllglh (£ ) @) = @alw) (Haf) () (Hag) (@)

Ha,Ha

S

. f(a)g(v) [Cba(x—l— u+v)+d(x—u+v)

+ Oa(x+u—v) —Pu(x —u—v)|dudv, (2.52)

chba Ha ‘ < Nallfll1llgll, H1(f i:*:; g) (w) = @a(w)(H2f)<w>(H29)(w).
o Truong hopr =1
(fi?%:ll n ]Rnf (X—U—Ij)—i—q) (X+U—V)
—|—<I>a(x—u+1/)—l-(I)a(X‘i‘“"'V)}d“dV’ (2.53)
chpa Ha ‘ < Nellf 11 llgll:, 7—[1<f i?*:ll g) (w) = q)a(w)(Hlf) (w)(H19)<w);
Do, Ha . (I)
(foHz (%) : 27T /n Rnf Palt v dalx )
+ Do (x —u—v) + Py(x —|—u—1/)}dudl/, (2.54)
| ol = Nl 70 (5, 0) ) = @a(w) (1)) (Has) )

(f Pe g)(X) = ﬁ/n . fwg)[ - Pa(x+u—v)+ Pa(x—u—wv)

Ha,Ha

+ Oo(x+u+v)+ Po(x —u+v)|dudy, (2.55)
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(x ,Hl (ba ’Hl

Yol < Nallflllglh #a (£ ) (@) = @alw) (o) (@) (Hag) (@)

Ha, Ha

|7

(fi:*:; ) Rnf Po(Xx+u+v)+ Po(x—u+v)
+ Oa(x+u—v)+ P(x —u—v)|dudv, (2.56)
[£o | < Nallflullgh, 2 (£ 9) () = @alw) (Haf) (@) (Hag) ().

» Truong hop r = 2

(£ )= 55 | [ @) [~ @afx— =)~ ux+u =)
— Do (x —u+v)+ Pa(x+u+v)|dudy, (2.57)
[£55 ]| < Nallflullgh, 2 (#7757 9) (@) = @alw) (Haf) (@) (Hag) (@)
Do, M1 1 o o
(1 9) 0= g [ F@90)[ = Balx—utw) = Bafx+u+v)
—Oa(x—u—v)+Pu(x+u—v)|dudy, (2.58)
o (£ 7 9) (@) = @alw) (Hf) (@) (Hag) (@)

Ha,Ha

(f Bor g) (x) := ﬁ/n . f(u)g(u)[— Po(x+u—v)—dyu(x—u—vr)

— Oo(x+u+v)+ Po(x —u+v)|dudr, (2.59)

|75 ol = Nallflalalh. 7 (175 0) () = Pale) (Haf) (@) (Hag) )
(S 9) L AW [ = Ralx+uty) — Sa(x—u+tv)

— Pa(X +u—v)+ Pa(x —u—v)|dudy, (2.60)
[£057 0| < Nallflillglh, (#0756 9) (@) = alw) (Haf) () (Hag) (@).
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» Truong hopr =3

(£ L g = Balx—u—w)
— Oo(x —u+v)+ Ph(x+u+v)|dudy,
|£550 g < NallFluliglh, #a(£7% g) ()
a M1 1
(15 )0 = g5 | [ rwgw)[ = @atx—uv) -
—Pu(x—u—v)+ dOu(x+
|£55 ]| < NallFluliglh, #a(£7% g) ()
a M1 1
(fi;le 9>(X =220 S Rnf(">g(y)[_%(x+u_")_
—<I>a(x—|—u+1/)+<I>a(x—u+u)]dud1/,
[£057 ]| < Nallfllllglh % (£7% " g) (@)
(125 )i RN
—@a(x—i—u—u)—i—CI)a(x—u—V)}dudV,
[£057 || < Nallfllllgh. % (£0% " 9) (@)

Chirng minh. X¢ét truong hop r = 0.

Khi do, @, € L'(R"), ta cling c6

1

(x:l:uiu)|dx-

T \n

2

70

—du(x+u—v)

(2.61)

= Do (W) (Hi f) (W) (Hr9) (w);

u — v)]dudv,

Po(x+u+v)

(2.62)

= o (w) (Hif)(w)(Hag) (w);

Op(x—u—v)

(2.63)

= 0o (W) (Haf) (W) (Hag) (w);

Op(x —u+v)

(2.64)

= 0o (w)(Haf) (w)(Hag) (w).

5 [ [@a0lix= 2], -



Cho f,g € L'(R"), taco

L sl < 55— // [ 15w lo(w)] - [Pa(x—u =)

Hi,Ha
a(X—u+v)+ Pa(x+u—v)— P(x+u+v)|dxdudy
< \du/ Fw }du/ B0 (x)|dx
= (2ﬂ)5Na|!f\!1!|g!|1-
Ttir déy, ta nhan duoc bat dang thic chuan va f y *Zjl g € L'(R").
1,711
) = dg. Sit

Tiép theo, ta chimg minh dang thirc nhan tir hoa. Theo Dinh 1y 2.12, H (
) (w € R™), B6 dé 2.1 va thyuc hién doi bién tich phan, ta co

dung tinh chat &, (w) = ®o(—

( )(Hlf) (ng)
! cas(wt) cas(wu) cas(ww) f (u) () (t) dudvdt

j
2

/ / / cas (w(—t+u+wv)) +cas (w(t—u+v))

w(t+u—v)) —cas (w(—t—u-— u))} f(u)g(v)®(t)dudvdt

///ncaswx (x+u+v)+P(x+u—-v)

+ g (x—u+u — Oo(—x —u —v)] f(u)g(v)dudvdx

/ dxcaswx{ 20n) /n/n (—x+u+v)+da(x—u+v)
+ Pu(x+u—v) - Pu(—X—u— u)}f(u)g(u)dudu}

n/ dxcaswx{ 52 // aX—u—v)+0(x—u+v)
n 7T n n

+Po(x+u—v)—Dy(x+u+ V)}f(u)g(u)dudu}

J
2

‘\"3

ﬂ
2

2

cI)ayHl
- Hl (f 7-[1*?{1 g) (w)

Ping thirc nhan tir hoa cho tich chap (2.49) duoc ching minh.
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Tuong ty, ta c6 thé ching minh cho cac tich chap tir (2.50) - (2.62). Qua trinh chimg minh

duogc thuc hién theo cac budce sau day:

1. Thiét 1ap bat dang thirc chuan theo cach twong tu nhu trong (2.49).

2. Chu y rang ham Hermite ®,, véi o € R" 1a ham riéng ciia c4 hai bién doi H;(j=1,2),
véi cac gia tri riéng 1a £1 theo Pinh 1y 2.12.

3. Sir dung cac dang thitc @, (x) = (—1)I*®,(—x), véi moi x € R”, theo (1.1).

4. Piéu chinh nhu (2.6) dé co thé ap dung vao chimg minh cu thé. Vi du, dé ching minh
(2.53) cho Hi, Ha, Ha, ta c6 thé diéu chinh (2.6) boi thay thé Q bang —Q va R bang —R

dé nhan dugc
2 cas(P) cas(—Q) cas(—R) = cas(P — Q + R) + cas(P + @ — R)
+cas(—P —@Q — R) —cas(—P + Q + R).
Cubi cung, dé chirng minh dang thirc nhan tir hoa (2.53), ta c6 thé thuc hién twong ty nhu
truong hop (2.49).
Dinh 1y dugc chimng minh. U

Nhin xét 2.4 (i) Taco thé nhan dugce s6 lugng tich chap tuong tu cho cac bién ddi theo thir
tw (Ha, H;, Hi.), v6i j, k = 1,2, nhu trudng hop (Hi, H;, Hy) trong Dinh 1y 2.15. C6 thé thay,
c¢6 tam nhan duoc chi ra trong (2.48) trong tam tich chap (2.40) - (2.47), nhung do tinh chat

By (x) = (—1)l*I®, (—x) nén chi c6 bon nhén 1a
Po(x+tu+v), Pu(x+u—v), do(x—u+v), Po(x—u—v)

xudt hién trong muoi sau trudng hop cta Dinh 1y 2.15.

(i) Véi mdi trudng hop r = 0, 1,2, 3, bdn tich chap duoc dinh nghia trong Dinh Iy 2.15 1a
cac ham doc 1ap tuyén tinh (diéu nay co thé thiy duoc nhu trong nhan xét 2.3). Do d6, mbi
thanh phan tich phan trong vé bén phai cia tich chap 1a mot to hop tuyén tinh ciia bdn tich chap

va ¢6 thé dugc xéac dinh bang cach giai hé phuong trinh dai sb tuyén tinh twong tmg.
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2.4 Bat dang thirc tich chiap dang Young

Phén nay cta luan an chimg minh hai bt ding thirc chuan cho cac tich chap di duoc xay dung.

Phép chimg minh st dung bit dang thic tich phan Minkowski quen thudc nhu sau:

(.

trong do, (Xy, p1) va (Xo, pe) 1a cac khong gian do duoce, F(-,-) : X; x Xy — C la ham do

Sdugoo)lﬁ;s /Q1< SQ\FTX7YHSduzbO>I/ihh(X%

K;F@JMMQ)

duoc, vas > 1.

Do c6 mét sb 16n cac tich chap dugc xem xé&t, ta st dung ky hiéu tich chap ® cho tat ca cac
tich chap tir (2.40) - (2.47), va st dung ky hiéu tich chap + cho cac tich chap (2.49) - (2.64) dé
don gian hoa viéc biéu dién cac cong thirc.

Pinh Iy 2.16 (Bét dang thirc Young) (i) Cdc tich chdp ® la todn tir song tuyén tinh giita
cdc khong gian L*(R™) phu hop, theo nghia: néul < p,q,r < oovdthéa min % + é = % +1,
vanéu f € LP(R"), g € LY(R"), thi

1f @ gllr < Collfllpllfllq, (2.65)

trong dé, Cg ld mét hang sé dwong.

(ii) Cdc tich chdp x la toan tir song tuyén tinh trén L' (R"). Hon nita, néu f,g € L*(R™), thi
voi moi s > 1, ta co

1f * glls < Cull fllallglls, (2.66)

trong dé, C, la mét hang sé dwong.

Chirng minh. Ta thiy rang, mdi tich chap c6 bdn thanh phan tich phan can dugc xem xét. Ta
chi can ching minh bat dang thirc Young cho mét thanh phan, cac thanh phan khac duoc chimg

minh twong ty. Cu thé, ta s& chimg minh cho cac thanh phan sau:
M(x) = | f(x+u+ h)g(u)du,
Rn

N(x) := /n . fa)g()Pu(x + u+ v)dudv.
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Trudc tién, ta chimg minh (2.65). Néu f € LP(R"), g € LI(R"), ta ¢6

. f(x+u+h)g(u)du = . f(x—u-+h)g (u)du = (f;g‘)(x—kh),

trong do, ( - % ) ky hi¢u tich chap Fourier. D& thdy g~ € L(R"). Str dung bat dang thuc tich
chap dang Young [19], ta co f;krg_ € L"(R™), véi 217 + é = 1 +1. Do h la mdt vector hing, suy
ra M(x) = (f % 97)(x)(- +h) € L"(R"), do d6, M (x) théa man (2.65). Tiép theo, ta chimg

minh cho N (x). D6i bién t = —u — v, ta c6

N(x) = /n - fu)g(v)Pu(x 4+ u+ v)dudv = /n - f(=t—v)g(v)P(x — t)dtdv

:/n dt@a(x_t)[ 5 f‘(t—v)g_(u)du} - [@a;(f‘;g‘)}(x).

Theo bét déng thirc Young, f~ ;l;g_ € L'(R"). Dé thay, &, € L*(R") v6imoi s > 1. Ap dung
bt dang thirc Young cho truong hop £ + 1 = 1 4 1, tanhan dugc N(x) € L"(R").

Cudi cing, ta chimg minh (2.66). Do ®,, € L*(R") véi moi (s > 1) va

E]

s | [ et = o),

trong do, u, v € R” ¢ dinh, ap dung bat ding thirc tich phan Minkowski, ta c6

L et ws v stugtanin def

g// [/Rn‘CIDQ(X—l—u—i—V)|S|f(u)‘8‘g(1/)‘sdx]1dudv
://[ Rn‘@a(x+u+u)|sdx};|f(u)Hg(u)|dudu
_ <2W>3|\%Ilsfw /R |£(w)]|g(v)|dude

= (2m)2||@al[, I L llglh-

Ta nhan dugc (2.66).

Pinh 1y dugc ching minh. 0
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Nhan xét 2.5 (i) Ta co thé viét lai két qua cudi cing dang nhu sau:

11 1

LP(R™) @ LI(R™) C L'(R"), = 4 — = = + 1; (2.67)
poq T

LY(R™) » L'(R™) C L*(R™), v6is > 1. (2.68)

Khip = ¢ = r = 1 trong (2.67), hodc cho s = 1 trong (2.68), ta nhan dugc bat ding thirc chuin

trong cac dinh 1y 2.13, 2.14 va 2.15 v6i mot hing s cho trudc.

(ii) Chon s = 2 trong (2.66), ta thiy ring néu f, g € L'(R™), thi tich chap xac dinh mot ham
trong khong gian L'(R") N L?(R™). Mit khac, cac tich chap (2.49) - (2.64) c6 mot tinh chat
quan trong theo nghia: ta chi can gia thiét f, g € L' (R™), khido fxg € L*(R") v6imoi s > 1.
So sanh véi cac trudng hop tuong tir di biét khac, tinh chat (2.66) thé hién sy khac biét dang
ké ciia cac tich chap mdi nay. C6 thé thay, khong gian anh ciia cac tich chap (2.49) - (2.64) 1a
16n hon so véi cac tich chap da biét trude day.

Nhu vy, su Xuét hién ctia cdc ham Hermite trong cdc nhan cua cac tich chap dong mdt vai
trd quan trong. Hon nita, bat dang thic dang Young (2.66) cho thiy céc tich chap di dugc xdy

dung c6 cau trac tot va co y nghia.

2.5 Dai s6 Wiener trén khong gian nén L'(R")

Dai s6 Wiener trén khong gian nén L' (R") 1a mot cu tric dai s6 Banach quan trong trong giai
tich diéu hoa va Iy thuyét dai s6 Banach, duoc tng dung nhiéu trong linh vuc xur Iy tin hiéu.
Nghién ctru vé dai s6 Banach gitip ta 6 mot cai nhin sau sac hon vé khong gian ham L' (R"),
cling nhu tich chap cua cac ham thudc khong gian nay. Hon nita, ta ciing c¢6 thé st dung céc
cong cu cua ly thuyét dai sé Banach dé nghién ctru siu sic hon tinh chét ctia cac ham trong
khong gian L!(R"), nhu tinh kha nghich va phé ctia cac toan tir tich chap. Piéu d6 mo ra tiém
ning mé rong pham vi nghién ctru 1y thuyét va tmg dung ctia chiing trong cac linh vuc giai

phuong trinh vi phan, tich phan, xur 1y tin hi¢u va xu ly anh. Xem [27, 54, 72].

Phan nay cua luan 4n nghién ciru vé xay dung dai s6 dinh chuan trén khong gian nén L' (R™)
khi dinh nghia phép nhan 1a mot trong céc tich chap da dé xuét, va duoc trang bi mot chuin

thich hop. Hon nira, mét sb dai sb nay co thé 1a dai sb giao hoan. Do d6, khi duoc trang bi
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mdt cau trac phtt hop sir dung cac tich chap dugc dé xuat, L'(R™) c¢6 thé trd thanh mot dai s6
Banach giao hoan. Do ¢6 thé xay dyng v6 han nhimng phép tich chap Hartley lién két v&i ham

Hertmite, c6 v6 han dai sé Wiener co thé duoc xay dung tir cac tich chap Hartley da dé xuat.

Dinh ly 2.17 Khong gian X := LY(R"™) khi duoc trang bi mét trong cdc tich chdp dwoc dinh
nghia tir (2.40) dén (2.47) va tir (2.49) dén (2.64) sé tré thanh mét dai sé phirc khong cé don vi
(cé thé khéng cé tinh chat két hop).

(i) Poi véi cdc tich chdp (2.40), (2.43), (2.44), (2.47), (2.49), (2.52), (2.53), (2.56), (2.57),
(2.60), (2.61) va (2.64), cdc dai s6 twong iing la giao hodn.

(i) Poi véi cdc tich chip (2.41), (2.42), (2.45), (2.46), (2.50), (2.51), (2.54), (2.55), (2.58),
(2.59), (2.62) va (2.63), cdc dai s6 twong ieng la khéng giao hodn.

Chirng minh. Chung minh duogc chia thanh hai budc.
Bude 1: X c6 chu trac vanh dinh chuén.

Ta thay rang, khi X duoc trang bi mdt trong cac tich chip & trén, X sé& ¢ cdu triic vanh. Ta
s& chimg minh bat dang thirc nhan tinh cho tich chap (2.49), cac trudng hop khac dugc ching

minh tuong ty. Ta co

I

1
<gam L[ 1@l a0 [Ratx—u-v)

+ Po(Xx —u+v) + Po(x +u—v) — Po(x+ u+v)|dudv

< oo [ lrwlan [ ol [ oo

q’ocyHl
k
Hi,Ha

g)(x)dx

Do doé,
1 Do, M1 ‘ Ng 1 /
= * x)dx < . u)|du = v)|dv = )
it Lo ol < e | frwlan gt [ o)l = 1ol
Suy ra,
q>ourH1
< N, .
|£25 o] < Nallf il
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Buoc 2: X khong c¢6 don vi.

Dé trinh bay chimg minh dwoc ngin gon, ta sir dung ky hiéu * cho tit ca cac tich chap tir

(2.49) dén (2.62), va ta chi trinh bay ching minh cho céac trudng hop nay.

Gia sir ton tai mot phan tr e € X thoamén f = fxe = e* f, véi moi f € X. Chon
g(x) := e 2 taco Hig = Hog = g. Do g = g x e = e x g va tir cac ddng thire nhan tir hoa
cua tich chép nay, ta co H;(g) = PoHi(g)Hi(e), trong 6, H;, Hi, H; € {7—[1, Hg} (chu ¥ ring
cothé 1a H; = Hy, = Hy = Hy, v.v.). Suyra, g = o gH;(e). Do g(x) # 0 (x € R"), ta nhan
duge o (x) [Hi(e)] (x) = 1 (x € R™). Diéu ndy mu thuin véi limyy o0 P (x) [Hi(e)] (x) = 0,

theo b6 dé Riemann-Lebesgue. Do dé, X khong cé don vi.

R& rang, céc tich chap (2.49), (2.52), (2.53), (2.56), (2.57), (2.60), (2.61), (2.64) 1a giao hoan.
Ta chtirng minh tinh khong giao hoén cua tich chép (2.51), cac truong hop (2.50), (2.55), (2.54),
(2.59), (2.58), (2.62), (2.63) dugc ching minh tuong tu.

Xét cac ham Hermite ®o(x) = e~2M* &, (x) = —2xe~ 2. Theo Pinh 1y 2.12, ta co

Do, Hi Do, Ha

@1) — D, DyD,, ’H1<<I>1 " c1>0> — D, Dy,

2,

M, (CDO

k
Ha,Ha

Suy ra, tich chap (2.51) khong giao hoan.
Dbinh ly dugc chiing minh. U

Dai s6 Wiener W lién két véi FT trén khong gian nén L' (R") dugc dinh nghia 1a khong
gian anh ctia FT trén khong gian L'(R™), cting phép nhan diém cta hai ham va dugc trang bi
chuan cam sinh 1a || F(f)|lw, = ||f|l.. Theo dinh ly tich chap, phép nhan diém ctia hai ham
trén W » twong tng véi tich chap Fourier trén khong gian nén L! (R™). Dai s6 Wiener lién két

voi HT ¢6 thé duoc dinh nghia theo céach tuong tu.

Pinh nghia 2.5 Dai s6 Wiener lién két véi HT H; trén khong gian nén L'(R"), ky hiéu 1a
W, , dugc dinh nghia 1a khong gian anh ctia HT #H; trén khong gian L'(R™), cung v&i phép
nhan diém ctia hai ham va dugc trang bi chuan cam sinh || H; (f) v, = I f]l1- Cu thé, ta c6 thé
viet Wy, == {H1(f) : f € L(R™)} cling véi cac phép todn dai s va dugc trang bi chuan nhu
dugc dinh nghia & trén. Theo dinh 1y tich chap, phép nhan diém ciia hai ham trén W, twong
{mg v&i phép tich chap Hartley lién két véi HT H, trén khong gian nén L' (R").
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Pinh 1y 2.18 Ky hiéu Wy, la khéng gian anh cia bién doi Hartley H, trén khong gian nén
LY(R™). Khéng gian Wy, khi dwoc dinh nghia phép nhdn la phép nhdn diém ciia hai ham va

dwoc trang bi chudn cam sinh | H1(f) v, = I fll1 la mot dai s6 dinh chudn giao hodn.

Chirng minh. Ta chi can ching minh phép nhan diém 1 dong trong Wy, .

Gia sit F,G € Wy,,. Ton tai cac ham f,g € L'(R") sao cho F' = H,f va G = H,g. Tur
dang thirc nhan tir hoa cua tich chap (2.40) (véi h = 0), ta c6

F(w)G(w) = (Hif)(w)(Hig) (w) = Hi[f * g](w).

Theo Pinh 1y 2.13, f x g € L'(R"), suy ra F' - G € Wy, . Tinh giao hoan ctia phép nhan theo
ting diém trong W5, 1a hién nhién, do tinh giao hoan ctia phép nhan tich chap f * g = g * f.

DPinh 1y dugc chiing minh. L]

Két luan chwong 2

Chuong ndy ctia luan 4n nghién ctru vé co so 1y thuyét cuia HT. Luan an di hé théng hoa va phat
trién cac tinh chat toan tir va dic trung toan tir ciia HT trén cac khong gian Schwartz S(R™),
khong gian Banach L' (R™) va khong gian Hilbert L?(R™). Hon nita, luan 4n d& xuat mot s6 16p
tich chap mdi lién két véi HT va HT hiru han, déng thoi chirng minh cac tinh chét toan hoc quan
trong ctia chiing, bao gdm cac bat dang thic chuan, dang thic nhan tir hoa va bat dang thuc
Young. Trén co s& cac 16p tich chap méi dd dé xuét, luan an xay dung dai s6 Wiener lién két
v6i HT trén khong gian nén L'(R™), nhdm nghién ciru sau sic hon vé khong gian ham L'(R™),

cling nhu céc tich chap trong khong gian ham L!(R™).
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Chuwong 3

Ung dung bién doi Hartley va tich chip
Hartley gidi phwong trinh tich phan

Chuong nay ctia luan an nghién ciru vé phuong phap giai mot s 16p FIE, trong d6 tap trung vao
truong hop FIE c6 nhan dang TPH. Dang phuong trinh ndy c6 méi lién hé gan giii véi phuong
trinh tich phan Wiener-Hopf + Hankel [24, 61, 65], va 1a 16p phuong trinh phat sinh mot cach
ty nhién trong cac bai toan vat 1y va k¥ thuat lién quan dén mién khong gian gi6i han va co
yéu t6 phan xa hodc tan xa. Lop phuong trinh ndy c¢6 cau trac phire tap nhung lai v6 cing dic
biét, vi chiing cho phép mé hinh héa chinh xac nhiéu hién tuong quan trong trong vat Iy va ky
thuat. Cac tng dung dién hinh cua 16p phuong trinh nay xuét hién trong cac linh vuc bao gdm
ly thuyét tan xa, Iy thuyét loc tuyén tinh, bai toan truyén séng birc xa, cting cac tmg dung trong

y hoc va sinh hoc.

Luan 4n nghién ctru mot s6 16p FIE-II v6i nhan dang TPH trén mién hitu han va dua ra cong
thirc nghiém dung dudi dang déng nhd sir dung cac phép tich chap lién két véi HT hiru han.
Luén 4n ciing nghién ctru mot s6 16p FIE-II trén mién v6 han va dwa ra cong thirc nghiém ding
dudi dang dong nho sir dung cac tich chap lién két voi HT. Hon nita, ludn an dé xuét ap dung
mot s6 phuong phap chinh lap, két hop v6i cac phép tich chap lién két véi HT hitu han, dé giai
gan dang mot s6 16p FIE-I v6i phan tuyén tinh TPH cho ca trudng hop tuyén tinh va phi tuyén.

No6i dung chuong nay duoc viét dua trén cac cong trinh [CT1, CT2] trong danh muc cong

trinh khoa hoc cua tac gia c6 lién quan dén luén an.
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3.1 Phuong trinh tich phan Fredholm

Pinh nghia 3.1 Phuong trinh tich phan Fredholm (FIE) c6 dang
b
g(x)p(z) = A/ K(z,t)p(t)dt + f(z), a <t <b, c <z <d, (3.1

trong d6, A 1a mot tham sé cho trudc; a,b € R 13 cac hing s6 ¢b dinh; nhan K (z,t), cac ham

g(x) va f(x) dd biét; p(z) 1a 4n ham can tim. Khi g(x) = 0, phuong trinh (3.1) tro thanh

)\/ K(z,t)p(t)dt + f(z) = 0. (3.2)

Phuong trinh nay dugc goi 1a FIE loai I (FIE-I). Khi g(x) = 1, phuong trinh (3.1) tré thanh

b
o) = [ K@i+ (o) 63
Phuong trinh nay dugc goi 1a FIE loai II (FIE-II).

Nhan xét 3.1 Phuong trinh tich phan Fredholm loai I (3.2) n6i chung la bai toan dat khong
chinh. Day 1a dang bai toan khé giai va thuong khong co phuong phép gidi tich dé tim nghiém
dang dudi dang dong. Xem [16, 36].

Dé nghién ctru FIE mot cach tong quat va hiéu qua, FIE dugc nghién ctru trong bdi canh mot
bai toan tong quat hon, nhu chuyén bai toan ndy sang phuong trinh toan tir, bai todn bit dang
thirc bién phan (VIP), hodc bai toan bao ham thirc bién phan (VInP). Chuyén FIE sang phuong
trinh toan tir cho phép ap dung 1y thuyét toan tir, ddc biét 1a 1y thuyét Fredholm, dé nghién ciru
su ton tai va tinh duy nhat nghiém trong cac khong gian ham. Chuyén FIE sang VIP cho phép
mo rong kha ning mé hinh héa dé nghién ciru FIE nhu mot bai toan tdi wu héa c6 rang budc
hodc bai toan gia tri bién (BVP), nghién ctru nhitng vin dé ma FIE truyén thong c6 thé khong
xir Iy dugc. Bai todn bao ham thirc bién phan cho phép xir 1y cac bai toan ¢ su tham gia cua cac
ham khéng tron (non-smooth functions) hodc toan tir da tri. Chuyén FIE sang VInP cho phép
ap dung cac dinh 1y t6n tai nghiém manh nhat va cac thudt toan 1ap hiéu qua tir Iy thuyét t6i vu

hoa dé tim nghiém 6n dinh cho phuong trinh tich phan ban dau. Xem [37, 50, 68, 69, 73].
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MBoi lién hé giira FIE va phwong trinh tosn tir

Céc FIE trén déu c6 thé duoc biéu dién dudi dang mot phuong trinh toan tir. Cu thé, phuong

trinh (3.2) c¢6 thé dua vé phuong trinh toan tir trong khong gian Hilbert thuc H nhu sau:
Az = f, (z, f € H), (3.4)

trong do, A 1a mét toan tir tuyén tinh da biét (toan tu dai s, toan tur vi phan, toan tu tich phan,
va cic toan tir khac), f cho trudc, va x 1a 4n can tim.
Moi lién h¢ giira phwong trinh todn tir va bai toan bat ding thirc bién phan

Bai toan bit ding thirc bién phan (VIP) duoc dinh nghia nhu sau:

Tim z* € C théa man (Fa*,x — z*) > 0,Vz € C, (3.5)
trong do, C' 1a mdt tap con 164, dong, khac rSng trong khong gian Hilbert thuc H; F 1a mdt todn
tir te C' vao H; va (-, -) 1a tich vo hudng dugc trang bi trong H.

Bai toan bat dang thic bién phan (3.5) 1a truong hop téng quat hoa ciia phuong trinh (3.4).
That vay, dat Fx = Az — f, khi d6 phuong trinh toan tir Az = f ¢6 thé dua vé VIP:
Tim z* € H théa man (Az* — f,y — 2*) > 0, Vy € H,
trong d6, nghiém duogc tim trong tap 16i C' 14 toan bd khong gian Hilbert H. Ta c6 thé ching
minh nghiém cua phuong trinh toan tir Ax = f va nghiém ctua VIP la tuong duong:
+ Gia str z* 1a nghiém ctia phuong trinh toan tir Ax = f. Khi 6, Az* — f =0, suy ra
Ttc 1a x* 1a nghi¢m cua VIP.

 Gia st z* 1a nghiém cua VIP, tac 1a (Ax* — f,y — x*) > 0, Vy € H. Chony = x* + u,
v6i u € H tuy y, khi d6, bat dang thirc bién phan tré thanh (Az* — f,u) > 0, Vu € H.
Suy ra, Az* — f =0, hay Az* = f.
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M&i lién hé giira VIP va bai toan bao ham thirc bién phan
Bai toan bao ham thirc bién phan (VInP) ¢6 cu tric tong dugc dinh nghia nhu sau:
Tim z* € H théaman 0 € (A + B)z", (3.6)

trong do, A : H — 2 12 mot toan tir da tri, don diéu cuc dai va B : H — H la mot toan tir don
tri, lién tuc Lipschitz. Hon nita, ta ciling c6 thé gia thiét B 1a toan tir don diéu, hodc té)ng quat
hon, gia thiét G := A + B 1a toan tir don diéu cuc dai.

Bai todn bao ham thirc bién phan (3.6) 1a dang tong quat hoa ctia VIP (3.5). That vy, néu ta
xét VInP c6 dang 0 € (Ng + F)z*, trong d6 N (z*) 1a nén phap tuyén cia tap C tai diém z*,
thi bai toan (3.6) trd thanh VIP (3.5). Ta c6 thé chitng minh bang cach sir dung dinh nghia cta
nén phap tuyén N (z*):

+ Gia sir z* 1a nghiém cua bai toan (3.5), khi do, z* € C va (F(z*),x —z*) > 0, Vz € C.
Thc la —F(z*) € Ne(x*), hay 0 € (Ng + F)a*.

* Nguoc lai, néu 0 € (Mg + F)z*, thi ton tai u € N (2*) sao cho u = —F(2*). Theo
dinh nghia ctia non phap tuyén, 2* € C' va (u,y — z*) <0, Vy € C. Thay u = —F(z*),
ta nhan duoc (—F(x*),y — 2*) < 0, hay (F(z*),y —z*) >0, Vy € C.

Nhu vay, dé nghién ctru FIE trong khuon khd mot bai toan tong quat hon, tir FIE, ta c6 thé
dua vé phuong trinh toan tu, VIP hodc VInP. M&i lién hé gitra cac bai todn nay co thé duge mo

ta qua so d6 dudi day.

Phuong trinh tich phan Fredholm

4

Phuong trinh toan ti Ax = f

4

Bai toan bat dang thirc bién phan (Fz*,y — 2*) > 0, Vy € H

4

Bai todn bao ham thiic bién phan 0 € N (z*) + Fa*
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3.2 Phuong trinh tich phan Fredholm loai Il véi nhan dang
Toeplitz + Hankel

Xét phuong trinh tich phan

Ap(z) + / [p(z — ) + gz + w)] p(w)du = f(z), 3.7)

trong do, tham s6 \ € C cho trude, a,b € R 1a cac héng s6 ¢b dinh; cac ham p, ¢ va dit liéu f

da biét; o 1 an ham can tim. Cac ham p, ¢ 12 nhan Toeplitz va Henkel tuong tmg.

Nam 1981, J.N. Tsitsiklis va B.C Levy da nghién ctru phuong trinh tich phan (3.7) v6i nhan
c6 cau tric dang TPH. Ho da sir dung gia thiét cac ham p, ¢ kha vi lién tuc cdp hai trén R dé
khao sat cac dic trung toan tir va giai s6 cho phuong trinh (3.7) [82]. Vi gia thiét nhan K (z, u)
kha vi lién tuc theo timg bién z va u, cac tac gia nay da chuyén bai toan (3.7) vé mot ho cac
phuong trinh dao ham riéng bac nhat, tir 46 cho phép giai gan dung bai toan nay bang phuong
phap dé quy. Két qua cua ho di duoc ung dung trong linh vuc xtr 1y tin hiéu. Nam 2000, 1.
Feldman va cong su d3 dua ra cac diéu kién can va du théng qua céc chi sé dia phuong dé xac
dinh tinh kha nghich cta toan tir tich phan Toeplitz (khong c6 phan Hankel) trong khong gian
cac ham kha tich Lebesgue trén mot khoang hiru han [32]. Nam 2014, L.P. Castro va cong su da
dé xuat mot cach tiép can méi dé giai mot s6 16p phuong trinh tich phén loai II (IE-II) c6 nhan
dang TPH dya trén phuong phap nhén tai tao trong khong gian Hilbert [25]. Gan day, Castro
va cong su (2020) ciing gioi thi¢u céac tich chap mdi va ung dung céc tich chap nay giai [E-II

v61 nhan dang Winer-Hopf + Hankel [24].

Luan 4n nghién ctru mot s phuwong phéap tmg dung céc tich chap lién két voi cac bién ddi
Hartley hitu han dé giai phuong trinh tich phan (3.7), ciing nhu phuong trinh tich phan dang
(3.7) cho truong hop tong quat hon khi céc nhan Toeplitz va Hankel c6 dich chuyén. Y tuong
1a st dung céc tich chap Hartley hitu han dé dua phuong trinh (3.7) vé hé hai phuong trinh dai
s6 tuyén tinh. Nghiém nhén duogc tir hé phuong trinh nay thudc khong gian L? va duoc biéu
dién dudi dang mot chudi Hartley tudng minh. Do dé, thay vi gia thiét vé do tron cia cac ham
nhan p va ¢ nhu trong cac cong trinh khac thuong sir dung, cac phuong phap nay chi can gia

thiét cac ham nay kha tich Lebesgue, lién tuc ting khtc va tuan hoan véi chu ky 27.
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3.2.1 Phuwong trinh tich phan Fredholm loai II v4i nhan dang Toeplitz +
Hankel dich chuyén

Xét phuong trinh tich phan

Ap(z) + 2 / " (e = b — ) + gl — b + )] p(u)du = f(z), (3.8)

7r —T
trong d6, A € C, hy, hy € R cho trudc; cac ham p, g va f da biét; ¢ 1a 4n ham can tim.

Nhin xét 3.2 Mot ham lién tuc timg khiic trén doan [, 7] ¢6 thé dugc thac trién thanh mot
ham tuan hoan véi chu ky 27 trén R. Vi viy, ta c6 thé gia thiét p, ¢ 1a cac ham tudn hoan véi

chu ky 27 trén R va lién tyc tirmg khuc trén doan [—, 7].

Véimoi n € Ny, dat
(3.9)

Pinh 1y 3.1 Cho p, q la cac ham lién tuc ting khiic trén doan [—m, 7| va f la ham binh phuwong
kha tich.

(i) Néu \ # 0, ton tai mét s6 nguyén K* sao cho D(n) # 0 véi moin > K*.

(i) Néu D(n) # 0véimoin € Ny, thi phirong trinh (3.8) cé nghiém duy nhdt trong L*|—7, 7]

véi moi f € L*[—m,wt|. Hon nita, nghiém duwoc xdc dinh boi cong thirc

o(x) = + cas(nx) + cas(—nzx)| . (3.10)
D(0) nz::l D(n) D(n)

Chirng minh.
(i) Theo bd d& Riemann-Lebesgue, ta c6 nh_)ngoﬁj(n) = nlingo gi(n) =0 (j = 1,2), nén

lim D(n) = A2 # 0. Do @0, ton tai s6 nguyén K* € Ny sao cho D(n) # 0 v6i moi n > K*.
n—o0
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(ii) Ta ching minh tinh duy nhat nghiém cta phuong trinh (3.8) st dung dinh 1y loai trix
Fredholm. Gia sir phurong trinh 1a thuan nhat (nghia 1a f = 0) c6 nghiém ¢, € L?[—7, «1] (cha

¥ rang phuong trinh ludn c6 it nhat mot nghiém tim thuong ¢ = 0), nghia la

Ay () + % /7T [p(z = hi — u) + g(z — ha + u)]pu(w)du = 0. (3.11)

—T

Tac dong H; va H, vao hai vé ctia dong nhat thirc (3.11), dong thoi sir dung cac dong nhat thic
(2.15) - (2.22), ta nhan duoc hé phuong trinh dai s6 tuyén tinh

A(n)paa(n) + B(n)ua(n) =0
B~ (n)g.a(n) + A7 (n)@w(n) = 0,

(3.12)

trong d6, ¢,1(n), Ps2(n) 12 cac hé sd Hartley chua biét cia ham ¢,. Véi n € Ny, dinh thirc
cua h¢ phuong trinh (3.12) chinh 1a D(n) dugc dinh nghia trong (3.9). Do D(n) # 0 vdi moi
n € Ny, nén ¢, (n) = p,o(n) = 0 véi moi n > 0. Theo dinh 1y ton tai duy nhét ciia HT, ta suy
ra ¢, = 0. Nhu vay, phuong trinh thuan nhat (3.8) chi c6 duy nhat nghiém tim thuong, do do,
theo dinh 1y loai trir Fredholm, phuong trinh (3.8) c¢6 nghiém duy nhét.

Tiép theo, ta ching minh cong thirc nghiém (3.10). Gia st mot ham ¢ € L?[—7, 7] thoa
man phuong trinh (3.8). Tuong tu nhu cach ta nhan dugc hé (3.12), ta c6 hé hai phuong trinh
dai s6 tuyén tinh

A(n)¢i(n) + B(n)gz(n) = fl(“)

R (3.13)
B=(n)¢1(n) + A= (n)@2(n) = fa(n),
voi moi n € Ny. Do D(n) # 0 véi moi n € Ny, hé (3.13) c6 nghiém duy nhét 1a
A Di(n) Ds(n)
QOl(TL) D(TL) ) @2(”) D(TL) y 07 ) ( )

Theo Dinh 1y 2.1, do ham ¢ thudc khong gian L?[—n, 7], nén nd c6 khai trién theo chudi
Hartley hoi tu, hon nira, cac h¢ ) Hartley chinh 1a (3.14) va thoa man hé phuong trinh (3.13),

2
><+oo.

do do, tacod

: ‘ Dy(n)
D(n)

2 (%6

Il = ’T)
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Nguoc lai, néu ham () xac dinh boi cong thirc

Di(0) = [Di(n) Dy(n)
wo(x) = D(0) +; {D(n) cas(nz) + D(n) cas(—nz)| ,

thi o thude L2[—7, 7], va o(z) = o(z) trén [—, 71]. Vi o théa man phuong trinh (3.8), nén
g cting théa man phuong trinh (3.8).

Pinh 1y dugc ching minh. U

3.2.2 Phuong trinh tich phian Fredholm loai II véi nhan dang Toeplitz +
Hankel

Xét phuong trinh tich phan

Ap(z) + - / " [ple —w) + glo + )] p(u)du = f(z) (3.15)

™ —T

trong d6, A € C cho trude, cac ham p, ¢ va dit liéu ban dau f da biét, ¢ 14 an ham can tim.

Véimoi n € Ny, dat

Pinh 1y 3.2 Cho p, q la cac ham lién tuc ting khiic trén doan [—m, 7| va f la ham binh phwong
kha tich.

(i) Néu \ # 0, ton tai mét s6 nguyén K* théa méan D(n) # 0 véi moin > K*,

(i) Néu D(n) # 0 véi moi n € Ny, thi phwong trinh (3.15) cé nghiém duy nhat trong

L?|—m, | véi moi f € L?|—x,|. Hon nita, nghiém dwogc xdc dinh boi cong thirc

Di(0) = [Di(n
D((O)) 2 {D((n; s = Py S0 .

p(r) =
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Chirng minh. Tt Dinh 1y 3.1, xét truong hop hing sb hy = hy = 0 va sir dung cac dong nhét
thire (2.23) - (2.26), ta nhan dugc két qua mong mudn.

Dinh 1y dugc chimng minh. U

Nhan xét 3.3 DPay la mot truong hop ri€ng cia phuong trinh tich phan (3.8), truong hop nay
cling dd duoc dé cap dén va ching minh bi N.M. Tuén va cong sy ([11] - Pinh Iy 3.1).

3.3 Phwong trinh tich phan Fredholm loai I véi phan tuyén
tinh Toeplitz + Hankel

Xét phuong trinh tich phan

e / " o — ) + ae + )] p(w)du = f(2), (3.18)

™ -7

trong d6, cac ham p, ¢ va dit lidu f da biét; o 14 4n ham can tim.

Phuong trinh (3.18) cho phép mé hinh héa chinh xac cac hé thong tuyén tinh c6 ca tinh chit
dich chuyén (Toeplitz) va tinh chat ddi ximg hodc phan xa (Hankel). Phuong trinh niy xuat

hién trong nhiéu linh vuc nhu ly thuyét tan xa, vat ly luong tr va ky thuat dién tur.

Phuong trinh tich phan Fredholm loai I néi chung la bai toan dat khong chinh. Ttrc 1a bai
toan co thé khong tdn tai nghiém, hoac nghi¢m tdn tai nhung khong duy nhét, hodc cling co
thé nghiém ton tai nhung khong phu thude lién tuc vao dir li€u ban dau. Do céc tinh cht nay,
nghiém ctia FIE-I v6i phan tuyén tinh TPH c6 thé khong ton tai va néu ton tai thi ciing khong

chac phu thudc lién tuc vao cac hé so va vé phai ciia phuong trinh.

D3 c6 nhiéu phuong phap duoc nghién ciru dé giai FIE-I, cac phuong phap ndy thudng sir
dung quy trinh roi rac hoa két hop voi ki thuat hiéu chinh dé tim nghiém gan dang 6n dinh.
Céc phuong phap roi rac hoa pho bién nhét thuong duoc sir dung nhu phurong phép tring khép
(collocation), phuong phap Nystrom, phuong phap Galerkin, két hop voi cac phuong phéap hiéu
chinh, nhu phuong phéap hi¢u chinh Tikhonov (Zikhonov Regularization), phuong phap phan
tich gia tri ky di chat cut (Truncated SVD), phuong phép lap Landweber va phuong phép bién

phan toan phan hiéu chinh (Total Variation Regularization).
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Phuong trinh tich phan (3.18) la truong hgp dac biét cua FIE-I va la dang bai toan dat khong
chinh. Loai phwong trinh nay da nhan duogc sy quan tim nghién ctru va phat trién cac phuong
phap giai cua nhiéu nha khoa hoc. M.T. Nair va S.V. Pereverzev (2007) [59], M.T. Nair (2009)
[58] str dung cac phuong phap nhan tach dugc, phuong phap Nystrém hi¢u chinh, phuong phap
collocation hiéu chinh dé giai. T.K. Ku va C.C.J. Kuo (1993) [51], M.K. Ng (1994) [60] phat
trién mot s6 phuong phap lap dé giai hé phuong trinh dai s6 tuyén tinh lién quan dén ma tran
Toeplitz va Hankel. V.D. Didenko va B. Silbermann (2016) [29] d& xuat phuong phéap giai tich
str dung nghich dao tong quat dé tim nghiém dang déng cho cac IE-I v6i phan tuyén tinh TPH.

Dé giai bai toan (3.18), luan an str dung cac phuong phap hiéu chinh dé dua bai toan (3.18)
vé IE-II, day 1a mot bai toan dit chinh. Diéu kién bd sung gitp ta thu hep khong gian nghiém
va chon ra duoc nghiém phu hop nhét. Hon nita, nghiém cua bai toan nay on dinh voi sy thay

ddi cua dit 1iéu ban dau. Vi vay, cung voi bai toan (3.18), ta xét bai toan hiéu chinh sau:

ap(z) + 1 /7r [p(x —u) + q(r + u)}gp(u)du = f(x), (3.19)

™ -

trong do, o > 0 duoc goi la tham s6 hiéu chinh.

Trong thyc té, nhidu khi dit liéu f(z) khong dugc biét chinh xéc, ta chi biét dir liéu nhiéu f;
v6i mirc nhidu khong vuot qua 0, tie 1a || fs — f|l2 < . Do d6, cing véi bai toan (3.19), ta xét
thém mat bai toan nita ¢6 dang

1 ™
agp(@)+— [ [ple—w) + 4w+ w)]o(w)du = filz). (3.20)

Céc bai toan (3.18) - (3.20) trén c6 thé duge viét lai dudi dang phuong trinh toan tir trong

khong gian Hilbert thyc L?[—7, 7] nhu sau:

Ko = f, (3.21)
(K+aZ)p = f, (3.22)
(K+aZ)p = fs, (3.23)

trong do, (K¢)(z) := 1 |7 [p(x —u) + q(z + u)]p(u)du va T 1a toan tir déng nhat.

—T

3=
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Ta nghién ciru vé diéu kién dé K 13 toan tir compact khéng am.
D@ dang ching minh két qua so cap dudi day.

B6 dé 3.1 Dang toan phwong f(x,y) = Ax® + 2Bxy + Cy? véi cic hé s6 thuc A, B,C la
khéng am khi va chi khi A >0, C > 0va AC — B% > 0.

Dit

Go == p1(0) + ¢1(0),

Gy = pi(n) + p2(n) + ¢1(n) — ¢2(n),
Ey = qi(n) + G2(n),

Hy, = p1(n) + p2(n) + G2(n) — Gi(n),
F,=G,H, Efl,

voimoin > 1.

Bo dé 3.2 Gid sir p va q la cdc ham xdc dinh trén R, tuan hoan véi chu ky 27 va lién tuc timg
khiic trén [—7, 7|; gia st p la ham chan. Khi d6, K la toan tir tuyén tinh tw lién hop compact

trén L?|—x, | Hon nita, K la toan tir khéng am khi va chi khi

/

Gy >0
G, >0
(3.24)
n >0
F, >0,
\

voi moin > 1.
Chirng minh. Tinh chat tuyén tinh tu lién hop va compact ctia toan tir K 1a hé qua cta 1y thuyét
toan tur.

Ta kiém tra tinh khong 4m cua toan tir KC. Véi moi ¢ € L?[—n, 7], dat ¢ (x) = (Ky)(z).

Xét tich vo hudng
(Ko, ) = (1, @).
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Str dung cac dong nhét thire (2.23) - (2.26) dé tinh cac hé sé Hartley cua 1, ta c¢6
U1(n) = [p1(n) + p2(n) + G (n) — G2(n)]¢1(n)
+ [ﬁl(n) — pa(n) + qu(n) + g}2(n)}¢52(n), (3.25)

Ua(n) = [ = p1(n) + pa(n) + Gi(n) + G2(n) @1 (n)
+ [p1(n) + p2(n) — Gu(n) + G2(n)] G2(n). (3.26)

Thay thé 1) bang chudi Hartley hoi tu trong L?[—7, 7] nhur trong (2.4), va dé y dén tinh lién tuc

ctia tich vo hudng, dong thoi sir dung cac quan hé (3.25) va (3.26), ta co

%UC@, p) = % /_1 {;&1(0) + i [zﬁl(n) cas(nz) + 1z (n) CaS(—mﬁ)] }90(56)6137

[y

n

— 26, [ (0)) + {Gn [6u(m)])” + 2E,pr(n)ga(n) + H, [@(u)ﬁ}

=2Gy[21(0)]" + > T, (3.27)
n=1
trong do, T, := G, [@1(”)}2 + 2E,$1(n)p2(n) + Hy [@2(”)]2, n>1
Phan tiép theo clia chirg minh B6 dé 3.2 dugc thyc hién theo cac budce dudi day.

Diéu kién can. Gia st toan tir K khong am, tirc 1a

LUC% ©) = 2[p1(0) + G1(0)] [@1(0)]2 + Z T, >0, (3.28)

27
v6imoi ¢ € L2[—m, «r]. Chll ¥ rang tap cac ham (2.3) tao thanh co s6 truc chuan ciia L?[—7, 7],
va p1(0) = p2(0), G1(0) = ¢2(0), $1(0) = ¢2(0), véi mei p, ¢,  thude L*[—, 7]. Mt khac,
v6i moi k € Ny, cac ham a(z) = cas(0z) = 1, f(x) = cas(kx) va y(z) = cas(—kz) déu

thudc L*[—n, 7). Hon nita,

Bik) =1, Pa(k) =0, pi(n)=fa(n) =0 voimoin # k; (3.30)
(k) =1, (k) =0, A(n)=42(n)=0 v&imoin # k. (3.31)



Cho a(z) = 1 trong (3.28) va st dung (3.29), ta nhan dugc

Véi k > 1 cb dinh, thay 5(z) = cas(kx) (v(z) = cas(—kz)) vao (3.28) va sit dung (3.30), ta
nhan duogc

Gr >0 (H, > 0).

Mt khac, dit o(x) = tcas(kx) + cas(—kx), trong d6 ¢ 1a s6 thuc va k 1a mot sb nguyén cd
dinh trong (3.28), ta nhan dugc Gyt? + 2E,t + H;, > 0, Vt € R. Theo B6 dé 3.1, ta c6

GvH, — E} > 0.

Diéu kign dui. Gia sir tat ca diéu kién trong (3.24) duoc thoa mén. Theo (3.27) va B6 dé 3.1, ta
dé dang suy ra
(Ko, p) >0, Vo € L*[-7, 7).
B6 dé duoc chirmg minh. O

Hé qua 3.1 Gia su p va q la cac ham xdac dinh trén R, tuan hoan véi chu ky 27 va lién luc tung
khiic trén [—m, |; gid sir p la ham chan. Hon nita, gia sw rang tat cd cdc hé so Hartley cua p

va q la khéng am. Khi @6, K la todn tir compact tu lién hop khéng am trén L*|—r, | néu
. . . . 2 . . 21 /2
pr(n) + pa(n) = { [a(m) + &) + [a1(0) = )]}, ¥n =1 (3.32)

Chirng minh. Vi cac hé s Hartley cua p va ¢ 1a khéng am, nén 1 rang Gy > 0 va E,, > 0.
Gid sir bt dang thire (3.32) dung, khi d6 p1(n) + pa(n) > [Gi(n) — Ga(n)|, do d6, G, > 0 va
H, > 0. Cubi cung, st dung (3.32), ta co

— [@(n) — )] = [@(n) + d2(n)]” = E2.

Nhu vay, tat ca cac diéu kién trong B6 dé 3.2 dugc thoa man, do do, K 1a toan tur compact tu
lién hop khong am.

H¢ qua dugc chung minh. O
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B0 dé 3.3 Gid sit tdt ca cdc diéu kién trong B6 dé 3.2 duwoc théa mén va p,(0) > 0. Khi dé, tat
cd cac dinh thire D(n) dwoc dinh nghia trong (3.16) khdc 0, vi vdy phuong trinh (3.20) cé mét
nghiép duy nhdt cho béi céng thire (3.10).

Chirng minh. Ta c6

D(0) = [+ 2p1(0)] [ 4 2p2(0)] + 4G1(0)G2(0) = [ex + 2151(0)}2 + 4(@1(0))2 > a® > 0.

Gia st ton tai ny > 1 sao cho D(ng) = 0. Khi d6, hé phuong trinh dai s6 tuyén tinh thuan nhat
twong g c¢6 nghiém khong tim thuong, nghia 14 t6n tai ©y,,,, Yon, sao cho gofno + go%no > 0
thda man

A(no)@1n, + B(ng)wan, =0
(o)1 (no)e2 (3.33)

B~ (n0)@1ne + A7 (n0)p2n, = 0.

Dit () := Pin, cas(nox) + pon, cas” (nox). RO rang, ||¢ll3 = ¢i,, + ¥3,, > 0. Hon nira,

951 (m) = Splnogmnoa @2(777,) = 902n05mn07 vm > 0. Dét

b(z) = ap() + - / " [ple — w) + gz + w)]p(u)du (3.34)

T™J_n

Tac dong H, va H, vao vé bén phai cua (3.34), tr cac quan hé (2.23) - (2.26), ta nhan dugc

1(m) = A(m)@i(m) + B(m)gz(m)
a(m) = B~ (m)@1(m) + A~ (m)s(m).

Néu m # ng thi ¢1(m) = $o(m) = 0, do d6, 11 (m) = hy(m) = 0. Néu m = ny, thi theo
(3.33), ¥1(no) = A(no)@1(no) + B(no)d2(no) = A(10)¢in, + B(no)pzn, = 0. Tuong ty,
U9(no) = 0. Nhu vay, U1 (m) = 1s(m) = 0, Vm > 0, do d6, ¢ = 0. Tl quan hé (3.34), ¢ 1a
nghiém khong tam thudng ctia phurong trinh tich phan thuan nhét (K 4 oZ)y = 0.

Mit khac, theo B6 dé 3.2, K + a7 1a toan tir tu lién hop xac dinh duong, do d6, n6é c6 nghich
dao bi chin. Vi vay, phuong trinh thuin nhat twong tmg chi c6 duy nhit nghiém tim thudng.

Ta di dén mau thuan.

B6 dé duoc chimg minh. U
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Pinh Iy 3.3 Gid si p va q la cdc ham xdc dinh trén R, tudn hoan véi chu ky 2. Hon nita, gid
sir rang cdc hé sé Hartley ciia p va q théa man bat dang thire (3.24) va p, (0) > 0. Gia su rang
phirong trinh (3.18) ¢6 nghiém ©f, va nghiém théa man diéu kién nguon (source condition)
ol € Im(K"), voi v théa man 0 < v < 1. Khi do, nghiém hiéu chinh p,, s dwoc xac dinh trong

cong thire (3.10) héi tu dén nghiém chinh xdc ¢', va ta c6 wéce lwong sai s6
[Pas = ¢7|| < 8/ + ca”, (3.35)
trong dé, c la mét hang sé dwong. Trwong hop ddc biét, néu oo = 6V, thi ta 6

[Pas — ]| = O(8/¢ V). (3.36)

Chirng minh. Chiing minh dugc thuc hién theo so dd chung, viduxemY. Alber va . Ryazantseva

(2006) [6], M.T. Nair va S.V. Pereverzev (2007) [59].

Theo B6 dé 3.2, cdc phuong trinh (3.21) - (3.22) ¢6 nghiém duy nhat, ky higu 13 ¢, va 5
tuong tng. Hon nira, theo B6 dé 3.3, nghiém ©q,s dugc xac dinh béi cong thue (3.10). Tur diéu

kién ngudn, ton tai mot phan tir ¢ € L2[—7, 7] thoa man ¢f = V4. Khi do,
0o — ' = —a(K + aZ) ol = —a(K + aZ) 1K 9.
St dung cac ude lugng ||(K + oZ) 7| < 1/a va ||a(K + oZ) 1KY < o¥, tacd

HS%,& - QOTH < HQOOcﬁ - (1006H + HSOOc - SOTH < 5/@ + O‘V”wH

Tir day, néu chon tham s6 hiéu chinh o = §#, v6i 0 < p < 1, thi wdc lugng (3.35) trd thanh
|@as — @f|| < 6 + 6”#||4||. Ta c6 thé chon y = 1/(v + 1), va nhan dugc (3.36).

DPinh 1y dugc chiing minh. ]
Nhin xét 3.4 Néu diéu kién ngudn khong duge théa man, thi udc lugng sai s6 (3.35) co thé
khong dung. Tuy nhién, ta c6 thé chirng minh rang nghiém hiéu chinh ¢, van hoi tu dén nghiém
c6 chuan nho nhét cua (3.21), ky hiéu 1a ¢f, khi & — 0. Do d6, nén chon tham s6 hiéu chinh o

théa man o — 0 va d/a — 0 khi mtrc nhiéu § — 0, thi 0,5 — .
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3.3.1 Phuwong phap chinh Lip song song giai gin ding hé phwong trinh
tich phan Fredholm loai I véi nhan dang Toeplitz + Hankel

Xét h¢ phuong trinh tich phan

l/” iz — w) + iz + )] p(u)du = fi(z), i=1,...,N, (3.37)

™ —Tr
trong d6 cac dit liéu f; € L*[—n, 7). Heé (3.37) c6 thé viét lai dudi dang toan tir
ICzQOqu Z.Zla"wNv

trong do, (I ;e =L 7 [pilr —u) + qi(z + )| o(u)du.
Trudc tién, ta nghién curu truong hop dir liéu chinh xéc.

Pinh Iy 3.4 Gia sir tdp S tat cd cac nghiém ciia hé (3.37) khéng rong. Hon nita, gia thiét cac
nhan p;va q;, i = 1,..., N théa man cdc diéu kién trong B6 dé 3.2 va p;1(0) >0, i =1,... N.
Cho (aw,) va () la hai ddy sé dwong dwoc chon trudce théa man cdac diéu kién o, N\ 0,
Yo 00, % — 0khin — ocova )~ ‘f“y" = o0. Khi do, qua trinh chinh lap song
song

; Qp i .

Prt1 = —Zgon, =0,1,2,... (3.39)

héi tu dén nghiém co chudn nhé nhat o' ciia hé (3.37).

Chirng minh. Theo B6 dé 3.2, K; (i = 1,..., N) 1 cac toan tir tuyén tinh compact, tur lién hop
va khong dm. Theo Ménh dé 1.6, cac toan tur nay la don di¢u manh nguoc, tic 1a tdn tai B; >0
sao cho (K, ¢) > B;||Ky||?, i = 1,...,N.Do d6, ta cé thé ap dung phuong phap chinh lap
an song song trong Pinh 1y 1.23 cho hé phuong trinh véi toan tir don diéu manh ngugc. Do
tap S cac nghiém ciia phuong trinh don diéu manh nguoc 13 tip dong va 16i trong khong gian
Hilbert L?[—, 7], nén ton tai mot nghiém c6 chuan nho nhét, ky hidu 1a ¢! := argmin . g|¢||.
Theo Pinh 1y 1.23, qua trinh (3.38) - (3.39) hoi tu dén nghiém ¢ .
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Mait khéc, tat ca céac phuong trinh (3.38) 1a dat chinh va doc 1ap v6i nhau, do do, theo B dé

3.3, cac nghiém cua chung ¢ thé dugc tinh toan song song theo cong thire (3.10).

Dinh 1y dugc chimng minh. U
Nhin xét 3.5 Diy o, = (1 4+n)"Y2, 7, = In(n + 2) hoic a,, = (1 +n)P, v, = (1 +n)/2,
v6i 0 < p < 1/2, thda man tat ca diéu kién trong Dinh 1y 3.4.

Tuong tu, ta ¢6 két qua cho truong hop dir liéu da cho c6 nhiu, tirc 1a thay vi biét f; chinh
xéc, ta chi biét fin thoaman || f;, — fil| < 0n,i=1,..., N, trong d6, §,, — 0 khi n — 0.

Pinh Iy 3.5 Vi diéu kién nhw trong Pinh 1y 3.4, néu cdc day (ov,), (7, ) va mirc nhiéu (5,,) théa
mén cdc diéu kién WY = N, 0y v, < M, voi M la mot hdng $6 duwong, thi qua trinh chinh lap

song song
) (o7% i .
Kileh) + (5 + ) @b = n + fis i =L N (3.40)
1 N
Pni1 =5 D P n=0,12,... (3.41)
=1

héi tu dén nghiém cé chudan nhé nhat ©* cia hé (3.37).

3.3.2 Phwong phap chinh Lip tién-lui va chinh Lip tién-lui-tién giai gin
ding phuwong trinh tich phan Fredholm loai I véi phz“ln tuyén tinh
Toeplitz + Hankel

Xét phuong trinh tich phan
Ko+ F(e) =, (3.42)

1 . :
trong d6 (Ky)(z) := = [7_[p(z — u) + q(z + u)]¢(u)du, va toan tir tich phan phi tuyén
s

F)w) = [ Weupw)du

—Tr

1a toan tir don diéu, lién tuc Lipschitz tir khong gian Hilbert L?[—7, 7] vao chinh né. Ta gia thiét

phuong trinh (3.42) 14 twong thich, nghia 13 tip nghiém cua no, ky hiéu 1a S, khong rong.

95



Két hop B6 dé 3.2 va Dinh 1y 1.25, ta nhan dugc phuong phép chinh lap tién-Iui (FBSM) dé
gidi gan dung bai toan dat khong chinh (3.42).

Pinh Iy 3.6 Gid sir pva q la cdc ham xdc dinh trén R, tudn hoan véi chu ky 2 va lién tuc tieng
khiic trén doan [—m, 7); gia sir p la ham chan. Tiép theo, gid sir rang cdc hé sé6 Hartley ciia p
va q théa man céc bat dang thirc (3.24) va p1(0) > 0, todn tir F : L*|—7, 7] — L*|—n, 7] la
toan twr don diéu va lién tuc L x-Lipschitz. Hon nita, gia su phuwong trinh (3.42) la twong thich
va cdc day tham sé (o), (\,) théa mén cdc diéu kién sau:

an
E’.
(C2) lim a,, =0;

n—oo

(CI) 0 <\, <

(C3) > aph, = +00;
n=1

(C4) lim

32 22
n—roo /\nan )\nan

(|)\n — M| | — | N A — Anct1| + [ A, — )\n—lan—1|> _o.
Khi d6, xudt phat tir mét diém ban dau oo € L*[—7, | ndo d6, qua trinh chinh Iip
i1+ AKoni1 = (1 — anAn)on — A F(0n) + Anf (3.43)
héi tu dén nghiém co chudn nhé nhat ol khin — oo.
Chirng minh. Phuong trinh (3.42) c6 thé viét lai du6i dang VInP don diéu nhu sau:
Tim u* € L*[—7, 7] théaman 0 € (A + B)u*, (3.44)

trong do, A :=KvaB:=F — f.

Theo B6 d& 3.2, K 1a toan tir tuyén tinh compact, ty lién hop va khong am, do do, A 14 toan

tir don diéu cuc dai. Mat khac, B 1a toan tir don diéu va lién tuc Lipschitz.

Dinh nghia giai thirc ctia toan tir don diéu cuc dai A1a Jy 4 := (Z+NA) !, ta thiét 1ap thuét
toan theo phwong phap chinh I3p tién-Iui (FBSM) nhu sau:

Pn+1 = J)\nA <90n - >\n [ngn + anR<90n)] )7 (345)

trong do, R : L*[—m, w| — L?|—7, 7] |a mot toan tir y-don diéu manh va Ly-lién tuc Lipschitz
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da biét. Trong trudng hop riéng, ta c6 thé chon R := Z va Lr = v = 1. Theo Dinh 1y 1.25,
diy (i,) dugc xac dinh béi (3.45) hoi tu manh dén nghiém c6 chuan nho nhét ' ciia (3.44)

néu cac day tham sb (a,,) va (\,) théa min cac diéu kién (C2) - (C3), va diéu kién

2(7 — l)an .
Ty + Lra)? [ € (0,min{y,1}).

DoR :=7, Lr =~ = 1, ta cd thé chon [ = 0.5. Hon nita, theo diéu kién (C2), a, — 0

Cl’ 0< M\, <

khi n — co. Khong mat tinh tong quat, ta c6 thé gia thiét oy, < Lz, Vn > 1. Khi d6, diéu kién
(CI) ré thanh 0 < \, < %% Tir didu kién (Cl), taco 0 < \, < 25 <

Qn ___Qn 2
Lr+on 4L%_— >~ (Lf+an)2 , N€n

diéu kién (C1”) duoc thoa man.

Cho Jy, 4 = (Z+ M\ A7, Bo, = F(en) — f va R(pn) = pn trong (3.45), ta nhan dugc
cong thuc (3.43).

Pinh 1y dugc ching minh. U
Nhin xét 3.6 Mot vi du ton tai cac diy s6 (a,) va (\,) thoa man cac diéu kién (C1) - (C4) 1a
a,=(n+1)"9va\, = ﬁ(n—i—l)_p,v(yiO <g<p<lva2g+p<Ll
Nhén xét 3.7 Cho

F(p) =0+ W(p),

trong d6, W(p)(z) := [*_h(z, u, p(u))du 1a mot toan tir Uryshon. Theo M.G. Krein va cong
su (1972) [49], toan t&¢ W tir L?[—, 7] vao L*[—m, 7| 1a toan ti lién tuc (thAm chi hoan toan

lién tuc) néu nhan cia né 1a h(x, s, ) théa min diéu kién ting truong
[h(@, 5,0)| < [R(,5)[(a+blel), =7 < 2,5 <7, Jp] < 00

theo ¢, trong d6, [* [7 |R(z,s)[*dzds < oc. Gid sir nhan h théa man diéu kién Lipschitz
theo bién thir ba, nghia la

‘h(a:,s,ga) - h(ﬂ%Sﬂ/J)‘ < W(%S)\SO—W, V$,S € [_ﬂ'?ﬂ-]a V|(,0’, W’ < 0.

Hon nita, gia thiét [ [* w?(z,s)dzds < 1. Khi d6, W la toan tir khong gidn, nghia 1a
W(e) = W@)|| < [l¢ — ¢, véi moi ,7» € L[—m,7]. Theo H.H. Bauschke va P.L.
Combettes ([15] - Vi du 20.7), F = Z + W la toan tor don di€u cuc dai. Mat khac, F la

toan tir lién tuc Lipschitz voi hang sd Lipschitz Lr = 2.
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Nhin xét 3.8 Mot nhuoc diém cua thudt toan 3.43 1a khi d6 dai bude ), giam dén, thuat toan
o thé hoi tu cham. Dé khic phuc nhugc diém nay, ta xem xét mot thuat toan khac su dung

phuong phap chinh 1ap tién-li-tién (FBFSM) nhu sau:

v, = J,\HA(un — M (Bu, + Oanun)) (3.46)

Ups1 = Up + Ap(Bu, — Buy,),

trong d6, cac diy tham s hiéu chinh (cv,) va d6 dai bude ()\,) duge chon doc 1ap. Hon nira,
cac do dai budce (\,,) bi chan va tach biét khoi gia tri 0.
Gia sir cac toan tir A, B va R thoa mén cac diéu kién nhu trong Dinh 1y 3.6, khi dé theo
Dinh 1y 1.26, v6i nhimng diéu kién sau vé cac day tham s6 higu chinh (a,,) va d¢ dai bude (\,):
(€5) (A} C o8] € (0,25);
(C6) lim «,, = 0;
n—oo
(CT) > ay = +00;
n=1
(C8) lim “=—3rl =,
n—oo n
thi FBFSM (3.46) hoi tu manh dén nghiém c6 chuin nho nhét cia (3.44).
Xét phuong trinh tich phan phi tuyén (3.42) véi cung gia thiét vé cac toan tir XC, F va chon
R := T, ta c6 két qua sau.

Pinh 1y 3.7 Cho p va q la cdc ham xdc dinh trén R, tudn hoan véi chu ky 2 va lién tuc timg
khiic trén |—m, 7|, gid su p la ham chan. Gia sit rang cdc hé sé Hartley ciia p va q théa man cdc
bat dang thirc (3.24) va p1(0) > 0, todn tir F : L*[—m, 7| — L*|—n, «] la todn tir don diéu va
lién tuc Lz-Lipschitz, phirong trinh (3.42) la twong thich va cdc day tham sé (o,), (\,) théa
man cdc diéu kién (C5) - (C8). Khi dé, xudt phat tir oo € L*|—n, | nao do, qud trinh ldp

Pnt+1 = wn + >\n [F(Spn) - F(,@Z}n)]

(3.47)

héi tu dén nghiém co chudn nhé nhat ol khin — oo.
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3.3.3 Vidusd

Trudc tién, ta léy vi du v& cac ham p va ¢ thoa mén cac diéu kién cua Hé qua 3.1.

Vidu 3.1 Cho p(z) =1+ 8cos®z, q(x) = cos(2x) — sin(2z). Rd rang, p1(0) = 5, p1(m) =

202, P2(m) = 26,,5. Hon nita, §;(m) = 0, Ga(m) = dpne. Quan hé (3.32) hién nhién ding.
Ta xét mot vi du phtre tap hon.

Bo6 dé 3.4 Cdc ham p(x) = —In(5/4 — cosx) va q(x) = (cosx + sinx) /2 théa man cdc diéu
kién trong Hé qua 3.1.

Chiing minh. Xét ham bién phuc g(z) == 3°° (“Z)n, trong do, z := cosx + isinx va a
1a tham s6 thuc thoa man diéu kién |a| < 1. Do ¢'(z) = a ) oo (az)" = 1%, tacd g(z) =

—In(1—az)+c, v6iclamot hang s6. Dé yrang g(0) = 0,néntacdc = 0vag(z) = — In(1—az).

Mat khac,

3

g(z) = Z (a2) = Z %(cos nx + isinnx).
n=1 n=1

Do d6, phan thyc ctia g(z) thoa man hé thirc

= a" 1 <= a”
R -y -y Cna).
e (g(2)) 2.5 cosnw = 5 2.5 [ cas(nz) + cas(—nz)]
Ditl —az =re?, tacor = |1 —az| = (1 — 2acosz + a?)'/2. Hon nita, g(z) = — In(re??) =

—Inr — 46, do d6, Re g(z) = — Inr. Vi vay, ta c6 khai trién Hartley

p(z) = —In(1 — 2acosz + a) = i %n [ cas(nz) + cas(—nx)].

n=1

Trong truong hop riéng, cho a = 1/2, ta co

= 1
— _1n(5/4 — = S - ) 3.48
p(z) n(5/4 — cos x) ; pon [ cas(nz) + cas(—nx)] (3.48)
R& rang, cac ham p, ¢ 14 tudn hoan véi chu ky 27 trén R va lién tuc trén [—7, 7). Hon nita,
p 1a ham chan. Mit khac, tir (3.48), ta c6 p1(n) = pa(n) = 27" /n, n > 1; p1(0) = H2(0) =0

va i (n) = 6,1/2, G2(n) =0, n > 0.



Néu n # 1 thi hé thire (3.32) hién nhién dung, do vé bén phai bang 0. Trudng hop n = 1, ta
A . 2 . . 2 ra . 2
co [Pl(l) +p2(1)] =1> [91(1) + C]2(1)] + [Ch(l) - Q2(1)} =1/2.

B6 dé 3.4 duoc chirng minh. 0

Vidu 3.2 Xét phuong trinh (3.18) véi céc dir li¢u sau:
p(x) = —In(5/4 —cosx), q(x)= (cosz+sinx)/2, f(x)=cosuz.

Nghiém chinh x4c ctia phuong trinh 1a ¢ = cas(—z).

Ta thuc hién tinh toan v6i mot sb dit liéu khong chinh xac c6 dang

1. fs(x) =cosz + 9,

2. fs(x) =cosz + dsinwz,

3. fs(x) = cosx + d cos(2z).
Trong céc truong hop trén, co thé thay cac hé s Hartley fgl (n) = ﬁ;g(n) = 0 bat dau tir ng
nao do, do do, nghiém hiéu chinh ¢, 5 c6 thé duoc khai trién thanh téng Hartley hiru han. Tur
nhting tinh toan don gian, ta nhan duoc két qua nhu sau:

d «acasx + (a+1)cas(—x)
1' Spa,(;:_—i_ 2

o 202 + 4o+ 1

a(l+0)+9 a(l—=90)+1-20
2. Pas5=—>—"——CasT
’ 202 + 4o + 1 202 + 4o+ 1

acasx (v + 1) cas(—x) 20

202 + 4o + 1 202 + 4o+ 1 4o +1

2

cas(—x),

3. Qo5 = [ cas(2z) + cas(—2z)].

R& rang, khid — 0,0 - 0vad/a — 0, tat ca cac nghiém hiéu chinh ¢, ; hdi tu dén nghiém

chinh x4c ' = cas(—z).
Vidu 3.3 Ta xét mét vi du giai h¢ (3.37) voi dir liéu nhu sau:
N=2; pi(z)=—-1In(5/4—cosz), q(x)= (cosx+sinz)/2;

po(r) =1+ 2cosx +8cos’z, qu(x) =sinx + (cos)/2;
fi(x) =cosz, folzr)=(3cosx —sinz)/2.

Nghiém chinh x4c ¢ ctia hé 1a cas™ ().
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Theo B6 d& 3.4, cac hé sé Hartley cua p; va ¢; thoa min bat dang thirc (3.32). Tinh dung

dén cua (3.32) v6i cac hé s6 Hartley ctia ps va go ¢6 thé kiém tra truc tiép.

Gia st thay vi sir dung dit liéu chinh x4c f, va f,, ta thuc hién tinh toan véi dit liéu c¢6 nhiéu
dang

fin=cosx+ 0, sinz, fo, = (3cosx —sinz)/2 4+ o, sinz,

trong d6, 6, = (1 +n)~3/. Ta a4p dung qua trinh chinh lip song song (3.40), (3.41) tir Dinh 1y
3.4, v6i tham s6 higu chinh o, = (1 + n)~?/® va tham s6 phan i song song ~,, = 8(1 + n)'/?,

dé nhan duoc cong thirc tinh nghiém xép xi.

Xuét phat tir diém ban dau ¢y = ag cas z + by cas(—x), nghiém xap xi thit n 13 ¢,, c6 dang
©n = ap casz + b, cas(—x), n > 0, trong d6, cac hé sb a,,, by, c6 thé duge xac dinh tir quan hé

truy hoi. That vay, dat F© := y,0, + fin,i=1,2,taco

On

1—0,
anYn + casx + |b, v, + 5 cas(—z),
_|_

|
o

C6 thé thdy, F (k) = F{”(k) = 0, i = 1,2, Vk # 1. Tir Ménh dé 2.1 va Ménh d 3.16, ta
o i (k) = @iy (k) =0 (i = 1,2), véi moi k # 1, do dé,

2 0) 1+
2

2-94
5 }casa:—i— [bn%—i- 5 n} cas(—x).

Qb = a;ncasx + b;, cas(—x),
v6i céc hé 86 a;, b, (i = 1,2) ndo d6. Theo (3.36), ta co
Ont1 = Qpp1 €aST + byyq cas(—x),

trong d(’), apy1 = (CLl,n + a27n)/2 va bn+1 = (bl,n + b27n)/2

Str dung (3.16), (3.10) va (3.38), voi moi n > 1, ta tinh toan dugc

(n + 27, +3)(an + 27, +1) — 1

A1n =

Y

(n + 290 + 3)(2by Y0 — 0n + 1) — 2a,7, — 0 — 1

bin =
b (n + 270 +3) (O + 270 + 1) — 1

Y
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(an + 29, + 2)(2anYn + 0n + 1) — 20,7, + 0, — 2
(an + 279, + 6)(an + 2y, + 2) -1

ag.pn = )

b (an + 279, 4+ 6) (20,70 — 0n + 2) — 2a,Y, — 0 — 1
2 (atn + 29 + 6)(ay + 27, +2) — 1 '
Tir cac cong thirc nay, dé dang tinh toan dugc cac hé sd Qipvab;, (i=1,2),n>1,vaqua
trinh tinh toan co thé duoc thuc hién trén bdn qué trinh song song.
Néu xuat phat tlr ag = by = 0, thi véi n = 103, ta c6 @, = 0.0188 cas z + 0.9272 cas(—z),
vavéin = 107, ta cd o, = 0.00028 cas = + 0.9988 cas(—x).

15 T T T

Exact solution
— — - Approximate solution «,, with n = 107 |
+  Approximate solution a, with » = 107

Hinh 3.1: Nghiém cta hé FIE-I véi nhan dang TPH khi ¢y = 0.

Néu xut phat tir oy = casz + cas(—z), tic 1d ag = by = 1, thi véin = 10%, ta c6 o, =

0.0177 cas z + 0.9310 cas(—x), va voi n = 107, ta c6 ¢, = 0.00028 cas z + 0.9988 cas(—x).

15T T T T T
Exact solution

— — — Approximate solution a, with n = 107

+ Approximate solution e, with n = 107

Hinh 3.2: Nghiém cua hé FIE-I v&i nhan dang TPH khi g = cas(x) + cas(—x).
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Vi du 3.4 Ta xét mot vi du vé& phuong trinh tich phan Fredholm phi tuyén (NLFIE).

Xét phuong trinh tich phan
Ke+o+W(e) = f, (3.49)

trong do,

! /7r [p(z —u) + q(z + u)|p(u)du, p(z)=1+8cos’z, ¢(x)= cas(—2z);

1
——casuz.

W(p)(z) = /7r h(z,u, p(uw))du, h(z,u, @) = (271)3 caszcosy, f(x)= N

Giai gin ding phwong trinh sit dung FBFSM két hop véi tich chap Hartley hiru han

Dit
1 + .

€ = —F—, ¢, =
0 V2T 2T

khi d6, hé {eg, e : n > 1} tao thanh co sé truc chuan cua WW. Mit khac, ta c6

cas(+nz), (n > 1),

\/%(e:{—l—e;), sinnz = m(e: —e,), n>1.

coSnxr =

Phuong trinh (3.49) c6 thé duoc viét lai dudi dang

+
Ko+ + \j;_w<€0’ cos p) = e . (3.50)

Cac ham p va g c6 thé dugc viét lai thanh p(z) = V27 (5eq + 2e5 + 2¢5 ), ¢(x) = V/2mey . DE

dang tinh toan dugc cac hé s6 Hartley 1a 5, (0) = pa(0) = 5; p1(n) = pa(n) = 20,9, n > 1;
G1(n) = 0,n > 0; Go(n) = dn2, n > 0. Nghiém c6 chuan nho nhit cua (3.50) 1a o = 0.

Xét phan phi tuyén F(¢) := ¢ + W(y), ta c6

1
\h(x,u, @)’ < R(z,u) == W' cas ;

‘h(l‘vu’ 90) - h(l‘7ua¢)} < R(xvu)|@_¢|7 Vo, u € [_77777-]7 v |90|7 |77Z}| < 005

trong do, [* [" R*(z,u)dzdu < 1.
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Theo Nhan xét 3.7, W 1a toan tu khong gian, do do, F 1a toan tu don di¢u. Méat khac, F 1a
lién tuc 2-Lipschitz. Ap dung FBFSM cho phuong trinh (3.49) véi cac ddy tham sé duoc chon
la A, =0.25va o, = (n + 1)~'/2, ta nhan dugc qua trinh

e +
4@% + KY% = fn = (3 - an)(ﬂn - <607 COos Spn> + €,
V2T
4 (3.51)

3 1 €]
Pn4+1 = Z¢n + Z(gon + E<607COS ©n — COS @/}n>>

Tir cong thire (3.51), nghiém xAp xi thir n c6 dang ¢, = aney . Ap dung Dinh 1y 3.1, ta di tinh

toan cac gia tri sau:

A(k) =4+ pi(k) +25 (k) + a:1(k) = G2(K),  B(k) = pu(k
fur (K

) — D2(k) + Gu(k) + G2 (k),
) = B(k) fu2(k), Don(k) = A(K) fua(k) —

B~ (k) fur (K),
vi k € Ny, trong d6, fo1 (k) va fra(k) 12 cac hé s6 Hartley cua ham
f [(3 Jan + 1 L (eg, cos )}*
n — — Qg )ly — —/—=\€o, n)|€
\/% 0 ¥ 1
D& thiy, f,1(k) = 0, v6i moi k # 1; fna(m) = 0, v6i moi m > 0. Mit khéc, ta c6

fu(1) = \/% [(3 —ap)a, +1— \/%@0, cos gon>]

Theo cong thue (3.10), ta c6 ¢, = ()) 2mel = b,ef, trong do,
b ! [(3 Jan + 1 ! {eg, cOS )}
n ‘= — Qp)0ap — —F—\€o;, n/ |-
1 5 €0 ¥

T qué trinh (3.51), ¢,41 = [%bn + Zan + ﬁg@o, cos(ane]) — cos(bnef)ﬂ e Do do,

1

Uny1 = b + g0+ cos(aney) — cos(byel)).

\/—<€07

Nhu véy, bat dau tir ao, ta c6 thé tinh dugc a,,. Khi d6, cac nghiém x4p xi ¢, (n > 1) cling tinh
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duoc tr quan hé ¢,, = a,e]. Qua trinh tinh toan dugc thuc hién theo cong thirc

by = }1[(3 — an)an + 1= —2=(eo, cos(anef)ﬂ :

(3.52)
e = [ 3+ S0+ 1o cos(aner) — cos(bue )]

Néu xuét phat tir ay = 0, thi hién nhién, a,, = 0 véi moi n > 0. Do d0, ¢, = 0 = .

Néu xuat phat tir g = 10, ta tinh toan dugc cac gia tri a,, va cac sai sb theo cong thirc
@nll = llane ]| = an, n > 0. 84 ligu tinh toan tir qua trinh (3.52) dwoc cho trong Bang 3.1.

Hinh 3.3 cho thiy cac nghiém x4p xi ¢,, hoi tu dén nghiém chinh xac qua cac budc lap.
Bang 3.1: FBFSM giai gan dung NLFIE khi ao = 10.

—

Sai s6 ctia en(llenll)

60 2.0287e-06 2.0287e-06
65 6.2054e-07 6.2054e-07
70 1.9085e-07 1.9085e-07
75 1.9085e-07 1.9085e-07
100 1.7651e-10 1.7651e-10
1 R |
— — — Approximate solution o7y
e — - — Approximate solution @5 |
»  Approximate solution g

Hinh 3.3: Nghiém cua NLFIE st dung FBFSM khi a¢ = 10.
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Néu xuét phat tr ¢y = 103, ta tinh toan duogc cac gia tri a,, va céac sai s6 theo cong thuc
l@nll = |lanel|| = an, n > 0. Sé liéu tinh toan tir qua trinh (3.52) dugc cho trong Bang 3.2.

Hinh 3.4 cho thdy cac nghiém x4p xi ¢, hoi tu dén nghiém chinh x4c qua cac budc lap.
Béng 3.2: FBFSM giai gan ding NLFIE khi aq = 10°.

—

Sai 6 ciia @, (||@n||)

75 7.0007e-06 7.0007e-06
80 2.1733e-06 2.1733e-06
85 6.7743e-07 6.7743e-07
90 2.1193e-07 2.1193e-07
100 2.0949¢-08 2.0949¢-08
il I T Ex;)L:t sfilution ot . :
s , T T Approsmatesoluon p ||
2= , < ’ : : :iggzzg:xtc solut;::i 2;; u
. Approximate solution @19

Hinh 3.4: Nghiém cua NLFIE str dung FBFSM khi ay = 10°.

Nhu vay, trong moi trudng hop, ta déu c¢6 ¢, ~ ' khi n du 16n.

Phuong phéap lip Landweber phi tuyén 1a mot thuat toan pho bién dugc sir dung dé giai cac
bai toan nguoc phi tuyén. Dé so sanh, ta a4p dung phuong phap 1ap Landweber phi tuyén (NLI)
(xem B. Kaltenbacher va cdng su (2008), [44]) cho phuong trinh (3.49).
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Giai gin ding phwong trinh bang phwong phip Lip Landweber phi tuyén

Phuong trinh tich phan c6 thé dugc viét lai dudi dang G(¢) = f, trong 46, G := T + K + W.
Ta co
Pri1 = P+ B2G (@n)"[f — G(20)], (3.53)

trong d6, ( 1a tham sb ty 18.

Lay dao ham Fréchet, ta co

G'(e)n= (T +Kmn+W(en,
(W (e)n)(z) = —% / _sinp(u)(u)du.
Do £ 1a toan tir tu lién hop, ta nhan duoc

G'(e) =T+ ) +W(p)y,

trong do,

Wi =~ [ eose ulajix

Ky hiéu ¢, := f — G({,), phuwong phap lip Landweber phi tuyén (3.53) dan dén qua trinh

(ule) = T2 = [eal) + - [ gl wppa(wea

V2 T J_x
casx " _
W /ﬂ- COS QOn(U)dUi|
(3.54)
1 s
Pues() = @) + 52 [unl) + = [ gl )
Csingu(a) [T |
\ COEE /_7r cos u Y, (u)dul,
trong do, g(z, u) = 1+ 8cos?(z — u) + cas ( — 2(z + u)).

Chon 8 = \/% va @y = % cho phuong trinh (3.54), va chon ay = 1—10 cho phuong trinh

(3.52). Khi d6, ¢y = @,. Nghiém xép xi dugc tinh toan theo qua trinh (3.54).
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Hinh 3.5 minh hoa nghiém chinh xac va cac nghiém xap xi dugc tinh toan theo cac qua trinh
(3.52) va (3.54). Ta c6 thé thiy qua trinh (3.52) cho nghiém xap xi nghiém chinh x4c nhanh hon

so vO1 qua trinh (3.54) qua cac budc lap.

« 10710
T

15

T T T
Exact solution "

Hinh 3.5: Nghi¢ém cua NLFIE str dung FBFSM va NLI.

Bang 3.3: So sanh FBFSM va NLI giai gan dtng NLFIE.

| susscng, Sai sb cia g

100 1.7651e-10 0.0284
105 5.5742e-11 0.0267
115 5.6029¢-12 0.0235
1600 1.6653e-16 1.8173¢-10
1700 1.6653e-16 5.1658e-11
1750 1.6653e-16 2.7542e-11

Bang 3.3 cho két qua thuc nghiém so sanh FBFSM va NLI. Khi thyc thi trén ciing mot cdu
hinh may tinh, thoi gian dé tinh toan (¢ nhanh hon nhiéu so vé6i thoi gian dé tinh toan @.
Cu thé, thoi gian thyc thi dé tinh toan @10 12 0,0106 gidy, thoi gian thuc thi tinh toan @ 1a
2,9888 gidy. Hon nita, vdi cting mire sai s e cho trude, qué trinh (3.52) x4p xi nghiém chinh

xé4c nhanh hon so v&i qué trinh (3.54) ca vé mit thoi gian va sé budc lap.
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Thay vi str dung phuong phép giai tich sé dé tinh toan cac cong thirc nghiém tudng minh
qua mdi budc lip, ta c6 thé tinh toan nghiém x4p xi qua mdi bude lip bang cach sir dung thuat

toan bién doi Hartley nhanh (FHT).

Giai gin ding phwong trinh sir dung FBSM va FHT

Ap dung FBSM cho phuong trinh (3.49) véi cac ddy tham sé duoc chon 1a \, = 0.25 va

an = (n+1)7Y/2, ta nhan duoc qua trinh

6+

4Q0n+1 + ’CSOnJrl = fn = (3 - an)gpn - \/;_W<€0,COS 90n> + eii_' (355)

Ap dung Dinh 1y 3.1, sir dung thuat todn FHT ta tinh toan cac gia tri sau:

A(k) = 4+ pi(k) + pa(k) + 4i(k) — @2(k),  B(k) = p1(k) —
Din(k) = A7 (k) far (k) = Bk) faa(k),  Dan(k) = A(k) fua(k

P2(k) + i (k) + G2(k),
A™( ) —
D(k) = A(k)A™ (k) — B(k) B~ (k),

B~ (k) fua (k).

v6i k € Ny. Sir dung cong thire (3.10) dé tinh toan cac nghiém xap xi ,, cta FIE-II (3.55).

Xuét phat tir ¢, = 10 cas(x), két qua tinh toan cho trong Bang 3.4 cho thdy cc nghiém xap
xi ¢, hoi tu vé nghiém chinh x4c o',

Béng 3.4: FBSM giai gan diing NLFIE str dung FHT khi ¢, = 10 cas(z).

60 4.6837e-08
65 8.9813e-09
70 1.7361e-09
75 3.3803¢-10
100 6.7522e-12
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Hinh 3.6 minh hoa cac nghiém xép xi ¢, hoi tu vé nghiém chinh x4c o',

18
0.5 e
- ~
- ~
0 g e S ————— ey el
# 5
- ~
’
- b
0.5 ~ N
P ~
= hY
1 s ~
/ - ;
, Exact solution ¢
. . ~
15 7 — = = Approximate solution gy N
P 4 Approximate solution ggs ~
2+ e — = —Approximate solution N
M — — — Approximate solution @75
T - N - - Approximate solution g

25 ————

3l | 1 1 ] 1 |

3 -2 1 ] 1 2 3

Hinh 3.6: Nghiém gan dtng ctia NLFIE str dung FBSM va FHT khi ¢, = 10 cas(z).

Giai gin diing phwong trinh sir dung FBFSM va FHT

Ap dung FBFSM cho phuong trinh (3.49) véi cac diy tham sé duge chon 1a A, = 0.25 va

an = (n + 1)7Y2, ta nhan duoc qua trinh

+
€
iy + Kby, = fr = (3 — a)on — —= ey, cOs ©,,) + €5 3.56
3 1 ef
Pn+1 = Z¢n + 4_1 (@n + E<60, COs p, — COS 77Z)n>> (3.57)

Ap dung Dinh 1y 3.1, sir dung thuat toan FHT ta tinh toan cac gia tri sau:

A(k) =4+ pi(k) + pa(k) + Gi(k) — G2(k),  B(k) = pi(k) — p2(k) + G (k) + Ga(k),

Din(k) = A (k) far (k) = Bk) faa(k),  Dan(k) = A(k) faa(k) = B~ (k) fua (k),

v6i k € Ny. Str dung cong thie (3.10) tinh toan cac ham ), tir FIE-II (3.56). Cac nghiém xap
xi ,, dugc tinh toan theo qua trinh (3.57).
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Xuét phat tir oo = 10 cas(z), két qua tinh toan tir cac qua trinh (3.56) va (3.57) dugc cho

trong Bang 3.5 cho thdy cac nghiém xéap xi ¢, hdi tu vé nghiém chinh xac .

Béng 3.5: FBFSM gidi gan dting NLFIE sir dung FHT khi ¢y = 10 cas(z).

60 3.6887e-06
65 9.8281e-07
70 2.6323e-07
75 7.0833e-08
100 1.0577¢-10

Hinh 3.7 minh hoa cac nghiém x4p xi ¢,, hoi tu vé& nghiém chinh xéc o'

1
05
_______________ - = .
V"= - .. | TTTTTTos
_____________ - = B
_ ~
. ~
- S~
o5k — - = -
e T
’ T
/ ~
A i )
, v ——— Exact solution ! -
, — — — Approximate solution g N A
sk ; Approximate solution pgs AN
P — — — Approximate solution g
N . " Vi — — — Approximate solution g
PN 5 — — — Approximate solution gy
~ #
~ /
e i - | | 1 1 1 |
3 2 1 0 ! 2 :

Hinh 3.7: Nghiém gan dting ciia NLFIE sir dung FBFSM va FHT khi ¢, = 10 cas(x).
Nhan xét 3.9 Phuong phap giai tich s6 cho két qua chinh xac hon va hiéu suit tinh toan t6t
hon. Trong truong hop cac hé sé Hartley cta dit liéu ban dau kho xac dinh twdng minh, ta c6

thé sir dung HFT d& tinh toan xap xi.
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3.4 Phwong trinh tich chap

Phuong trinh tich chap cho phép mé hinh hoa cac hé thong vat Iy c6 mién khong gian khong
gid1 han, va da co nhiéu ung dung trong 1y thuyét tan xa, vat Iy luong tu, ky thuat dién tur [52,
89]. Phan nay luan 4n nghién ctru mot s6 16p FIE-II véi mién tich phan duoc iy trén toan bd
khong gian R™ (hay con dugc goi 1a phuong trinh tich chap). Luén 4n nghién ctru phuong phéap

gidi cac 16p phuong trinh nay st dung cac phép tich chap lién két voi cac HT di duoc dé xuét.
3.4.1 Phuwong trinh tich chip lién két véi bién doi Hartley

C6 thé c6 mot sb luong dang ké cac phurong trinh tich chap 6 thé giai dugc twong minh bang
cach sir dung cac tich chap duge dé xuat tir (2.40) - (2.47), va tir (2.49) - (2.64). Str dung céc
tich chap duogc ky hiéu ® va x nhu trong phan 2.4, luan 4n nghién ctru hai 16p phuong trinh tich

chap sau:

Ao(x) + (k® ) (x) = f(x), (3.58)
va

Ao(x) + (k*¢)(x) = f(x), (3.59)

trong d6, tham s6 A\ € C cho trude, cac ham k va f thude L' (R™) da biét, ¢ 1a an ham can tim
dugc gia thiét thuoc L'(R"). Su khac biét chinh trong cic 16p phuong trinh nay 1 biéu thirc
tich chép trong phuong trinh (3.58) c6 dang mét tich phan don, trong khi biéu thirc tich chap

trong phuong trinh (3.59) c6 dang mgt tich phan bdi vdi sy gop mat cua ham Hermite ®,.

Luén 4an trinh bay phuong phap tim nghiém cho 16p phuong trinh (3.58), 16p phuong trinh
(3.59) co thé duogc thuc hién theo cach tuong tu.

Xét phuong trinh tich chép sau trong L' (R"):

CI>a7,Hl
*
Ho,Ha

Mp(x) + (k0% ) (x) = F(x). (3.60)

trong do, A € C cho trude; cac ham k, f € L'(R") da biét; va o 14 4n ham can tim.
Dit G(w) := A + @ (w)(Hak)(w). Theo Dinh 1y 2.6, ham @, (Hok) lién tuc déu va bi

chin trén R”, tlic 1 sup,,cpn | P (w) (Hok) (w)| < 0o va limy o |G(w)| = A
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Pinh 1y 3.8 (i) Néu phuong trinh (3.60) cé nghiém trong khéng gian L' (R™), thi diéu kién
canla H,f = 0 khi G = 0. Gia sir diéu kién nay dwoc théa man va H, f /G € L'(R"), khi do,

L'-nghiém duy nhdt dwoc xdc dinh boi cong thirc
p(x) % My [Hy f /G (x). (3.61)

(i) Néu G(w) # 0 v6i moi w € R™ va Hif € L (R™), thi phwong trinh (3.60) gidi duoc
trong L' (R™) va nghiém dugc xdac dinh boi cong thirc (3.61).
(iii) Néu |\ > max {|Pa(w)(Hak)(w)

Hon nita, nghiém ciia phwong trinh dwoc xdc dinh boi cong thire (3.61) va cé thé dwoc biéu

}, thi phwong trinh (3.60) gidi dugc trong L*(R™).
dién dudi dang chudi.

Chirng minh.

(i) Ta xét hai truong hop A = 0 va A # 0 dong thoi. Gia sir ¢y € L' (R") 1a mot L'-nghiém
cua (3.60). Tac dong H; v6i ca hai vé clia (3.60), ta nhan duge G(w) (Hipo) (w) = (Hif)(x).
Do c4 hai vé cua déng nhét thirc nay la cac ham lién tuc déu trén R, suy ra (7—[1 f ) (w) = 0 khi
G(w) = 0. Hon nira, do gia thiét H, f/G € L'(R"), ta c6 thé ap dung dinh 1y bién doi ngugc
dé nhéan dugc oo (x) = Hi [H1f/G](x).

Nguoc lai, st dung dinh 1y bién dbi nguoc cho #H, ta dé dang chimg minh dugc ham xac
dinh trong (3.61) théa mén (3.60) hau khip noi trén R™ khi H, f/G € L'(R").

(ii) Do cac ham Hermite luén c6 khong diém, nén |A| > 0. Lap luan tuong tu nhu trén, ta
thay rang, néu ¢, la nghiém cua (3.60), thi H,po = H1f/G. Do G lién tuc déu va bi chan
trén R va limy,_,o0 |G(w)| = A # 0, suy ra, ham G~' ciing lién tuc déu va bi chan trén R".
Do d6, ton tai M va N sao cho M < |G|~! < N.Nhu vay, H,f/G € L'(R") khi va chi khi
Hif € LY(R™), ta dua vé truong hop (i) da duge chirg minh & trén.

(iii) T gia thiét ta suy ra A # 0. Tac dong H; vao ca hai vé cta (3.60), ta nhan dugc

_ (Huf)(w) 0 (Ha®a) (w) (Hak) (w)
(i) (w) === TN+ 0 (Ha®a) (w) (Hak) (w) |

(3.62)

trong d6, 0 = 1 hodac 6 = —1;r = 0,3 hodc r = 1, 2 twong ung (theo Pinh ly 2.12).
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Ky hiéu

1
2(2m)

po0R) = 5o [ (b w4 plxrw +p(oxu) < p(-x - w)gu)du. (.63

Tich chap p ® ¢ trong (3.63) 1a mot truong hop riéng cua tich chép (2.44) khi h = 0. Xét ham
H(z) := z(A+ z)~'. Ham H la ham giai tich trong mién D := {z € C : |2| < [A|}. T Dinh
ly 2.12 va gia thiét, ta nhan duogc

|6(Ha® o) (w)(Hok)(w)| = |Pa(w)(Hok)(w)] < |A], Vw € R™. (3.64)

Do d6, H 1a ham giai tich doc duong cong v := H [§(H2Pa)(w)(H2k)(w)] € C. Theo dinh
Iy Wiener-Lévy cho FT (xem [4]), H(0) = 0, vi vay, ton tai ham P € L'(R") thoa man

_ 0(Ha®a) () (Hak) (w)
A+ 0(Ha®o ) (w)(Hok)(w)

H[0(H2®a)(w)(Hak)(w)] = (FP)(w)

_ (%(%1 + )P — %(Hl - Hz)P) (w)

141 1—1

~ e L) = o))

trong do, Q(x) := £ P(x) + 52 P~(x). Két hop véi (3.62), ta nhan duge

(i) = )@ [1 = Q)] = | 17— 00| @)

Theo dinh ly tdn tai duy nhat cua M4, ta co

o0 |31 - (00| (.65

Nguoc lai, dé dang chitng minh duge o(x) xac dinh béi (3.65) théa man phuong trinh (3.60).
Nghiém an (3.65) c¢6 thé duoc biéu dién dudi dang chudi. That vay, ta co thé viét
(Po © k) = (B Ok) @ @ (B @ k), j > 1.

N J/
-

j lan (<I>a®k)
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Do ®,, thudc khong gian ham Schwartz S(R™), bang quy nap ta c6 thé chimg minh

((Da o k)Q(j+1) c Ll(Rn), [7‘[2( o ® k)} (3+1) Ll(Rn),

[Ha(®a © B)]7" = Hy (@0 © k)°UFD), W > 0.

Mait khac, do H 1a mot ham gidi tich trén mién D), theo bo dé Lebesgue-Riemann (xem [72],
Dinh Iy 7.5), ham [Ha (o © k)] U+D (j > 0) lién tuc déu trén R™. Do d6, tir (3.63) va (3.64),

ta c¢6 khai trién Taylor hoi tu tuyét ddi va déu nhu sau:

O(Ha®s)(w)(Hok)(w) 1
/\+5(H2q>2)( J(Hok)(w) A

[0(Ha®2) (w) (Hak) (w W“

o Z N+l

H [0(H2®s)(w)(Hak)(w)] =

6<H2<1>2>< ><H2k><w>]

6(H2<I>2)(w)(7-[2k)(w)
A

>0
1 o
) Z 1y ( HZ;(J% © k) (w)] (3.66)
>0
1) (@, & KOG
=H, Z( : ()\J-i-l@ - ](“’)a (3.67)
720

v6i moi w € R™. Trong dang thirc cudi cing (3.67), ta co thé hoan ddi H, va téng v6 han do

chudi hoi tu tuyét dbi va déu, mdi phan tir ctia chudi 1a mot tich phan Lebesgue, ta co
[Ha(®a © B)[|, = [|(Ho®a). (H2B) ||, = [|@a- (H2B) ||, <

Do H 1a ham giai tich doc theo duong cong v va tir két qua caa dinh Iy Wiener-Lévy, chudi
(3.66) hoi tu déu va tuyét ddi. Thay chudi (3.66) vao (3.62), ta nhan dugc két qua mong mudn.

Nhu vay, do (Ho®s)(Hok) 1a mot ham thudc L'(R™), nén nghiém ctia phuong trinh c6 thé
dugc biéu dién dudi dang chudi lity thira. Trong truong hop tong quat khi p, k& € L'(R™), néi
chung (Hap)(Hok) khong théa man diéu kién thudc khong gian L' (R™).

Pinh 1y dugc ching minh. 0

Nhan xét 3.10  (a) C6 thé c6 v han céc IE lién quan dén ham Hermite c6 thé giai duoc nho

su dung céc tich chap da dé xuét.
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(b) Két qua nay dap g dic trung ctia HT 1a nghiém c6 thé duoc biéu dién dudi dang chudi
v6i gia thiét [A| > maxeepn |Pa(w)(Hok) (w)| trong phan (iii), diéu nay khéc véi dang nghiém
trong (3.61) tir gia thiét don gian G(w) # 0 trong muc (ii). Vi dy, néu A € C\R (tirc 1a mot s6
phtre) va k 1a ¢6 gid tri thuc cho trude, thi G(w) # 0 véimoiw € R", do P (w) (Hak)(w) € R.

Do d6, néu [A| = |®q (w) (Hak) (w) nao do6, chudi (3.66) c6 thé khong ton tai.

(¢) Do céc tich chap dugc xay dung van diing cho cac ham p, ¢ € L?(R™) véi cling tinh chét
clia cac dang thie nhan tir hoa va bt dang thirc chun (theo nghia hau khip noi), ta c6 thé nhan
duogc cac két qua twong tu cho cac phuong trinh (3.58) - (3.59) khi dwoc diéu chinh phu hop.

(d) Diéu kién du trong Dinh 1y 3.8 1a thiét thyc. Hon nita, néu H, f € L'(R") va néu \ du
16m, thi H, f/G € L'(R"). Diéu nay hoan toan phi hop véi nhiing kién thirc da biét vé chudi
Neumann va nghiém chudi riéng nhu duge trinh bay trong muc (iii). Dy 1a mot cach tiép can

m&i so véi cac cong trinh dd cong bd khac vé cac phuong trinh tich chap (xem [7, 19, 22]).

Vidu 3.5 Xét phuong trinh tich phan

¢4, Ha
20(c) + (k% ¢) (@) = f(@), (3.68)
trong do, k(z) = tri(—m, 7, z), f(z) = (e —wt2 ze’””Q/Q).
Tacod G(w) = 2+d4(w)(Hak)(w) Vamax |¢4(w) (Hok) (w)| = 1.4349. Nghiém ctia phuong
trinh (3.68) dugc xac dinh boi ¢(x) = [’H f/G](z) c6 d6 thi nhu Hinh 3.8.
2.5: ‘.r/“‘\\ :
2 / \\\.‘..
15 \ -
1+ "'\ -
05 \.\.\ -
o AN ——

Hinh 3.8: Nghiém ¢(x) ctia phwong trinh tich chap lién két voi HT.
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3.4.2 Phuwong trinh tich chip véi nhan dich chuyén

Cho tap {h;;} C R" ¢6 dinh, {a;;} C R va {k;;} la cac ham thuoc L'(R"). Dat
N
K(X, ll) = Z |:a1j/{?1j< + (X +u—+ hlj)) + agjkzj( + (X —u-+ hgj))
j=1 (3.69)
-+ QSijj( + (X +u— hgj)) + a4jk4j( + (X —u— h4]))i| .
Ky hiéu K, va K, 1a cac phan chan va phan 1¢ ciia ham K, va dugc xac dinh nhu sau:
K.(z) :=

[K(z) + K(—1z)], K,(z):==[K(z)— K(—1z)], ze R".

DN | =
N | —

Xét phuong trinh tich phan

Ap(x) + [ K(x,u)p(u)du = f(x), (3.70)

]Rn

trong do, hy;, hyj, hs; hy; € R" (co thé khac nhau), tham sé A € C ¢b dinh cho trudc; cac ham

{ki;} va f thuoc L' (hogc L?) dd biét; va ¢ 1a an ham can tim.

Nhin xét 3.11 C6 thé thay rang, do hy;, hy;, hs;, hy; trong phuong trinh (3.69) c6 thé khac
nhau, thanh phan tich phéan trong vé trai cia phuong trinh nay khong c¢6 biéu dién dang tich
chap. Do d6, ta khong thé giai phuong trinh ndy bang phuong phép st dung tich chép truc tiép
nhu dugc trinh bay trong Pinh 1y 3.8.

3.4.2.1 Phuwong trinh tich chip véi nhén dich chuyén

Luan an trinh bay phuong phap giai phuong trinh (3.70) cho trudng hop nhan tich phan c6 dang
K(x,u) = k(— (x+u+h)), cac truong hop tong quat hon duge thyuc hién theo cach twong ty.

Xét phuong trinh tich phan
)\go(x)+/ k(— (x+u+h))p(u)du = f(x), (3.71)
trong d6, A € C, h € R" cho trudc; cac ham k, f € L'(R") da biét; va ¢ 1a an ham can tim.
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cos(hw )k (w) — sin(hw)ky; (w)
5 ;
sin(hw)kes(w) — cos(hw)kyy(w)
7 ;

Ay (w) = = sin(hw)l%el(w)z— cos(hw)l%ol(t.u)7 By(w) =

_ cos(hw) ks (w) + sin(hw) ko (w)
5 ,

AQ(UJ) Bg((.«)) =

D1 - ()\+Bg)f1 —BlfQ, D = ()\+A1)()\+BQ) —AQBl.
Pinh1y 3.9 (i) Néu D(w) # 0 hau khdp noi trén R", hay
1 2 2 1/2

hau khdp noi trén R", va néu H,f € L'(R"), thi phwong trinh (3.71) gidi dwoc trong L'(R™).

Hon nita, nghiém ton tai duy nhat va dwgc xdac dinh béi cong thurc
p(x) S H, [Dy /D] (x). (3.72)
(ii) Néu
1 1/2
‘)\’ > II%?R)% 5{ [(Al + B2)2 + ‘A% + 322 — 2A1B2 + 4A231‘i| (w)} ,

thi phwong trinh (3.71) gidi dwoc trong L'(R™). Hon nita, nghiém ciia phuong trinh nay ton

tai duy nhdt va dwge xdc dinh béi cong thire (3.72) véi moi x € R™.

Chirng minh.

(i) Phuong trinh tich phéan (3.71) c6 thé viét lai duéi dang

Ap(x) + /n [ke(x +u+h) — ko(x + u+h)]p(u)du = f(x). (3.73)

Ge(x) = /n ke(x +u+h)p(v)dudrv, G,(x)= /n ko(x +u+ h)p(v)dudy.
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Do k. 1a ham chén va k, 13 ham 1&, tir cac dinh 1y tich chap 2.13 va 2.14, ta c6

G = [~ (b, %, @)+ (k% o)
’ ’ (3.74)
+ (ke H};z SO) (x) + <ke H};l (’0> (X)] '

Ha

Golx) = zll [(k(, 7—l1>l,<?-t1 SO) (x) + (ko Hfm SD) (x)
(ko2 0)0 = (k2 @) )]

Ha,Ho © Ha,Ha

(3.75)

Tac dong H, va H, vao hai vé ctia (3.74) va (3.75), st dung tinh chat (H k) (w) = (Hak)(—w),
(Hok)(w) = (H1k)(—w), ta nhan duoc

(H:G.) (w) = }l[casmw)( — k11 + ke p2) (w) + cas(—hw) (ka1 + ke @a) (w)]

— _% sin(hw ) ke (w) @1 (w) + %cos(hw)zﬁd(w)@z(w),

(HoGe) (w) = %l[cas(—hw)( — keapo + keapr) (w) + cas(hw) (keaps + ka1 ) (w)]
= %COS(hw)ifez(w)@l(w) + % sin(hw)kea(w) g2 (w),
(H1G,) (w) = ;l[cas(hw) (l%olgél + ];301@2) (w) + cas(—hw) (12301951 - ];?01%52)(“’)]
_ %cos(hw)/%ol(w)gbl(w) + % sin (he)oon () o (w),
(HoG) (w) = i[cas(—hw) (ko + konpr) (w) + cas(hw) (koaps — kioapn ) (w)]

= 5 sin(he) o ()1 () + 5 c0s(heo) o ()2 ().

Tir déy, tac dong H; va H, vao hai vé cua phuong trinh (3.73), ta nhan duoc hé phuong trinh
dai sb tuyén tinh

[)\ o sin(hw)fcel(w)+cos(hw)k01(w)} @1 (w) + cos(hw)l%d(w);sin(hw)l%ﬂ(w)@2(“}) _ fl (w)

2

COS(hw)kEQ(w)+5in(hw)k02(w)351(00)+ |:>\+ sin(hw)keo (w)—cos(hw)koo (w) @2((&)) _ fg((d)

2 2
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Néu D(w) # 0 hau khap noi trén R”, va H,f € L'(R"), thi nghiém ¢(x) duoc x4c dinh boi
(3.72). Hon nita, theo dinh 1y ton tai duy nhat ctia HT, ((x) dugc xac dinh duy nhét.

Nguoc lai, dé dang chitng minh duge ((x) théa man phuong trinh (3.71).

(i) Do D = (A + A))(A + By) — Ay By, nén v6i mdi w, D(w) chi co thé bang 0 tai A\ =
%{ — (A + By)(w) £ [| A2+ B2 —2A132+4A2311(w)}1/2}, hodc A = %{ — (A1 + By)(w) +
i[|A2 + B2 — 24, By + 44, By |(w)] 1/2}. Do d6, néu

1 1/2
thi do D(w) # 0,Vw € R", phuong trinh (3.71) giai duoc trong L'(R™). Hon nita, nghiém cua

phuong trinh nay ton tai duy nhat va duoc xac dinh boi cong thire (3.72) véi moi x € R”.

Pinh 1y dugc ching minh. 0

Nhan xét 3.12 Trong trudng hop ta chi xét tham sé6 A € R, ta c6 udc luong chat hon la:

néu A < min %[ — (A1 + By)(w) — (A2 + B2 — 24, B, + 44,B) (w)|" ] hodc néu
weR?

A > max %[ — (A1 + Bo)(w) + | (A2 + B2 — 24, B, + 44, By ) (w)| ] thi phuong trinh
(3.71) giai dugc trong L'(R"). Hon nita, nghiém ton tai duy nhét va duoc xac dinh bdi cong

thirc (3.72) véi moi x € R™.

3.4.2.2 Phuwong trinh tich chip véi nhin dang Toeplitz + Hankel dich chuyén

Xét phuong trinh tich phan
Ao (x) + / p(x+hy +u) +g(x +hy — u)p(u)du = f(x), (3.76)

trong d6, A € C, hy, hy € R” cho trudc; cac ham k, f € L'(R™) d4 biét; o 14 an ham can tim.

/R Pe(X +hy +u)p(v)dudv, P,(x)= / Do(X + hy +u)p(v)dudr,
Q00 = [ atxthe—wplwdudy, Qux) = [ anlx+ o~ wp(v)duds.

n

n

=

=
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Tur cac dinh ly tich chap 2.13 va 2.14, ta co

Pe(x) = ﬂ— (Pe H?k;l ‘p> (x)+ (p ¢ Hji;-lz S0) ) (3.77)
+(6H};2¢)()+<pe?%};1 >()}7

Polx) = ﬂ(p H@‘H 2) )+ (b H?f;z ) (3.78)
+ ( © HoHa (p) (x) = (po H};l >< )}7

Qe(x) = ﬂ(q HHH “’>( )~ (% HHH >( ) (3.79)
+ (qe o 90) (x) (Qe H?k;l ) X)}’

Qo(x) = i qu Hji;l gp) (x) + <<Io H?;Q 90> (x)
RO R CRCR AU A

Tac dong H; va H, vao hai vé ciia cac hé thire (3.77), (3.78), (3.79) va (3.80), ta nhan duoc

— sin(h;w)per (w) + cos(hyw)por (w) cos(hyw)pe1 (w) + sin(hyw)per (w) .

(H1P)(w) = 5 P1(w) + 5 P2 (w),
(HaP)(w) = — cos(hlw)ﬁez(w); sin(biw)poz(w) ;- sin(hiw)per(w) ; cos(mw)pea(®)
(10 ) = B2 () + s in () () | = b)) + coslhg)n(w)
(42 0) = TNile) F cos(min() (), SOS(b)ia(w) ~ Sl )
Dit
A(w)= = sin(hyw)pe; (w)2+ cos(hyw)por (w) N cos(hyw )1 (w) -; sin(haw ) Gor (w)’
Bu(w) = cos(hyw)per (w) ; sin(hiw)po(w) | = sin(hzw)(jel(w);_ cos(hw)q;ﬂ(w)’
Ayl = = cos(h1w>zﬁez(w)2+ sin(hyw)pes(w) N sin(hyw)ges(w) ; cos(hzw)goz(w)’
By(w) = sin(h;w)pes(w) Z cos(hyw)po2(w) N cos(haw) ez (w) ; sin(hgw)(joz(w)?

Dy = (A+ B2)f1 — B1JE2, D=+ A1)(A+ By) — A2 By
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Néu D(w) # 0 hau khip noi trén R, hay
\ # % — (A, + By)(w) £ | (A2 + B2 — 24, B, + 4A231)(w)}1/2]
hau khap noi trén R”, va néu H, f € L'(R"), thi p(x) dugc xac dinh boi cong thirc
¢(x) = H1[D1/D](x). (3.81)

Hon nita, theo dinh Iy ton tai duy nhat cia HT, ¢(x) duoc xac dinh duy nhat.
Nguoc lai, dé dang chirng minh dugc ((x) théa man phuong trinh (3.76).

Mat khac, néu

1 1/2
Al > max 5{ [(A1 + By)® + | A} + B —2A41By + 4A231H (w)} :

weR?

thi do D(w) # 0, Vw € R™, phuong trinh (3.76) giai duoc trong L' (R™) va nghiém ton tai duy

nhat dugc xac dinh bai cong thirc (3.81) véi moi x € R”.
Vidu 3.6 Xét phuong trinh tich phan
Ap(x) + /p(x +hi +u) + gz + hy — u)p(u)du = f(z), (3.82)
R

_ (z—5)2

trong do, p(x) = 0.2e7011 ¢(z) = 0.05e 001" f(z) = 5e " 2

Pit
A(w) = %[ — sin(hw)per (w) + cos(h1w)por (w) + c08(haw)Ger (w) + sin(how)dor (w)],
Bi(w) = %[cos(hlw)ﬁel(w) + sin(hyw)por (w) — sin(how)Ger (w) + cos(how)dor (w)],
As(w) = % [ — cos(hiw)pez(w) + sin(hiw)Poz(w) + sin(haw)dea(w) + cos(how)Gon(w)],
By(w) = %[sin(hlw)ﬁeg(w) + ¢08(h1w)Poz(w) + €08 (how)Gea(w) — sin(how)Goz(w)],

D1 - ()\ + Bz)fl - Blfg, D - (/\ + Al)()\ + Bg) - AgBl.
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Véi hy = 0, hy = 0, ta tinh toan duoc

weR

min ; = (A1 B)(w) — | (A3 + B3 = 241 B, + 44, B) ()] *| = ~0.4377,

weR

max % | = (A1 + Ba)(w) + | (43 + B} — 2418, + 44:B:) ()| | = 5.9713¢ — 14.

Nghiém cta phuong trinh v6i A = 0.001 duge xéc dinh béi p(z) = H,[D1/D](x) c6 dd
thi nhu Hinh 3.9.

600 — T
y I8 Solution ()
400 - £ [\ i

/ | |
200 | | \

-200 -
-400 |
-600 [~ |
|
-800 - (R
-1000 [~
-1200 -

1400 L 1 | 1 1

Hinh 3.9: Nghiém ¢(z) ciia phuong trinh tich chap véi nhan dang TPH dich chuyén.

3.4.3 Phuwong trinh tich chip véi nhan lién két véi ham Hermite

Cho tap {a;;} C R, {k;;} 1a cac ham thudc L'(R") va {®,,, } 1a tAp cac ham Hermite. Dat

N
K(x,u,v) = Z [aljklj Py, (X +u+v) + agjkz;(0) g, (X +u —v)
7=1

+ agjksj(0) Py, (X —u+ v) + agiksj(0) P, (X —u—v)|.
Xét phuong trinh tich phan
+ / K(x,u,v)po(v)dudv = f(x), (3.83)
n R
trong d6, A € C cho trude va dir liéu ban ddu f d3 biét, ¢ 13 4n ham céan tim.

123



Nhin xét 3.13 Trong trudng hop tong quat, thanh phan tich phan trong vé trai ciia phuong
trinh (3.83) khong c6 biéu dién dang tich chap. Do d6, ta khong thé giai phuong trinh nay bang
phuong phap sir dung tich chap truc tiép nhu duoc trinh bay trong Dinh 1y 3.8.

Ta trinh bay phuong phap gidi phuong trinh (3.83) cho truong hop nhan tich phan c6 dang

K(x,u,v) = k(u)®q(x + u + v), truong hop tong quat duge thuc hién theo cach twong tu.

Xét phuong trinh tich phan
Ap(x) +/ / E(w)Po(x +u+ v)p(v)dudrv = f(x), (3.84)
trong d6, |a| = 1, A € R cho trudc; cac ham &, f € L'(R") d biét; ¢ 1a an ham can tim.
Pit

(I)aifl + (I)ai@)a By = ((balgl - cba];é)?

A

1
Al Z(
1 ~ ~ 1 ~ .
A2 - Z(q)aké - (I)akl)a B2 = _Z((I)ak2 + (I)akl)a
D1 - ()\—i-Bz)fAl —AQfQ, D = ()\+A1)<)\+BQ) —BlAQ.
Pinh 1y 3.10 (i) Néu D(w) # 0 hau khap noi trén R™, hay
1

hau khdp noi trén R", va néu H,f € L'(R"), thi phuwong trinh (3.84) gidi dwoc trong L*(R™).

Hon nita, nghiém ton tai duy nhat va duoc xdac dinh boi cong thirc
p(x) & Hy[Dy/ D] (x). (3.85)
(i) Néu
weRn

1 1/2
|A| > max 5{ [(A1 + By)® + | A} + B —2A41By + 4A231u (w)} :

thi phuwong trinh (3.84) gidai dwoc trong L'(R™). Hon nita, nghiém cia phuong trinh nay ton

tai duy nhat va dwgc xdac dinh béi cong thirc (3.85) voi moi x € R™.
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Chirng minh.

(i) Dat

G(x) = /n /n kE(w)®q(x +u+ v)p(v)dudy.

Véi |a| = r (mod 4), tir cac tich chap (2.49) - (2.56), ta co

(_i)Q < _ k ‘I)a;j‘[l

S, Hy S, H S, H1
E % E % * =0,2
Hi,Hi i Hi,Ho ot Ho,Ha o Ha,Ha 90) (X) ' ’
cw=y
<_1)T ]i'@O‘”HI —|—]€<I>Q,Hl +kq>0¢vH1
ANt * *
4 oy ¥ 4

(3.86)
Do, Hi
* —k % X r
1,H2 Ha,Ha 4 SO>( )

Véir = 1, tac dong H; va Hs vao hai vé cta phuong trinh (3.84) va st dung dong nhat thirc
(3.86), ta nhan dugc hé phuong trinh dai sb tuyén tinh

A A 1 N N A
[)\ =+ —((I)akl -+ Cbakg)}(ﬁl + Z((I)akl - (I)ak2)¢2 = fl

(3.87)

L. - Sy 1, - - R
Z((I)a - (I)akl)gpl + [)\ - Z((I)ak'Z_'—(I)akl)]@Z = f2-

Do d6, néu D(w) # 0 trén R™, thi phuong trinh (3.84) giai dugc trong L' (R™). Hon nita, theo

dinh 1y ton tai duy nhét ciia HT, ¢(x) ton tai duy nhat va dugc xac dinh bdi cong thirc (3.85).

Nguoc lai, dé dang chirng minh dugc (o(x) théa man phuong trinh (3.84).

(ii) Do D = (A + A))(\ + B,) — A3By, nén v6i mdi w, D(w) chi co thé bang 0 tai A\ =
5 = (Au+ Ba)(w) £ (42 + B} — 2418, + 44, B) ()] 7*] hoge A = & — (A1 + B2)(w) +
i|(A3 + B3 — 2A,B, + 445B)) (w)|1/2} . Do do, néu

1
Al> max 5

1/2

thi do D(w) # 0, Vw € R”, phuong trinh (3.84) giai dugc trong L' (R") va nghiém ton tai duy
nhat dugc xac dinh bai cong thirc (3.85) véi moi x € R”.

DPinh 1y dugc chiing minh.

125



Vidu 3.7 Xét phuong trinh tich phan

//K 2, V) () dudy = f(z), (3.88)

trong do,

K(z,u,v) = ki(u)p1(z +u+v) + ka(u)po(z — u+ v)
+ ko(u)s( + 1 — ) + ka(w)al — 1 — ),
ki(u) = e_“2/2, ko(u) = e_“2/4, ks(u) = 6_”2/6, ky(u) = e_“2/8,

O1, O, ¢3, ¢4 la cac ham Hermite,

Fla) = l[erf<\/?37r ; 23:) +erf<ﬁ37r+2x>]

2 2
Pit
Al = }l(q) ki + @ik — Ookay + Bokay — Bakay + Pakyy + Pakay + @4/€42)
Bl = éll(q) kip — ®ikip — ok — Dokoy — Dyksy — Dyksy + Pukyy — @47;‘42),
A2 = }l( D1k + Prkiy — Pokay — Pokioy + Pako + Pakay + Pakar — ‘134/2?41);
B2 = 411( By kyy — Drkyy — Bokioy + Dokoy + Psksy — Pakay + Pukgs + (1941641)
D, (A+Bz)f1 Ay fo,

D= A+ A)(A+ Bs) — AsBy.

Ta tinh toan duogc

min {; | = (A1 + B)(w) — | (43 + B} — 24,8, + 44,B,) ()| °| } — —2.0895,

weR

max {% [ — (A1 + By)(w) + (AT + B; —2A: B> + 4A231)(u})|1/2} } = 0.528.

weR
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Nghiém ctia phuong trinh véi A = 5 dugce xéc dinh bdi ¢(z) = Hi[D1/D](x) c6 dd thi
nhu Hinh 3.10.

Solution @{x)

08/ Ve

06|

0.4 / \

f’;‘
0.2 \

02 1 1 ] 1 ] ] ] 1 1

Hinh 3.10: Nghiém (z) ctia phuong trinh tich chap véi nhan lién két voi ham Hermite.

Két luan chwong 3

Sau day 1a mot s6 két qua chinh nhan dugce tir chuong 3.

Giai diing FIE-II: Luan 4n da nghién ctru mot s 16p FIE-II véi nhan dang TPH va dua ra
cong thirc nghiém ding dudi dang dong nho sir dung cac phép tich chap lién két véi HT hitu
han, bao gdm FIE-II v&i nhan dang TPH, FIE-II véi nhan dang TPH dich chuyén. Luén an ciing
nghién ctru mot sé 16p FIE-II trén mién v6 han va dua ra cong thirc nghiém ding dudi dang
dong nho sir dung céc tich chap lién két v6i HT, bao gdm phuong trinh tich chap lién két véi
HT, phuong trinh tich chap v&i nhan dang TPH dich chuyén va phuong trinh tich chap véi nhan
lién két véi ham Hermite.

Giai gin ding FIE-I: Luan 4n dé xuét 4p dung mot s phuong phap chinh lap, két hop véi
cac phép tich chap lién két voi HT hiru han, dé giai gan ding mot s 16p FIE-I véi phan tuyén
tinh TPH cho ca trudng hop tuyén tinh va phi tuyén, bao gdm cac phuong phép chinh lp song
song, FBSM va FBFSM. Trén mdi budc lip, cac phép tich chap lién két v&i HT hitu han duge
str dung nhu mét cong cu dé chuyén FIE-II v6i nhan dang TPH vé hé phuong trinh dai sb tuyén
tinh. Qua trinh nay cho phép tim nghiém gan dtng ctia FIE-I v6i phan tuyén tinh TPH mot cach

hiéu qua va 6n dinh.

127



Két luin

1 Dong gop cua luan an

Luan 4n nghién ctiru vé cac phép HT va cac phép tich chap lién quan dén HT, trén co s& do,
kham phé tiém nang ng dung cta chung trong viéc giai FIE. Luan an ciing nghién ciru cac
phuong phap dé giai FIE cho ca truong hop tuyén tinh va phi tuyén. Dudi day 1 nhitng déng

g6p chinh cua luan an.

Phit trién co sé 1y thuyét cho HT: Luan an hé thong héa va phat trién cac tinh chét toan tir
va ddc trung toan tir ctia HT trén cac khong gian Schwart S(R™), khong gian Banach L!(R™)
va khong gian Hilbert L2(R™). Luan an d& xuat mot s 1p tich chap méi lién quan dén HT va
HT hitu han, dong thoi chimg minh cac tinh chat todn hoc quan trong cuia chiing, nhu bat dang
thirc chuan, dang thire nhan tir héa va bat dang thirc Young. Dic biét, cac tich chap méi ndy con
duogc sir dung dé xay dung dai s6 Wiener lién két voi HT trén khong gian nén LY(R™), nham

mé rong pham vi nghién ctru vé khong gian ham L' (R™), ciing nhu céc tich chap trong L' (R™).

Giai dting FIE-II: Luan 4n nghién ctru mot s6 16p FIE-II va dua ra cong thirc nghiém ding
dudi dang dong cho loai phuong trinh nay. Két qua dat duoc nho sir dung cac tich chép lién
két voi HT. Cu thé, luan 4n da nghién ctru va dua ra cong thirc nghiém dung dudi dang dong
cho mét s6 16p FIE-II v&i nhan dang TPH, nho st dung cac phép tich chap lién két voi HT hiru
han, bao g@)m FIE-II véi nhan dang TPH va FIE-II véi nhan dang TPH dich chuyén. Luan an
cling nghién ctru va dua ra cong thirc nghiém dung duéi dang dong cho mét sd 16p FIE-II trén
mién vo han, nho str dung cac tich chap lién két voi HT, bao gdm phuong trinh tich chap lién
két véi HT, phuong trinh tich chap v6i nhan dang TPH dich chuyén va phuong trinh tich chap

v6i nhan lién két véi ham Hermite. Diéu nay thé hién tiém ning tmg dung HT dé thay thé cho
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FT trong viéc giai mot s6 16p phuong trinh tich phan. Bién doi Hartley co quan hé gan giii v6i
FT, nhung c6 mdt s6 tinh chat mang lai uu thé hon so v&i FT khi xur 1y dit 1iéu thuc, von 1a loai
dir liéu phd bién trong thuc té. St dung HT c6 thé giup giam dang ké sé luong cac phép tinh
s6 hoc, cling nhu dung luong bd nhd can luu trit trong qua trinh tinh toan. Didc diém nay 1a vo
cling quan trong trong cac linh vurc phét trién img dung nhung, hodc phat trién ing dung trén
cac thiét bi c6 tai nguyén han ché. Hon nita, HT c¢6 tinh chat ty nguoc, tirc 1a 4p dung HT hai lan
s& tra vé ham ban dau, diéu nay giup don gian hoa viéc tinh toan HT va cac tich chap Hartley,

khi khong can phai phat trién cac thuét toan riéng dé tinh toan IHT.

Giai gin diing FIE-I: Phuong trinh tich phan Fredholm loai I, trudng hop dic biét 1a FIE-I
v6i phan tuyén tinh TPH, néi chung 1a bai toan dit khong chinh. Nghiém cua bai toan nay c6
thé khong t6n tai, hodc nghiém ton tai nhung khong duy nhat, hodc ciing c6 thé nghiém ton tai
nhung khong phu thudc lién tuc vao dit liéu ban dau, nhitng tinh chit nay giy kho khan trong
viée tim kiém 10i giai s6 on dinh. Viéc giai bai toan nay ludn 1a mot thach thirc 16n, nhung bai
toan nay lai rat pho bién trong thyc té.

« Luan 4n d& xuat 4p dung mot s6 phuong phap chinh lap, két hop véi cac tich chap lién
két v6i HT hiru han, dé giai gan dung mot so 16p FIE-I v6i phan tuyén tinh TPH cho
ca truong hop tuyén tinh va phi tuyén, bao gdm cac phuong phép chinh lip song song,
FBSM va FBFSM. Cac két qua dat duoc cua luan an cho thiy su phu hop va hiéu qua
trong viéc tmg dung phép HT va cac tich chap lién quan dén HT dé giai FIE-I véi phan
tuyén tinh TPH.

2 Mot s6 huong nghién ciru tiép theo

Duéi day 1a mot sd hudng nghién ciru tiép theo cua luan an.
Nghién ctru Iy thuyét toan hoc:
« Nghién ciru cac tinh chat toan hoc cta cac FTT trén cac khong gian triru tuong, nhu cac
khong gian LP(R™); cac khong gian ham kiém thir, bao gdbm khong gian cac ham kha
vi vO han c6 gia compact D(R™) va khong gian Schwartz S(R™); cac khong gian phan

phdi, bao gdm khong gian cac ham suy rong IV (R") (generalized functions) va khong
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gian phan phdi on hoa S'(R") (tempered distributions); va khong gian Schauder. Mic du
d3 c6 nhiéu cong trinh nghién ctru vé cac phép bién d6i tich phan nhu LCT, OLCT trén
cac khong gian ham nay, nhung mirc d6 hoan thién van con han ché dang ké so véi FT.

« Nghién ctru cac dang tong quat ctia cac FTT nhim ting tinh linh hoat trong viéc ing dung
cac FTT trong thuc tién.

Nghién ciru phat trién thuit toan:

« Nghién ctru phat trién cac thuét toan dé tinh toan hiéu qua v6i HT néi riéng va cac FTT
n6i chung, nham ti wu hiéu suat tinh toan trén cac thiét bi c¢6 kién trac phan cing khéc
nhau (CPU, GPU, FPGA) va cho cac dir li¢u c6 kich thudc khac nhau.

« Nghién ciru phat trién thuét toan trén khong gian nhiéu chiéu. Nghién ctru phat trién cac
thuat toan thua dé xir Iy hiéu qua tin higu thua, gitp giam thoi gian tinh toan khi céc tin
hiéu c¢6 nhiéu gié tri bang 0.

Nghién ctru rng dung:

« Nghién ciru phat trién tng dung ciia cac FTT cho céc linh vuc nhu toan tng dung, xir Iy
tin hi€u, xr Iy anh va video, quang hoc, mat ma hoc va hoc may.

* Nghién ctru cac phuong phap giai phuong trinh tich phan v6i nhan dang TPH, sir dung
céc phuong phép trong 1y thuyét toan tir, cac phuong phap lip, cac k¥ thuat hiéu chinh.

« Tiép tuc nghién ctru img dung HT d¢ giai gin dung FIE-I ¢6 nhan dang TPH theo hudng

tiép can dya trén 1y thuyét toi wu hai cap.
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Phu luc

Trong linh vuc xt 1y tin hiéu s6, dir liéu can xir ly duogc léy mau tai cac diém roi rac. Vi vay,
viéc nghién ctru va phat trién cac phép bién doi tich phan roi rac, ciing nhu cac thuat toan dé
tinh todn hiéu qua 1a vo cung can thiét. Trong phan nay, luan an trinh bay co so 1y thuyét va
cac thuat todn luan an da s dung dé tinh toan thuc nghi¢ém cac két qua da dat duoc. Cu thé,
luan 4n da sir dung cac phép bién d6i Hartley roi rac (DHT) va bién doi Hartley nhanh (FHT)
dé tinh toan nghiém xAp xi cta cac phuong trinh dao ham riéng dugc trinh bay trong chuong
3, ciing nhu tinh toan nghiém gan ding cua cac FIE-II va FIE-I dugc trinh bay trong chuong 4.

Noi dung duoc trinh bay trong phan nay duoc tham khao trong cac tai liéu [23, 64, 66].

1 Bién doi Fourier roi rac

Bién d6i Fourier roi rac (DFT) dong vai trod rat quan trong va duoc sir dung pho bién trong cac
linh vuc khoa hoc va ky thuat hién dai. Vai tro ciia DFT c6 sy dong gép rt 16n tir sy tOn tai cua
cac thuat toan FFT. Céc thuat toan FFT da hién thuc hoa linh vuc phan tich phé tan sd tin hiéu
tir nhitng khai niém mang tinh chat 1y thuyét, va 1a nén tang cta vo sé nhitng tmg dung trong

thuc té, bao tram moi linh vuc khoa hoc va k¥ thuat.

Pinh nghia 5.1 (Bién d6i Fourier roi rac) Bién d6i Fourier r0i rac (DFT) ctia mot miu di

lidu f := (f[n])nN:_O1 € CVN 1a mot day s6 Ff = f:= (f[k])sz_ol € C¥ dugc dinh nghia nhu sau:
) N-1

flK] =Y flnJoy™, k=0,1,...,N —1, (5.1)
n=0

trong do wy = e’V 1a nghi¢m phuc nguyén thuy cua 1.
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Ménh dé 5.1 (Bién ddi Fourier ngwoc roi rac) Dir lidu goc c6 thé dwoc khéi phuc lai tir bién

doi Fourier nguoc roi rac (DIFT), dwoc xdc dinh qua cong thire
f[n]:N flKlwhF, n=0,1,...,N — 1.
1.1 Biéu dién dang ma trin

Toan tot DFT F : CN — CV ¢6 thé dugc biéu dién dudi dang ma tran chinh tic

1 1 1 1

1wy Wy e w;,(Nfl)
Qv =1 Wy Wit . w;f(N_l)

1 w;[(N—l) w]:[2(N—1) o w;[(N—l)(N—l)

Khi d6, DFT ctia mot mau dit lidu roi rac f:= [£[0], f[1],..., fF[N — 1]] c6 thé duge viét dudi
dang
f= Quf.

Nghich dao ciia ma trdn Qy 14 +-Q%. Do do, \/LNQN 12 ma tran unita, tac 1A Qn Q% = NZy.

1.2 Tich chap lién két véi bién d6i Fourier roi rac

Pinh nghia 5.2 (Tich chip Fourier réirac) Cho f := (f [n])nN_O Vag: (g[n]):j:_o1 1a cac

mau dit liéu rdi rac. Tich chap roi rac ciia hai mau f va g, ky hiéu 1a f * g, dugc dinh nghia 1a

N-1
(f*9)ln Zf —k)]+ > flklglh—k+N], n=01,...,N -1
k=n-+1
Ménh dé 5.2 (Pinh Iy tich chap Fourier roi rac) Cho f := ( f [n])sz_ol va g = (g [n])jj:_ol la

cac mau diw liéu roi rac. Tich chap Fourier roi rac thoa man hé thiec

F(f*g)ln] = flnlgln], n=0,1,...,N — 1.
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1.3 Tinh doi xirng cua bién doi Fourier roi rac

Dinh nghia 5.3 (To4n tir d6i ximg) Cho f := [f[0], f[1],..., f[N — 1]] 1a mdt vector kich

thudc N. Ta dinh nghia vector d6i xtmg tuan hoan f* cta f nhu sau:
k] :=f[(—k) (mod N)], k=0,1,...,N —1.

Cu thé, f := [f[0], f[N — 1], f[N —2],..., f[1]]. Vector f dugc goi la dbi ximg néu f* = f, va

duogc goi 13 phan dbi xtmg néu ff = —f.

Pinh nghia 5.4 Cho f € CV. Ky hiéu fs va f, 1a phan ddi xiémg va phan phan dbi xtmg cua f,
duogc dinh nghia la
(f+1), fa:=_(f—f).

fS =

DN | —
DN | —

Ménh dé 5.3 Cho f € CN. Tu ¢6 cdc tinh chat sau day.
(i) F(f) = NF1(f) va F*(ff) = Nf.

(i) Néu f doi ximg, thi ta cé F>(f) = Nfva F(f) la doi ximg. Néu f la phan doi ximg, thi ta
c6 F*(f) = —Nfva F(f) la phan doi ximg.

(iii) Néuf € R™ la doi ximg, thi F(f) € R". Néu f € R" la phan doi xitng, thi F(f) € (iR)".

2 Bién d6i Hartley roi rac

Bién d6i Fourier rdi rac duoc dinh nghia trén mién s6 phuc, diéu nay c6 thé giy lang phi khi xir
1y tin hiéu thyc, do sb phép tinh s6 hoc can thyc hién va dung lugng bd nhd can luu trir trong
qué trinh tinh toan voi ) phuc nhiéu hon so véi s6 thuc. Hon nita, viéc phai thuc hién nhiéu
phép tinh sé hoc hon ciing ¢ thé 1am cho cac sai s6 lam tron bj khuéch dai. Bién ddi Hartley
roi rac (DHT) duoc tinh toan hoan toan trén mién sd thuc, d3 duoc nghién ctru va phat trién véi
muc dich cai thién nhitng nhuoc diém cua DFT. Bién d6i Hartley roi rac ¢6 ¥ nghia tuong tu
nhu DFT, va dugc tinh toan sir dung céc thudt toan bién doi Hartley nhanh (FHT). So véi cac
thuat toan FFT, cac thuat toan FHT c6 thé chi can thuc hién mot nira sd phép tinh s6 hoc va str

dung mét nira dung lugng bd nhé can luu trit trong qua trinh tinh toan.
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Pinh nghia 5.5 (Bién d6i Hartley roi rac) Bién d6i Hartley roi rac (DHT) ctia mot mau dix

ligu f:= (f[k])" " € R lamot day s6 Hf = £, := (fu[K]), , € R" duoc dinh nghia la
N-1 N-1
. ok 2mnk
filk] = f[n]cas( 7;3 ) o] = f[n]cas(—%),k:O,Q,...,N—l.
n=0 n=

Ménh dé 5.4 (Bién d6i Hartley ngwoc roi rac) Bién déi Hartley roi rac H la mét dang cdu
tir RN vao RN. Hon nita, véi f € R, ta c6 H?(f) = Nf. Do dé, todn tir bién doi Hartley nguoc
roi rac (DIHT) théa man hé thic H™' = +H.

2.1 Moi lién hé giira bién doi Fourier roi rac va bién doi Hartley roi rac

Bién d6i Fourier roi rac va DHT c¢6 mdi quan hé gan giii, c6 thé tinh toan DFT qua DHT va

nguoc lai. Mi lién hé nay dugc thé hién qua cac hé thuc

Ft = (Haf)e — i(Haf)o = (Haf)e + i(Hof)o.
H.f = Re(Ff) — Im(Ff), Haf = Re(Ff) + Im(F1).

Re(ff) = (Hlf)e = (Hgf)e, Im(ff) = (Hlf)o = —(Hzf)o.

Céc thanh phan (Hf), va (Hf), dugc goi la phan chin va phan 1¢ cia DHT tuong ng.

2.2 Thuit toan bién d6i Hartley nhanh

N-1

neo RV Cong thirc tinh truc tiép N hé sé ctia DHT nhu sau:

Cho mau dit liéu (f[n])

—_

filk] = fln] cas <27;\1;k>, folk] :Ni fIn] cas(—

2
7mk),k::o,z,...,N—l.

i
(=}
3

Theo cong thire trén, tinh toan DHT ctia mt mau dit liéu c6 kich thuéc N can N2 phép tinh
s6 hoc, tuc 1a c6 do phtc tap tinh toan O(N?). Dya trén nguyén Iy chia dé tri, cac thuat toan
FHT da dugc phat trién va dat duoc hiéu suit vuot trdi so véi viée tinh toan truc tiép, giam do

phirc tap tinh toan xudng con O(N log(N), twong ty nhu dbi véi cac thuat toan FFT.
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Ta trinh bay y tudng dé thiét 1ap thuat toan FHT cho DHT ;. Tir dinh nghia bién d6i Hartley
ro1 rac, ta co thé viét lai cong thuc dudi dang
N/2—-1 9 N/2—-1 9
s
Hi(f)[k] = Z f[2n] cas (WQMC) + ; f[2n + 1] cas (W(Qn + 1)k> . (52

n=0

Ky hiéu phan chi s6 chan va phan chi s6 1¢ cua f 1a

for :== (f[0]7f[2]77f[N_2])7 f2k+1 = (f[l]af[3]77f[N_ 1])

Tur hé thirc cas(z + ) = cas(x) cos(y) + cas(—z) sin(y), (5.2) ¢6 thé duoc viét lai dudi dang

Hi(f)[k] = Hi(far)[K] + cos (?) Hi(fars1)[k] + sin (?) Hi( fors1)[—K].

Ky hi¢u phan bén trai va phan bén phai ctia bién d6i Hartley f, la

N N

fi = (AL AL  AN/2=1]), fu= (AN/2, L[N/2+1),..., [N - 1]).

Dinh nghia toan tir x%,, véi x € R, nhu sau:

N 2rkx 4110 o [ 2ThT Nt N
Vae C", xya:= < alk]cos + a*[k] sin e C". (5.3)
N N 5=0

Khi d6, chia vector f; thanh cac phan bén trai va phan bén phai, va tir hé thic
2m ( n N > 2T
cas | — — )| =—cas|—n
AR N")
ta nhan dugc cong thuce truy hoi

fi, = Ha(for) + XJIV/?QHl(kaH), fi, = My (fr) — X}\?/QQHl(f%—f—l)-

Twr cac cong thirc nay, ta co thé thiét 1ap thuat toan FHT.

Nhén xét 5.14 Thuat toan cho DHT 7, ta thay bang dau trir (—) trong biéu thirc (5.3).
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Thuét toan 1: Thuat toan FHT

Dir li¢u dau vao: Day dau vao f v4i do dai N = 2*.

Dir liéu déu ra: Diy c4c bién dbi Hartley roi rac f,,, h = {1,2} cuaf.

if N =1 then
‘ return f;

end

else

end

£}, 2k+1

end

for k =0to N/2 —1do
Sfow[k] =
fonia[k] =

f2K];
fI2k +1];

fh,% = FHT(f2);
= FHT(f2k+1);
for k =0to N/2—1do

fulk] = fronlk] + (COS(%) fh2k+1[k]ism( E) - frokra[N — k]>;
Fulk + N /2] = fionlk < ) Fronea[k] £ sin (222 - fiopa1 [N — k]);
end
returnfh;

2.3 Tich chip ciia bién d6i Hartley roi rac

Ménh dé 5.5 (Pinh Iy tich chap Hartley roi rac) Cho f va g la hai vector thugc RY. Tich

chdp Hartley roi rac cua fva g, ky hiéu la fx g, dwoc dinh nghia nhu sau:

M(Tg) =  [HDM(E) — HDH(e) + HOH () + HDH(g)]

Cu thé, ta cé

H(f = g)[k] =

trong do, k =0, ...,

[ FIR3lK] + GIN = 1= K]) + fIN = 1= K](91K] — 5N — 1= &),

N | —

N -1
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3 Bién doi Fourier mé rong

Bién d6i Fourier mé& rong (eXtended Fourier Tranform - XFT) 1a cac thuat toan cho phép tinh
toan cac FTT mot cach hiéu qué, dugc phat trién trén co s& phwong phép cau phuong bién dbi
Fourier phan thtr (FrFT), do Rafael G. Campos va cac cong sy di nghién ctru trong nhidu nim
qua. Thuat toan ndy c6 thé dugc phat trién thuat toan riéng, hoic ciing c6 thé két hop sir dung
cac thuat toan FFT. Nho ¢6 thé tan dung cac thuat toan FFT, va do céc thuat toan FFT c6 do
phtrc tap tinh toan 1a O(N log N), nén céac thuat toan XFT ciing c6 thé dat duoc do phuc tap
tinh toan khong qua O(N log N). Hon nira, cac thuat toan XFT dugc chirng minh c6 d6 chinh

xac cao hon va linh hoat hon so v6i cac thuét toan FFT thong thuong (xem [23]).

3.1 Thuit toan XFT tinh xap xi bién doi Fourier

Cho dit liéu can tinh toan FT 1a mot vector £ := [fy, fa, ..., fn] € CV, dit lidu nay c6 thé nhan
dugc bang kinh nghiém, hodc tir mot ham f(¢) v6i phan hoach cach déu {tk}]kvzl. Thuét toan
XFT dé tinh xap xi FT cua vector f tai cac gia tri f(4wk/7r), wp =t k=1,2,..., N, duoc

thuc hién theo cac budc dudi day.

1. Xéc dinh céc diém phan hoach déu:

N1
fo— L (k——+),k:1,2,...,]\7.

2. Xéc dinh dit liéu can tinh toan, hodc gia tri cia ham f tai cac diém phan hoach déu ty:
fr=f(tr), k=1,2,...,N.

3. Tinh toan céc gia tri fi := f(4wk/7r), wr =tg, k=1,2,..., N theo cong thirc:

A 1 T _x(N-D?
f,M—Eme 2 N S(QN(Sf)),

trong do, S 1a mét ma tran dudng chéo cé cac gia tri trén duong chéo chinh la exp { ZW },
kE=0,1,...,N —1.Do Qy.(S.f) c6 dang tich ctia mt ma tran va mot vector nén c6 thé

su dung thuat toan FFT dé tinh toan.

148



Thuét toan 2: XFT tinh xap xi FT ctia ham f

Dir li¢u diu vao: Day s6 f:= [fi, fo,..., fn] v6i do dai N

Dit li¢u ddu ra: Day bién dbi Fourier roi rac f = [f(%wl), f(%(x)g), e f(%wN)]
/* 1. Chon cdc diém phan hoach déu t), */
/* 2. Tinh cdc gia tri f(ty,) cua ham f tai cac diém phdn hoach t,, */
/* 3. Tinh toan ma tran dwong chéo S */
for k. =1to N do
ty = \/;—N ( — %) ; /* Tinh todn cdc diém phan hoach deu ty, */
fre < f(ty); /* Tinh gid tri ciia ham f tai cdc diém t;, */
Sk < exp (2%) ; /* Tinh toan ma tran duong chéo S */
end
/* 4. Tinh todn cdc gid tri la bién doi Fourier ciia ham f */

for k =1to N do

L (N=1)2

2N SFFT(Qn.(S1)) 5 /* Sir dung FFT dé tinh todn f */

F 1w
fr = V2 van €
end

return f;

3.2 Thuat toan XFT tinh xap xi bién doi Fourier-cosine va Fourier-sine

Cho dit liéu can tinh toan FCT va FST 1a mét vector f := [f1, fay - -

, fn] € RY, dit ligu nay

c6 thé nhan dugc bang kinh nghiém, hodic tir mot ham f(¢) véi phan hoach cach déu {t;}1,.

Thuét toan XFT dé tinh xap xi FCT va FST cua vector f tai cac gia tri fc(4wk /) va f5(4wk /7)

wp =tg, k=1,2,..., N, dugc thyc hi¢n theo cac budc dudi day.
1. bat M = 2N

2. Xéc dinh céc diém phan hoach déu:

T M+1
te = kE— . k=12,...,N.
’ ¢2M( 2 )

3. Xac dinh mau dit liéu can tinh toan, hodc gia tri ctia ham f tai cac diém phan hoach t;:
fr=f(tr) k=1,2,...,N.
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4. Datf+ .= [If,f] vaf~ = [ — If,f], trong d6 T 1a mdt ma tran duoc x4c dinh béi
Ijk = 5j,ka+l-

5. Tinh toan céc gia tri fc, TS theo cac cong thirc

~ T o -1)2

f, e ' S Q. (S ),

o (M-1)2 ~

15 5. (Qar. (S1)),

trong d6, S 1a mot ma tran dudng chéo véi cac phan tir trén duong chéo chinh c6 gia tri
la exp { — m%}, k=0,1,...,M — 1. Do QM.(S.i'*) va QM.(S}'*) c6 dang tich
cuia mot ma tran va mot vector, ta co thé su dung thuat toan FFT dé tinh toan.

6. Céc gia tri f,. va f; nhan dugc nhu sau:

o 1~ o 7 ~
fckzﬁfc(Nka)a fsk:§fs(N+k)7 k:1727"'7N'

4 Chuong trinh sir dung Matlab

A

% % The routine computes chi operator of HT

% % Usage: operator _chi(f, type)
3 % The parameter: type = 1 for Hl, type = 2 for H2
%

s function chi = operator_chi(a, x, type)
N = length(a);
7 a_inv = Ja(l), a(N:—1:2)];
k = 1:N;
if (type == 1)
chi = a.xcos(2xpikx*k(k—1)/N) + a_inv .% sin(2kpixxx(k—1)/N);

n else
chi = a.xcos(2xpi*xx(k—1)/N) — a inv .% sin(2xpi*xx(k—1)/N);
13 end

end
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ip)

% % The FHT algorithm to compute DHT
2% % Usage: F = fht(f, type);

% The parameter: type = 1 for Hl, type = 2 for H2
4% N = length(f) must be a power of 2
%

¢ function F = fht(f, type)
if ((type ~= 1) || (type ~= 2))
8 F = f;
return;

10 end

2 N length (f);
M= N/2;
s if (N == 1)
F = f;

16 return ;

end

F zeros(size(f));
20 % Construction of the two sub—vectors
fe=f(l:2:(N-1));

» f o= f(2:2:N);

24 % Recursive calls
f e = fht(f e, type);
% f o = fht(f o, type);

s % Application of the chi operator
f o = operator_chi(f o, 0.5, type);

% Mix of the two results
» F(I:M) = f e + f o;
F(M+ 1):N) = fe —f o;

34 end
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% % The routine computes the XFT of the vector f

% % Usage: g = xft(f);

% % Example: Defining length, constants, and the vector of abscissas:
4% N = 2710; a = 4/pi; epsi = pi/sqrt(2«N); t = epsi*((1:N)—-(N+1)/2);

% % Defining a function, its Fourier transform, and the xft transform:

()

6% f = rectpuls(t,10); ge = 10xsinc(Sxaxt/pi); ga = xft(f);

% % Displaying the output:

% ng = 400;

% tp = t(ng:N-ng+1); gep = ge(ng:N-ng+l); gap = ga(ng:N-ng+l);

10 %
function g = xft(f)

o

2% Defining constants and phase factors:
N = length(f);
14 a0 _inv = pikexp(—likpik(N—1)"2/2/N)/sqrt(2%N);
S inv = exp(li%pix(N—-1)*(0:N-1)/N);
% Computing the XFT transform of f:

g = (1/sprt(2xpi))*a0 invxS inv.x fft (S inv.*f)/N;

A4

% % The routine computes the inverse XFT (as an inverse matrix)

% % Usage: f = ixft(g);

3% % Example: Defining length, constants, and abscissas:

% N = 2"10; a = 4/pi; epsi = pi/sqrt(2xN); t = epsi*((1:N)—-(N+1)/2);
s % gev = 10xsinc(5Sxaxt/pi); fa = axixft(gev);

% fep = f(ng:N-ng+1); fap = fa(ng:N-ng+1);

7%
function f = ixft(g)

9% Defining the length, a constant and the phase factors:
N = length(g);

a0 = sqrt(2xN)xexp(lixpix(N-1)"2/2/N)/pi;
S = exp(—lixpix(N-1)%(0:N-1)/N);

13 % Computing the inverse XFT:
f = (1/sqrt(2xpi))*a0xS.x%ifft (S.xg)=xN;
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% %The routine computes the XFT cosine transform of the vector f
2% % Usage: g = xftcos(f);

% % Example: Defining lengths , constants, and abscissas:

+% M= 278; N =2sM; a = 4/pi; t = ((1:M)—-1/2)%pi/sqrt(4xM);

% % Defining the function and computing the cosine transform:

6% f = sinc(t/pi); ge = pix(l+sign(l—axt))/4; ga = real(xftcos(f));
%

¢ function g = xftcos(f)
% Defining length and vectors:
wM = length(f);
fhat horzcat(flip (f), f);
> ghat xft(fhat)/2;
% Computing the XFT cosine transform:

4 g = ghatM + 1:2%M);

1=

% % Solving first —kind integral equation using FBSM.
g g q g
> % % Usage: phi n = fbsm(t, n);

% % Example: Defining length, constants, and abscissas:

4% N = 2710; t min = —pi, t max = pi; t = linspace(t min, t max, N);
% n = 100;
6 %

function phi n = fbsm(t, n)
¢ N = length(t);
% Define functions
op =@(t) 1 + 8x(cos(t)."2);
q =@(t) cos(—2xt) — sin(2xt);
2 phi = @(t) 10x(1/(sqrt(2%pi)))*k(cos(t) + sin(t));

14 % Data sampling
p_t = p(t);

g t = q(t);
phi t = phi(t);
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E

20
22
24
26

28
0
%)

34

40

44
46

48

A
A_
w B
B_
D

% Compute the Hartley coefficients using HFT
Pl = fht(p_t, 1);

P1 = P1/N;

P2 = fht(p_t, 2);

P2 = P2/N;

Ql = fht(q_t, 1);

Ql = QI1/N;

Q2 = fht(q t, 2);

Q2 = Q2/N;
=4 + Pl + P2 + Ql — Q2;
=4 + P2 + Pl + Q2 - Ql;
= Pl - P2 + QI + Q2;
= P2 - Pl + Q2 + QI;
= A.%xA - B.%B ;

% Calculate approximate solution
for m = 1:n

alpha m = 1/sqrt(m + 1);

fm = (3 — alpha m)*phi t — ((1/(2=%pi))*trapz(t,

— cos(t) + sin(t));

Fl m = fht(f m, 1);

F1 m = F1 m/N;

F2 m = fht(f m, 2);

F2 m = F2 m/N;

Dl = A .%F1l m — B.%F2 m;

D2 = A.%*F2 m — B_.%Fl m;

DID = DI1./D;

D2D = D2./D;

phi t = zeros(size(t));
for k = I1:N
if (k== 1)
phi_t = phi_t + DID(1);

else
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52 phi_ t = phi_t + DID(k)=*(cos((k — 1)xt) + sin((k — 1)xt)) + D2D(k
— )x(cos((k — 1)xt) — sin((k — 1)*xt));
end
54 end
end

ip)

% % Solving second—kind integral equation using FBFSM.
% % Usage: phi_n = fbfsm(t, n);

w

% % Example: Defining length, constants, and abscissas:

% N = 2710; t min = —pi, t max = pi; t = linspace(t min, t max, N);
s% n = 100;
%

function phi_ n = fbfsm(t, n)

N = length(t);

% Define functions

p=@(t) 1 + 8x(cos(t)."2);

q =@(t) cos(—2xt) — sin(2%t);

phi = @(t) 10x(1/(sqrt(2%pi)))*x(cos(t) + sin(t));

N

% Data sampling
s p_t = p(t);

qQ_t = q(t);
7 phi_t = phi(t);

19 % Compute the Hartley coefficients using HFT
Pl = fht(p_t, 1);

21 P1 = P1/N;

P2 = fht(p_t, 2);
3 P2 = P2/N;

Q1 = fht(q t, 1);
5 Q1 = QI/N;

Q2 = fht(q_ t, 2);
27 Q2 = Q2/N;
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E

29

31

35

41

43

49

51

55

A =4+ Pl + P2 + Ql — Q2;
A =4+ P2+ Pl +Q - Ql;
B =Pl - P2+ Ql +Q2;

B =P2 - Pl + Q2+ Ql;

D =A.xA - B.x%xB ;

% Calculate approximate solution
for m = 1:n

alpha m = 1/sqrt(n + 1);

fm= (3 — alpha n)xphi t — ((1/(2%pi))=xtrapz(t,

<~ cos(t) + sin(t));

FIl m = fht(f m, 1);

FI m = F1 m/N;

F2 m = fht(f m, 2);

F2 m = F2 m/N;

Dl = A .%«F1 m — B.%F2 m;

D2 = A.%*F2 m — B .%Fl m;

DID = DI1./D;

D2D = D2./D;

psi_t = zeros(size(t));
for k = 1:N
if (k== 1)

psi_t = psi_t + DID(1);

else

cos(phi t)) — 1):x(

psi_t = psi_t + DID(k)*(cos((k — 1)xt) + sin((k — 1)xt)) + D2D(k

— J)k(cos((k — 1)xt) — sin((k — 1)xt));
end

end

phi_ t = (3/4)xpsi_t + (1/4)x(phi_t + (1/(2%pi))*xtrapz(t, cos(phi_t)

— — cos(psi_t))).x(cos(t) + sin(t));

end
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